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0. Introduction

These notes are meant as a gentle introduction to algebraic geometry, a combination of linear algebra
and algebra:

(a) Inlinear algebra (as e. g. in the “Foundations of Mathematics” class [G2]), we study systems
of linear equations in several variables over a fixed ground field K.

(b) In algebra (as e. g. in the “Algebraic Structures” or “Introduction to Algebra” classes [G1,
G3]), a central topic are polynomials in one variable over K.

Algebraic geometry combines this by studying systems of polynomial equations in several variables
over K. Of course, such polynomials in several variables occur in many places both in pure math-
ematics and in applications. Consequently, algebraic geometry has become a very large and active
field of mathematics with deep connections to many other areas, such as commutative algebra, com-
puter algebra, number theory, cryptography, topology, and complex analysis, just to name a few.

On the one hand, all these connections make algebraic geometry into a very interesting field to
study — but on the other hand they may also make it hard for the beginner to get started. So to keep
everything digestible, we will restrict ourselves here to the first case that is covered by neither (a) nor
(b) above: one polynomial equation in two variables. Its set of solutions in K2 can then be thought of
as a curve in the plane, we can draw it (at least in the case K = R), ask geometric questions about it,
and try to answer them with algebraic methods. This restriction will significantly reduce the required
theoretical background, but still leads to many interesting results that we will discuss in these notes.

To get a feeling for the kind of problems that one may ask about plane curves, we will now mention
a few of them in this introductory chapter. Their flavor differs quite a bit depending on the chosen
ground field K.

Example 0.1 (Curves over R). The following picture shows some real plane curves. Note that they
can have many different “shapes”: The curve (a) lies in a bounded region of the plane, whereas the
others do not. The curve (b) consists of two components in the sense that it can be decomposed into
two subsets (given by x +y = 0 and x —y = 0) that are given by polynomial equations themselves.
The curve (c) has a so-called singularity at the origin, i.e. a point where it does not locally look
like a smoothly deformed real line (in fact, (b) has a singularity at the origin as well). Finally, the
image in (d) consists of two disconnected parts, but these parts are not given by separate polynomial
equations themselves, as we will see in Exercise 1.8.

A A

§+y2—1=o X—y'=0 y—x =0 YH+x—x=0
() (b) (c) (d)

It is a main goal of algebraic geometry to prove such properties of curves just from looking at the
polynomials, i.e. without drawing and referring to a picture (which would not be an exact proof
anyway). Other related questions we might ask are: In how many points can two curves intersect?
How many singularities can a curve have?
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Example 0.2 (Curves over C). Over the complex numbers, pictures of curves will look different
since a 1-dimensional complex object is real 2-dimensional, i.e. a surface. Note that we cannot
draw such a surface as a subset of K> = C> = R* since we would need four dimensions for that. But
we can still get a correct topological picture of the curve itself if we disregard this embedding. Let
us show informally how to do this for the curve with the equation y? +x — x> = 0 as in Example 0.1
(d) above; for more details see ??.

Note that in this case it is actually possible to write down all the points of the curve explicitly,
because the given equation

S x=x(x—1)(x+1)

is (almost) solved for y already: We can pick x to be any complex number, and then get two values
for y, namely the two square roots of x(x —1)(x+ 1) — unless x € {—1,0,1}, in which case there is

only one value for y (namely 0).

Y =x

So one might think that the curve looks like two copies of the complex plane, glued together at
the three points —1,0, 1: The complex plane parametrizes the values for x, and the two copies of it
correspond to the two possible values for y, i. e. to the two roots of the number x(x — 1)(x+1).

This is not the correct topological picture however, because a non-zero complex number does not
have a distinguished first and second root that could correspond to the first and second copy of the
complex plane. Rather, the two roots of a complex number get exchanged if we run around the origin
once: If we consider a closed path

z=rel?  for0< ¢ <2mand fixed r >0

around the complex origin, the square root of this number would have to be defined by

Va=ret,
which gives opposite values at ¢ =0 and ¢ = 27. In other words, if x runs around one of the points
—1,0,1 (i. e. around a point at which y is the square root of 0), we go from one copy of the plane to
the other. One way to draw this topologically is to cut the two planes along the real intervals (—1,0)
and (1,e0), and to glue the two planes along these edges as in the following picture on the left, where
edges with the same letter are meant to be identified. The gluing itself is then visualized best by first
turning one of the planes upside down; this is shown in the picture on the right.

C
s
U ——
glue
C
=2y c

This is now actually a topologically correct picture of the given curve. To make the situation a little
nicer, we can compactify it by adding a point at infinity, which corresponds to identifying the two
planes at their infinitely far points as well (the precise construction will be described in Chapter 3).
This is shown in the picture below, and leads topologically to a torus.

& O




0. Introduction 5

We will show in Proposition ?? how such topological pictures can be obtained immediately from the
given equation of the curve.

Example 0.3 (Curves over finite fields). Of course, over a finite field such as Z/pZ for a prime
number p, a curve just consists of finitely many points, and hence once again looks completely
different. The following picture shows again the curve given by the equation y*> +x — x> = 0 as in
our previous two examples, but this time over the ground field Z/19Z.
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Note that we can still see the symmetry y <> —y in the picture, but apart from that we just have a
seemingly random collection of points. In fact, we will see in Example ?? that such curves have
important applications in modern cryptography.

Example 0.4 (Curves over Q). The most famous application of algebraic geometry to ground fields
other than just the real or complex numbers is probably Fermat’s Last Theorem. This is the statement
that, for n € N>3, the curve given by the equation x" +y" — 1 = 0 over the rational numbers has only
the trivial solutions where x = 0 or y = 0, or equivalently (by setting x = ¢ and y = % fora,b,ce€Z
with ¢ # 0), that the equation a" + " = ¢" has no non-trivial solutions over Z at all. Note that this
picture is again very different from the cases of the other ground fields considered above. But as one
might expect, a large part of the theory of algebraic curves works over arbitrary ground fields, and
in fact the proof of Fermat’s Last Theorem uses concepts of algebraic geometry in many places. So,
in some sense, we can view (algebraic) number theory as a part of algebraic geometry.

Example 0.5 (Relations to complex analysis). We have just seen in the examples above that alge-
braic geometry has deep relations to e. g. topology and number theory, and it should not come as a
surprise that there are many relations to algebraic fields of mathematics such as commutative algebra
and computer algebra as well. Although it is not within the scope of these notes, let us finish this
introductory chapter by showing interesting relations to complex analysis as well.

Consider a (sufficiently nice) compactified complex curve, such as a torus as in Example 0.2. Of
course, in algebraic geometry one does not only study curves for themselves but also maps between
them; and hence we will have to consider “nice” functions on such curves (where “nice” will trans-
late into “locally a quotient of polynomials”). What do such functions f look like if they are defined
globally on the whole curve? As the curve is compact, note that the image of f must be a com-
pact subset of the complex plane, which means that the absolute value | f| must take a maximum
somewhere. But locally the curve just looks like the complex plane, and by the Maximum Modulus
Principle [G4, Proposition 6.14] the absolute value of a nice (read: holomorphic) function on the
complex plane cannot have a local maximum unless it is constant. So we conclude that f must be a
constant function: There are actually no non-trivial nice global functions on a compact curve.

In fact, we will prove this statement in Corollary ?? using only algebraic methods, and hence over
arbitrary (algebraically closed) ground fields. In a similar way, many interesting results over the
ground field C can be obtained using both algebraic geometry and complex analysis, with completely
different methods, and thus give a close relation between these two branches of mathematics as well.

But let us now start with our study of plane curves. In order to keep these notes as accessible
as possible, we will only assume a basic knowledge of groups, rings, and fields as about to the



6 Andreas Gathmann

extent of the “Algebraic Structures” class [G1], but a little more experience in dealing with these
structures would certainly be advantageous. Very occasionally we will need to assume results from
commutative algebra that go beyond these prerequisites (marked as “Facts” in the notes), but they
will always be clearly stated and motivated, and provided with a reference. However, in order not
to lose this very interesting part of the subject we will nevertheless quite frequently explore the
relations of our results to other fields of mathematics in side remarks and excursions (that will then
not be needed afterwards to follow the remaining parts of the notes).
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1. Affine Curves

In this first chapter we will introduce plane curves both from an algebraic and a geometric point of
view. As explained in the introduction, they will be given as solutions of polynomial equations. So
let us start by fixing the corresponding notations.

Rings are always assumed to be commutative with a multiplicative neutral element 1. The multi-
plicative group of units of a ring R will be denoted by R*.

Notation 1.1 (Polynomials). Throughout these notes, K will always denote a fixed ground field. By
K[x1,...,x,] we will denote the polynomial ring in n variables xi, ..., x, over K, i. e. the ring of finite
formal sums

with all a;, ... ;, € K (see e.g. [G], Chapter 9] how this concept of “formal sums” can be defined
in a mathematically rigorous way). Note that we can regard it as an iterated univariate polynomial
ring since K[xy,...,x,] = K[x1,...,xX,—1][x4]. Of course, for a polynomial f as above and a point
P=(cy,...,cn) € K", the value of f at P is defined as

fp) = Z a,-ly,,,,,'nci]'“n-cﬁ," cKk.

..... i -x;';’ as above is meant to be the total

degree i| + - - - + i, in all variables together. The maximum degree occurring in a term with non-zero
coefficient of a polynomial f # 0 is called the degree deg f of f. We call F homogeneous if all its
terms have the same degree.

It is easy to see that K[xy,...,x,] is an integral domain, and that deg(fg) = deg f + deg g holds for
all non-zero polynomials f,g. The units of K[x{,...,x,] are just the non-zero constant polynomials,
which we can identify with K* = K\{0}.

Fact 1.2 (Factorial rings). The polynomial ring K[x|,...,x,] is a factorial ring (also called a unique
factorization domain) [G6, Proposition 8.1 and Remark 8.4]. This means that prime and irreducible
elements agree, and that every non-zero non-unit has a decomposition as a product of irreducible
polynomials in a unique way (up to permutations, and up to multiplication with units). In the fol-
lowing, we will usually use this unique factorization property without mentioning. Note however
that, as it is already the case for the integers Z, performing such factorizations in K[xj,...,x,] ex-
plicitly or even determining if a given polynomial is irreducible is usually hard.

Definition 1.3 (Affine varieties).
(a) Forn e Nwecall A":= A} := K" the affine n-space over K.

It is customary to use the different notation A" for K" here since K" is also a K-vector space
and a ring. We will usually write A% if we want to ignore these additional structures: For
example, addition and scalar multiplication are defined on K", but not on A%. The affine
space A% will be the ambient space for our zero loci of polynomials below.

(b) For a subset S C K[xy,...,x,] of polynomials we call
V(S):={PeA": f(P)=0forall feS} CA"
the (affine) zero locus of S. Subsets of A" of this form are called (affine) varieties. If
S={f1,...,fi} is a finite set, we will write V(S) =V ({f1,...,fx}) alsoas V(fi,..., fx)-

In these notes we will mostly restrict ourselves to zero loci of a single polynomial in two
variables. We will then usually call these variables x and y instead of x| and x,.
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Remark 1.4. Obviously, for two polynomials f,g € K[x,y] we have ...

@ V(f)UV(e)
(b) V(£)NV(g)

V(fg),as fg(P) = 0 for a point P € A? if and only if f(P) =0 or g(P) = 0;
V(f,g) by definition.

One would probably expect now that a plane curve is just the zero locus of a polynomial in two
variables. However, for our purposes it turns out to be more convenient to define a (plane) curve as
such a polynomial itself rather than as its zero locus — this will simplify many statements and proofs
later on when we want to study curves algebraically, i.e. in terms of their polynomials. Often, we
will denote polynomials by capital instead of small letters if we want to think of them in this way.
However, as it is obvious that two polynomials F and G with F = AG for some A € K* have the
same zero locus (and thus determine the same geometric object), we incorporate this already in the
definition of a curve:

Definition 1.5 (Affine curves).

(a) An (affine plane algebraic) curve (over K) is a non-constant polynomial F € K|[x,y] modulo
units, i. e. modulo the equivalence relation F ~ G if F = AG for some A € K*. We will write
it just as F, not indicating this equivalence class in the notation — this will not lead to any
confusion.

We call V(F) = {P € A>: F(P) = 0} the set of points of F.

(b) The degree of a curve is its degree as a polynomial. Curves of degree 1,2,3,... are usually
referred to as lines, quadrics/conics, cubics, and so on.

(c) A curve F is called irreducible if it is as a polynomial, and reducible otherwise. Similarly,

iftF=F"%. ... ~Fka" is the irreducible decomposition of F as a polynomial (see Fact 1.2),
we will also call this the irreducible decomposition of the curve F. The curves F,..., Fj
are then called the (irreducible) components of F and ay,...,a; their multiplicities.

A curve F is called reduced if all its irreducible components have multiplicity 1.

Remark 1.6.

(a) Obviously, the notions of Definition 1.5 are well-defined, i.e. they do not change when
multiplying a polynomial with a unit in K*. All our future constructions with curves will
also have this property, and it will be equally obvious in all these cases as well. In the
following, we will therefore not mention this fact any more.

(b) In the literature, a curve often refers to the set of points V(F) as in Definition 1.5 (a), i.e. to
the geometric object in A2 rather than to the polynomial F.

Example 1.7. Especially in the case of the ground field K = R, we will usually visualize a curve F
by drawing its set of points V(F) in the plane — although this does not contain the full information
on the curve, as we will see below.

(a) The curve x+y is a line, and hence irreducible (as a polynomial of degree 1 cannot be a
product of two non-constant polynomials). Its square (x + y)? has the same set of points as
x4+, but it is a quadric. It is neither irreducible nor reduced.

More generally, it is obvious that curves with the same irreducible components, just with
different multiplicities, have the same set of points.

(b) The quadric xy is reducible as well, but it is reduced since it has two irreducible components
x and y of multiplicity 1.

(c) In contrast to its appearance (see the picture below), the cubic F = y*> +x — x> is irreducible:

If we had F = GH for some non-constant G and H, and thus V(F) = V(G) UV (H) by
Remark 1.4 (a), then one of these factors would have to be a line and the other one a quadric.
But F does not contain a line as we can see from the picture.
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(d) The set of points of the real curve F = x*> +y*>+ 1 is empty, but by our definition F is
nevertheless a curve — and also different from the curve x> +y? + 2, whose set of points is
also empty. If we consider F' over the complex numbers however, it has a non-empty set of
points, but it is hard to visualize as it lies in AZ = A%.

A

() (b) ©
Exercise 1.8. Prove algebraically that the curve y> +x — x> of Example 1.7 (c) is irreducible.

Even if we defined a curve to be a polynomial (modulo scalars), we would of course rather like to
think of it as a geometric object in A? as in the pictures in Examples 0.1 or 1.7. For the rest of this
chapter we will therefore study to what extent the set of points V (F) determines back F, i. e. whether
we can “draw V (F) in the plane to specify F”. We have already seen two reasons why this does not
work in general:

e If a curve F is non-reduced as in Example 1.7 (a), we cannot determine the multiplicities on
its components from V (F).

e If (as in the case K = R) there are non-constant polynomials without zeros, the set of points
V(F) might be empty as in Example 1.7 (d), and thus does not determine back F.

We now want to see that these are essentially the only two problems that can arise, and simultane-
ously prove that the intersection of two curves without a common component is finite. For this, we
need two algebraic prerequisites.

Remark 1.9 (Algebraically closed fields). A field K is called algebraically closed if every non-
constant polynomial F € K[x] in one variable has a zero. The most prominent example is clearly
K = C [G4, Proposition 6.20] — but it can be shown that every field is contained in an algebraically
closed one, so that considering only curves over algebraically closed fields would not be a serious
restriction. In fact, many textbooks on algebraic geometry restrict to this case altogether. In these
notes however we will at least develop the general theory for arbitrary ground fields up to Chapter
?? in order not to exclude e. g. the geometrically most intuitive case of real curves from the very
beginning.

Note that any algebraically closed field is necessarily infinite: If K = {cy,...,c,} was finite, the
polynomial F =] (x —¢;) + 1 would have no zero.

Construction 1.10 (Quotient fields). For any integral domain R, there is an associated quotient field
QuotR = {g :a,beRwithb;&O},
where the “fraction” § denotes the equivalence class of the pair (a,b) under the relation
(a,b) ~ (d',b) < ab' =d'b.
It is in fact a field with the standard addition and multiplication rules for fractions. The ring R is then
a subring of QuotR by identifying a € R with § € QuotR [G6, Example 6.5 (b)].

The easiest example is R = Z, in which case we just have QuotR = Q. For our purposes the most im-
portant example is the polynomial ring R = K|[x|,...,x,], for which QuotR is denoted K (xi,...,x,)
and called the field of rational functions over K. Note that, despite its name, its elements are not
defined as functions, but rather as formal quotients of polynomials as e. g. i}fi; € K(x1,x2). They
do, however, define functions on the subset of A” where the denominator is non-zero.
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Lemma 1.11. Let F be an affine curve.

(a) IfK is algebraically closed then V (F) is infinite.
(b) IfK is infinite then A% \V (F) is infinite.

Proof. As F is not a constant polynomial, it has positive degree in at least one of the variables x and
y. By symmetry we may assume that this is x, so that F = a,x" + - - -+ aq for some ay, ...,a, € K[y]
with n > 0 and a,, # 0.

Being non-zero, the polynomial a, € K[y] has only finitely many zeros. But K is in any case infinite
by Remark 1.9, hence there are infinitely many y € K with a,(y) # 0. For each such y, the polynomial
F(x,y) is non-constant in x, so in case (a) there is an x € K with F(x,y) = 0, and in case (b) there is
an x € K with F(x,y) # 0 (as F(-,y) has only finitely many zeros). O

Proposition 1.12 (Finiteness of the intersection of curves). Let F and G be two curves without a
common component.

(a) The ideal (F,G) in K[x,y] contains a non-zero polynomial that depends only on x (and hence
by symmetry also a non-zero polynomial that depends only on y).

(b) The intersection V(F,G) of the two curves is finite.

Proof.

(a) By assumption, F and G are coprime in K[x,y]. We claim that they are then also coprime in
K(x)[y]. In fact, if they had a common factor in K(x)[y] then after clearing denominators we
would have aF = HF' and aG = HG' for some H,F',G' € K|x,y] and non-zero a € K|x],
where H has a positive y-degree. But then every irreducible factor of a must divide H or
both F' and G’ in K[x,y]. So by replacing H or both F’ and G’ by these quotients we arrive
at a new decomposition F = HF' and G = HG' with H,F',G' € K|[x,y] and H of positive
y-degree, in contradiction to F and G being coprime in Kx,y].

Now the ring K(x)[y] as a univariate polynomial ring over a field K(x) is a principal ideal
domain [G1, Example 10.23]. So as F,G € K(x)[y] are coprime we can write 1 as a linear
combination of F and G with coefficients in K(x)[y] [G1, Proposition 10.13 (b)], which
means after clearing denominators again that ¢ = DF + EG for some D,E € K|[x,y] and a
non-zero ¢ € K|[x]. Hence, ¢ € (F,G) is a non-zero polynomial that depends only on x.

(b) Continuing the above notation, if P € V(F,G) we have ¢(P) = D(P)F(P)+ E(P)G(P) = 0.
This restricts the x-coordinate of all points P € V(F,G) to the finitely many zeros of c. By

symmetry, we then also have only finitely many choices for the y-coordinate, i.e. V(F, G) is
finite. 0

Corollary 1.13. Let F be a curve over an algebraically closed field. Then for any irreducible curve
G we have

G|F < V(G) CV(F).

In particular, the irreducible components of F (but not their multiplicities, see Example 1.7 (a)) can
be recovered from V (F).

Proof.

“=" Assume that F = GH for some curve H. If P € V(G), i.e. G(P) = 0, then we also have
F(P)=G(P)H(P) =0, and hence P € V(F).

“«<” Now assume that V(G) C V(F). Then V(F,G) = V(G) is infinite by Lemma 1.11 (a). By
Proposition 1.12 (b) this means that F and G must have a common component. As G is
irreducible, this is only possible if G| F. 0
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Remark 1.14 (Specifying a curve by its set of points). By Corollary
1.13, over an algebraically closed field we can specify a curve by giving A
its set of points together with a multiplicity on each irreducible compo- >
nent. For example, the picture on the right (where the circle has radius
1 and the numbers at the components are their multiplicities) represents
the curve (x> +y*> — 1)(x —y)?. (Note however that this is a real picture,
but Corollary 1.13 would only hold over C.)

If we do not specify multiplicities in a picture, we usually mean the cor-
responding reduced curve, i. e. where all multiplicities are 1.

Notation 1.15. Due to the above correspondence between a curve F and its set of points V(F), we
will sometimes write:

(a) P Finstead of P€ V(F),i.e. F(P) =0 (“P lies on the curve F”);

(b) FNG instead of V(F, G) for the points that lie on both F and G;

(¢) FUG for the curve FG (see Remark 1.4 (a));

(d) GC F instead of G|F.

Exercise 1.16 (Pythagorean triples in algebraic geometry). Let F = x*>+y?> — 1 € K[x,y] be the “unit
circle” over K. Assume that the characteristic of K is not 2, i.e. that 1 +1 # 0 in K.

(a) Considering the intersection points of an arbitrary line L (with
slope ) through (—1,0) with F, show that the set of points of F \
is

V(F)_{(—I,O)}U{<1t2 2 ) € K with 142 7&0}.

1+£27 1412

(b) Using (a), prove that the integer solutions (a,b,c) of the equa-
tion a® + b* = ¢? (the so-called Pythagorean triples) are, up
to a permutation of a and b, exactly the triples of the form
A(u? —v? 2uv,u®> +v?) with A, u,v € Z.
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2. Intersection Multiplicities

Let us start our study of curves by introducing the concept of intersection multiplicity, which will
be central throughout these notes. It generalizes the well-known notion of multiplicity of a zero
of a univariate polynomial: If f € K[x] is a polynomial and xp € K such that f = (x —xo)™ g for a
polynomial g € K[x] with g(xo) # 0, then f is said to have multiplicity m at xp. As in the following
two pictures on the left, a zero of multiplicity 1 means that the graph of f intersects the x-axis
transversely, whereas in the case of multiplicity (at least) 2 it is tangent to it. Roughly speaking,
higher multiplicities would correspond to graphs for which the x-axis is an even better approximation
around xg.

f
! F
G
F
P
0 X0
P
G
multiplicity 1 atxp  multiplicity 2 at xo multiplicity 1 at P multiplicity 2 at P
f=(x—x)g f=@-x0)*g

In this geometric interpretation, we have considered how the graph of f intersects the horizontal axis
locally at the given point, i.e. how the two curves F =y — f and G = y intersect. As in the picture
above on the right, this concept should thus also make sense for arbitrary curves F' and G at an
intersection point P: If they intersect transversely, i. e. with different tangent directions, we want to
say that they have an intersection multiplicity of 1 at P, whereas equal tangents correspond to higher
multiplicities. But of course, the curves F' and G might also have “singularities” as e. g. the origin in
Example 0.1 (b) and (c), in which case it is not clear a priori how their intersection multiplicity can
be interpreted or even defined.

So our first task must be to actually construct the intersection multiplicity for arbitrary curves. For
this we need the following algebraic object that allows us to capture the local geometry of the plane
around a point.

Definition 2.1 (Local rings of A?). Let P € A? be a point.
(a) The local ring of A? at P is defined as

Opi= O p = {i: . £.g € K[x,y] with g(P) # 0} C K(x,y).

(b) It admits a well-defined ring homomorphism

which we will call the evaluation map. Its kernel will be denoted by
Ip:=1p:= {f : f,g € Klx,y] with f(P) =0 and g(P) 750} C Op.
' 8

Remark 2.2 (Geometric and algebraic interpretation of local rings). Intuitively, &p describes “nice”
(i. e. rational) functions that have a well-defined value at P (determined by the evaluation map), and
thus also in a neighborhood of P. Note however that &p does not admit similar evaluation maps
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at other points Q # P since the denominator of the fractions might vanish there. This explains the
name “local ring” from a geometric point of view. The ideal Ip in Op describes exactly those local
functions that have the value O at P.

Algebraically, Op is a subring of K(x,y) that contains K[x,y]. As a subring of a field it is an inte-
gral domain, and its units are precisely the fractions g for which both f and g are non-zero at P.
Moreover, just like K[x,y] it is a factorial ring, with the irreducible elements being the irreducible
polynomials that vanish at P (since the others have become units).

For those who know some commutative algebra we should mention that p is also a local ring in
the algebraic sense, i.e. that it contains exactly one maximal ideal, namely Ip [G6, Definition 6.9]:
If I is any ideal in Op that is not a subset of Ip then it must contain an element g with f(P) # 0 and
g(P) # 0. But this is then a unit since § € Op as well, and hence we have I = Op.

In fact, in the algebraic sense Op is just the localization of the polynomial ring K[x,y] at the maximal
ideal {x —xg,y — yo ) associated to the point P = (xp,yo) — which also shows that it is a local ring
[G6, Corollary 6.10].

Definition 2.3 (Intersection multiplicities). For a point P € A? and two curves (or polynomials) F
and G we define the intersection multiplicity of F and G at P to be

,LLP(F,G) :=dim ﬁp/<F,G> GNU{OO},

where dim denotes the dimension as a vector space over K.

As this definition is rather abstract, we should of course figure out how to compute this number, what
its properties are, and why it captures the geometric idea given above. In fact, it is not even clear
whether pp(F, G) is finite. But let us start with a few simple statements and examples.
Remark 2.4.
(a) Itis clear from the definitions that an invertible affine coordinate transformation from (x,y)
to
(x',y) = (ax+by+c,dx+ey+ f) fora,b,c,d,e, f €K with ae —bd # 0

gives us an isomorphism between the local rings &p and Op/, where P’ is the image point of
P; and between Op/(F,G) and Op /(F',G'), where F’ and G’ are F and G expressed in the
new coordinates x’ and y. We will often use this invariance to simplify our calculations by
picking suitable coordinates, e. g. such that P = 0 is the origin.

(b) The intersection multiplicity is symmetric: We have up(F,G) = up(G,F) for all F and G.
(c) Forall F,G,H we have (F,G+FH) = (F,G), and thus up(F,G+ FH) = up(F,G).

In Definition 2.3, we have not required a priori that P actually lies on both curves F and G. However,
the intersection multiplicity is at least 1 if and only if it does:

Lemma 2.5. Let P € A%, and let F and G be two curves (or polynomials). We have:

(@) up(F,G) > 1ifand only if P € FNG;
(b) up(F,G)=1ifand only if (F,G) =Ip in Op.

Proof. Assume first that F(P) # 0. Then F is a unit in Op, and thus (F,G) = Op, i.e. up(F,G) =0.
Moreover, we then have P ¢ F and F ¢ Ip, proving both (a) and (b) in this case. Of course, the case
G(P) # 0 is analogous.

So we may now assume that F'(P) = G(P) =0, i.e. P € FNG. Then the evaluation map at P induces
a well-defined and surjective map &p/(F,G) — K. It follows that up(F,G) > 1, proving (a) in this
case. Moreover, we have up(F,G) = 1 if and only if this map is an isomorphism, i. e. if and only if
(F,G) is exactly the kernel Ip of the evaluation map. O
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Example 2.6 (Intersection multiplicity of coordinate axes). The kernel Iy of the evaluation map at
0 consists exactly of the fractions é such that f does not have a constant term, which is just the

ideal (x,y) in 0y. By Lemma 2.5 (b) this means that ug(x,y) = 1, i.e. (as expected) that the two
coordinate lines have intersection multiplicity 1 at the origin.

Regarding the finiteness of the intersection multiplicity, the following two exercises show that
Up(F,G) is finite if and only if F and G do not have a common component through P. This should
not come as a surprise since an infinite intersection multiplicity should mean that the two curves
“touch at P to infinite order”, i. e. that they agree locally around P in the irreducible case, resp. share
a common component in the general case. By Remark 2.4 (a) it suffices to consider the case when
P = 0 is the origin.

Exercise 2.7 (Finiteness of the intersection multiplicity). Let F' and G be two curves without a
common component that passes through the origin. Show:

(a) There is a number n € N such thatx" =y" =01in Oy /(F,G).
(b) Every element of &y/(F,G) has a polynomial representative.
(© Uo(F,G) <.

Exercise 2.8 (Infinite intersection multiplicities). Let F' and G be two curves that pass through the
origin. Show:

(a) If F and G have no common component then the family (F"),cy is linearly independent in
60/(G).

(b) If F and G have a common component that passes through the origin then p(F,G) = co.
For the last important basic property of intersection multiplicities we first need another easy algebraic
tool.

Construction 2.9 (Short exact sequences). We say that a sequence

0—uU-2vYXw_—o

of linear maps between vector spaces (where 0 denotes the zero vector space) is exact if the image
of each map equals the kernel of the next, i.e. if

(a) kerg =0 (i.e. @ is injective);

(b) im¢@ =kery; and

() imy =W (i.e. v is surjective).
In this case, we get a dimension formula

dimU +dimW “2? dimim ¢ + dimim y = dimim ¢ + dimV /kery & dimim ¢ + dimV /im @
= dimV.

Proposition 2.10 (Additivity of intersection multiplicities). Let P € A%, and let F,G,H be any three
curves (or polynomials).

(a) If F and G have no common component through P there is an exact sequence

0— Op/(F,H) % Op)(F,GH) = Op)(F,G) — 0,
where T is the natural quotient map.

(b) We have .uP(F7GH) = NP(F7G) +.uP(F7H)

Proof.

(a) We may assume that F' and G have no common component at all, since components that do
not pass through P are units in &p and can therefore be dropped in the ideals.
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It is checked immediately that both non-trivial maps in this sequence are well-defined, and
that conditions (b) and (c) of Construction 2.9 hold. Hence we just have to show that the first
multiplication map is injective: Assume that g is in the kernel of this map, i. e. that
! 1
Lo=LreLoon

for certain f7, /", g',8" € K|x,y] with g'(P) and g"(P) non-zero. We may assume without
loss of generality that all three fractions have the same denominator, and multiply by it to
obtain the equation fG = f'F + f”GH in K[x,y]. Now G clearly divides fG and f"GH,
hence also f’F, and consequently f” as F and G have no common component. So we have
f' = aG for some a € K[x,y], and we see that fG = aF G+ f"GH. Dividing by G, it follows
that f = aF + f"H, so that f and hence also g are zero in Op/(F,H). This shows the
injectivity of the first map.

(b) If F and G have no common component through P the statement follows immediately from
(a) by taking dimensions as in Construction 2.9. Otherwise the equation is true as oo = oo by
Exercise 2.8 (b). O

Touching the mathematical field of computer algebra, we are now ready to explicitly compute the
intersection multiplicity pp(F,G) of two arbitrary curves F and G at a point P where they do not
have a common component. By Remark 2.4 (a) it suffices to do this at the origin P = 0. Let us start
with the simple case when one of the curves is the horizontal axis; this will be needed in the general
algorithm afterwards.

Example 2.11 (Intersection multiplicity with the horizontal axis). Let F' be an affine curve that does
not contain the horizontal axis y. We want to compute the intersection multiplicity o (y, F)) with this
axis at the origin.

By Remark 2.4 (c) we may remove all multiples of y from F, i.e. replace F' by the polynomial
F(x,0) € K[x], which is not the zero polynomial since y is not a component of F. We can write
F(x,0) = x™ g where g € K[x] is non-zero at the origin, so that m is the multiplicity of 0 in F(x,0).
Hence we obtain

to(y, F) = to(y,F(x,0)) (Remark 2.4 (¢))
= Ho(y,x" g)
=muoy(y,x)+ to(y,g) (Proposition 2.10 (b))
=m (Example 2.6 and Lemma 2.5 (a)).

Note that this coincides with the expectation from the beginning of this chapter: If f € K[x] is a
univariate polynomial with a zero xy of multiplicity m (which is just xo = 0 in our current case) then
the intersection multiplicity of its graph y — f with the x-axis at the point (xp,0) is m.

Algorithm 2.12 (Computation of the intersection multiplicity to(F,G)). Let F and G be two curves
(or polynomials) without common component through the origin. We then repeat the following
procedure recursively to compute the intersection multiplicity o (F, G):

(a) If F(0) # 0 or G(0) # 0, i.e. if one of the curves does not pass through the origin, we stop
with to(F,G) = 0 by Lemma 2.5 (a).

(b) Otherwise, if F and G both contain a monomial independent of y, we write

F = ax™ + (terms involving y or with a lower power of x),

G = bx"* + (terms involving y or with a lower power of x)

for some a,b € K* and m,n € N+, where we may assume (by possibly swapping F' and G)
that m > n. Similarly to a standard polynomial long division we then set

FM:F—%ﬂﬂG,

02
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hence canceling the x"-term in F. By Remark 2.4 (c) we then have yy(F,G) = to(F',G),
so we can replace F by F’ (which also passes through the origin) and repeat this step (b).
As this procedure makes the number m + n strictly smaller in each step, we will eventually
arrive at a situation with one of the polynomials not having a monomial independent of y,
leading to the final case:

(c) If one of the polynomials F' and G, say F, does not contain a monomial independent of y,
we can factor F = yF’ and obtain by Proposition 2.10 (b)

Ho(F,G) = uo(y,G) + o (F', G).
In this expression, the multiplicity to(y,G) can be computed directly by Example 2.11: It
is the lowest power of x in a term of G independent of y. Note that this number is non-
zero as G(0) = 0. Hence we have uo(F’,G) < uo(F,G); so if we now repeat the algorithm
recursively to compute o(F’,G) it will terminate in finitely many steps.

Example 2.13. Let us compute the intersection multiplicity uo(F, G) at the origin of the two curves
F =y>—x> and G = x> —y? as in the picture below on the right. We follow Algorithm 2.12 and
indicate which step we performed each time:

(®
=y ) = (Y — x4 x(x —y), 0 =)
= Ho(y* =0y’ ¥ =) /

©
= 1o (v, =) +po(y — xy%, 2% =)
—_——

to(y* —x°

=2by2.11
Q24 oy = 37) + (1 — 9.2 —3?) F
=2by2.11 =0 by (a)

=4.

Remark 2.14 (Curves with common components). If F and G have a common component through
0, Algorithm 2.12 still performs correct computations, but it might not terminate. For example, for
the curves F = x? and G = xy — x with common component x it yields

10 (0, xy —x) 2 g (o + x(xy — x),xy — )

= Uo(x%y,xy —x)

© 2
= .LLO(yvxyfx) +,LL()()C 7xy7x)7
N————
=1by2.11

leading to an infinite loop. However, if for arbitrary given F' and G it does terminate with a finite
answer, then by Exercise 2.8 (b) we have proven simultaneously with this computation that F' and
G have no common component through the origin. In contrast, if the algorithm does not seem to
terminate we will find in Remark ?? ?? a rigorous way to decide whether F and G have a common
component through 0.

Exercise 2.15. Draw the real curves F = x> +y> 42y and G = y’x% — yx?, determine their irre-
ducible decompositions, their intersection points, and their intersection multiplicities at these points.

Following our algorithm, we can now also give an easy and important criterion for when the inter-
section multiplicity is 1.

Notation 2.16 (Homogeneous parts of polynomials). For a polynomial F € K[x,y] of degree d and
i=0,...,d, we define the degree-i part of F to be the sum of all terms of F' of degree i. Hence all
F; are homogeneous, and we have F = Fy + - - - + Fyz. We call Fj the constant part, F) the linear part,
and Fy the leading part of F.

Proposition 2.17 (Intersection multiplicity 1). Let F' and G be two curves (or polynomials) through
the origin. Then Uo(F,G) = 1 if and only if the linear parts F\ and G, are linearly independent.
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Proof. We prove the statement following Algorithm 2.12, using the notation from there.

By assumption F' and G pass through the origin, so we are not in case (a) of the algorithm. In case
(b), note that F| and G are linearly independent if and only if Fj and G are, as either F{ = F; (if
m > n) or Fl' =F - %Gl (if m = n). Hence we can consider the first time we reach case (c). As
Uo(y,G) > 0 we then have

Ho(F,G) =1 & po(3,G) = 1 and u(F',G) = 0
& G contains a monomial x' yo and F' contains a constant term
(by Example 2.11 and Lemma 2.5 (a))
< Gy =ax+byforsome a € K*,b € K, and F; = ¢y for some ¢ € K*
< Fj and G are linearly independent,

where the last implication “<=" follows since F = yF’ clearly does not contain a monomial x'y°. [
In fact, Proposition 2.17 has an easy geometric interpretation in the F
spirit of the beginning of this chapter: F; and G; can be thought of Gi

as the linear approximations of F' and G around the origin. If these ap-

proximations are non-zero, hence lines, they can be thought of as the G 0
tangents to the curves as in the picture on the right, and the proposition

states that the intersection multiplicity is 1 if and only if these tangent

directions are not the same.

F

In general, it is the lowest non-zero terms of a curve F that can be considered as the best local
approximation of F around 0. We can use this idea to define tangents to arbitrary curves (i. e. even
if the linear approximation F| vanishes) as follows.

Definition 2.18 (Tangents and multiplicities of points). Let F be a curve.

(a) The smallest m € N for which the homogeneous part F;, is non-zero is called the multiplicity
mg(F) of F at the origin. Any linear factor of F,, (considered as a curve) is called a tangent
to F' at the origin.

(b) For a general point P = (xo,yo) € A2, tangents at P and the multiplicity mp(F) are defined
by first shifting coordinates to x' = x — xg and y/ = y — y, and then applying (a) to the origin
(¥.y') = (0,0).

Exercise 2.19. Given a linear coordinate transformation that maps the origin to itself and a curve F
to F', show that mg(F) = my(F"), and that the transformation maps any tangent of F to a tangent of
F'. In particular, despite its appearance, Definition 2.18 is independent of the choice of coordinates
on A%,

By definition, we clearly have mp(F) > 0 if and only if P € F. The most important case of Definition
2.18 is then mp(F) = 1, i. e. if there is a non-zero local linear approximation for F around P. There
is a special terminology for this case.

Definition 2.20 (Smooth and singular points). Let F' be a curve.

(a) A point P € F is called smooth or regular if mp(F) = 1. Note that F has then a unique
tangent at P, which we will denote by 7pF. For P = 0, it is simply given by the linear part
Fi of F.

If P is not a smooth point, i. e. if mp(F) > 1, we say that P is a singular point or a singularity
of F. As a special case, a singularity with mp(F) = 2 such that F has (exactly) two different
tangents there is called a node.

(b) The curve F is said to be smooth or regular if all its points are smooth. Otherwise, F is
called singular.

Example 2.21. Let us consider the origin in the real curves in the following picture.
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_—  ————»
y—x Y _x i R 24y?
(a) (b) () (d)

For the case (a), the curve F = y —x? in (a) has (no constant but) a linear term y. Hence, we have
mo(F) = 1, the origin is a smooth point of the curve, and its tangent there is ToF = y.

For the other three curves, the origin is a singular point of multiplicity 2. In (b), this singularity is
a node, since the quadratic term is y* — x> = (y — x)(y +x), and thus we have the two tangents y — x
and y + x, shown as dashed lines in the picture. The curve in (c) has only one tangent y which is of
multiplicity 2. Finally, in (d) there is no tangent at all since x> +y? does not contain a linear factor
over R. Note that, in any case, knowing the tangents of F at the origin (which are easy to compute)
tells us to some extent what the curve looks like locally around 0.

With these notations we can now reformulate Proposition 2.17.

Corollary 2.22 (Transverse intersections). Let P be a point in the intersection of two curves F and
G. Then up(F,G) = 1 if and only if P is a smooth point of both F and G, and TpF +# TpG.

We say in this case that F and G intersect transversely at P.

Remark 2.23 (Additivity of point multiplicities). Note that mp(FG) = mp(F) +mp(G). Hence,
any point that lies on at least two (not necessarily distinct) irreducible components has multiplicity
at least 2, and is thus a singular point. In particular, all points on a component of multiplicity at least
2 (in the sense of Definition 1.5 (c)) are always singular.

To check if a given curve F is smooth, i. e. whether every point P € F is a smooth point of F, there
is a simple criterion that does not require to shift P to the origin first. It uses the (partial) derivatives
%—I; and %—5 of F', which can be defined purely formally over an arbitrary ground field and then satisfy

the usual rules of differentiation [G1, Exercise 9.10].

Proposition 2.24 (Affine Jacobi Criterion). Let P = (xq,yo) be a point on an affine curve F.
(a) P is a singular point of F if and only if %—i (P)= %(P) =0.
(b) If P is a smooth point of F the tangent to F at P is given by

nF:giwyu—mﬁ+3§@%@—m)

Proof. Substituting x = x’ +xp and y =y +yp,i.e. ¥ = x—xg and y/ = y — yo, we can consider F as
a polynomial in x’ and y’. If we expand

F = ax' 4+ by’ + (higher order terms in x" and y'),

then by definition F is singular at (x’,y’) = (0,0), i.e. at P, if and only if @ = b = 0. But by the chain
rule of differentiation we have

OF OF oF JF
0= 550 = 5o(P) and b=550)= 5 (P)

so that (a) follows. Moreover, if F is smooth at P then its tangent is just the term of F linear in x’
and y/,i.e.
JoF oF
ax' +by' = Tx(P) “(x—x0) + Ty(P) “(y=0),

as claimed in (b). ]
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2

Example 2.25. Consider again the real curve F = y* — x> — x> from Example 2.21 (b). To determine

its singular points, we compute the partial derivatives

JdF JdF

—=-2x-3x* and —— =2y

ox S dy 4
Its common zeros are (0,0) and (—%,0). But the latter does not lie on the curve, and so we conclude
that the origin is the only singular point of F.

Smoothness of a curve F' at a point P has another important algebraic consequence: It means that the
containment of ideals containing F' in Op (or in other words of ideals in &p/(F'})) can be checked
by a simple comparison of intersection multiplicities.

Proposition 2.26 (Comparing ideals using intersection multiplicities). Let P be a smooth point on
a curve F. Then for any two curves G and H that do not have a common component with F through
P we have

(F,GYC(F,H)in0Op < up(F,G)>up(F,H).
In particular, we have (F,G) = (F,H ) in Op if and only if up(F,G) = up(F,H).

Proof.
“=": Clearly, if (F,G) C (F,H) then up(F,G) =dim0p/(F,G) > dimOp/(F,H) = up(F,H).

“«<": Let L be a line through P which is not the tangent 7pF. Then pp(F,L) = 1 by Corollary 2.22,
and hence pp(F,L") = n for all n € N by Proposition 2.10.

As for the curves G and H, let us consider only G first and derive an alternative description
of the intersection multiplicity up(F,G): Let n € N be the maximal with (F,G) C (F,L")
in Op. This maximum exists since (F,G) C Op = (F,L°), and (F,G) C (F,L") requires
n < up(F,G) by the direction “=-" that we have already shown.

We claim that then (F,G) = (F,L") in Op, i.e. that L" € (F,G). To see this, note that
(F,G) C (F,L") implies G = aF + bL" for some a,b € Up. If we had b(P) = 0 it would
follow that b € Ip = (F,L) by Lemma 2.5 (b), i.e. b = ¢F + dL for some ¢,d € Up, which
means that G = aF + (cF +dL)L" € (F,L""") and thus contradicts the maximality of .
Hence b(P) # 0, i.e. b is a unit in Op, and we obtain L" = } (G —aF) € (F,G) as desired.
Of course, now (F,G) = (F,L") implies that up(F,G) = up(F,L") = n, so that we obtain
(F.G) = (F,Lw(9).

But the same holds for H instead of G, and so the inequality up(F,G) > up(F,H) yields
(F,G) = (F, L}y ¢ (F,p*FH)Yy — (F H). O

Example 2.27. Proposition 2.26 is false without the smoothness assumption on F': For the real curve
F =x>—y?> = (x—y)(x+y) (i. e. the union of the two diagonals in A2, with singular point 0), G = x,
and H =y, we have (F,G) = (x,y*) and (F,H) = (y,x*). Hence uo(F,G) = uo(F,H) = 2, but
(F,G) # (F,H) (since y ¢ (x,y?), as otherwise we would have (x,y?>) = (x,y), in contradiction to
Ho(x,)?) =2 # 1 = po(x,y)).

Remark 2.28 (Geometric interpretation of smooth curves). Mainly for the ground field K = R, our
results on smooth curves have an intuitive interpretation:

(a) The Jacobi Criterion of Proposition 2.24 (a) states that P is a smooth point of a real curve
F if and only if the Implicit Function Theorem [G2, Proposition 27.10] can be applied to
the equation F = 0 around P, so that V(F) is a 1-dimensional submanifold of R? [G2,
Definition 27.18]. Hence, in this case V(F) is locally the graph of a differentiable function
(expressing y as a function of x or vice versa), and thus we arrive at the intuitive interpretation
of smoothness as “having no sharp corners”.

03
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(b) To interpret Proposition 2.26, let us continue the picture of (a) and consider a local (analytic)
coordinate z around P on the 1-dimensional manifold V (F). In accordance with the idea of
intersection multiplicity at the beginning of this chapter, a curve G should have intersection
multiplicity n with F at P if on F it is locally a function of the form az” in this coordinate,
with a a non-zero function at P (corresponding to a unit in &p). Now if n = up(F,G) >
up(F,H) = m then in the same way H is of the form bz" for a function b non-zero at P, so
that b7™ = H divides az" = G. This means that (G) C (H) in Op/(F) (i.e. as functions
on F, a point of view that we will discuss in detail starting in Chapter ??) and thus that
(F,G) C (F,H) in Op.

(c) In fact, the analytic idea of (b) has a direct counterpart in commutative algebra that can then
be applied over arbitrary ground fields: For a smooth curve F the ring Op/(F) is a so-
called discrete valuation ring (see e. g. [G6, Chapter 12]; we will also consider this concept
briefly later on in Proposition ??). This means that the non-zero elements of this ring have a
valuation — a natural number that can be interpreted as the order of the zero as a function on
F, and hence as the local intersection multiplicity with F. It is then a result in commutative
algebra that the non-zero ideals in a discrete valuation ring are in one-to-one correspondence
with these valuations as above [G6, Corollary 12.17]. This is precisely the statement of
Proposition 2.26.

Exercise 2.29 (Cusps). Let P be a point on an affine curve F. We say that P is a cusp if mp(F) =2,
there is exactly one tangent L to F at P, and up(F,L) = 3.

(a) Give an example of a real curve with a cusp, and draw a picture of it.
(b) If F has a cusp at P, prove that F has only one irreducible component passing through P.
(c) If F and G have a cusp at P, what is the minimum possible value for the intersection multi-
plicity up(F,G)?
Exercise 2.30.

(a) Find all singular points of the curve F = (x> +y? —1)? + 10x?y* € R[x,y], and determine the
multiplicities and tangents to F' at these points.

(b) Show that an irreducible curve F over a field of characteristic 0 has only finitely many
singular points.
Can you find weaker assumptions on F' that also imply that F has only finitely many singular
points?

(c) Show that an irreducible cubic can have at most one singular point, and that over an alge-
braically closed field this singularity must be a node or a cusp as in Exercise 2.29.
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3. Projective Curves

In the last chapter we have studied the local intersection behavior of curves. Our next major goal
will be to consider the global situation and ask how many intersection points two curves can have in
total, i. e. how many common zeros we find for two polynomials F, G € K|x,y] (where we will count
each such zero with its intersection multiplicity).

For polynomials in one variable, the corresponding question would simply be how many zeros a
single polynomial f € K|[x] has. At least if K is algebraically closed, so that f is a product of linear
factors, the answer is then of course that we always get deg f zeros (counted with multiplicities).
Hence, in our current case of two polynomials F,G € K|[x,y] we would also hope for a result that
depends only on deg F' and deg G, and not on the chosen polynomials.

However, even in the simplest case when F and G are two distinct lines this will not work, since F
and G might intersect in one point or be parallel (and hence have no intersection point). To fix this
situation, the geometric idea is to add points at infinity to the affine plane A2, so that two lines that
are parallel in A% will meet there. On the other hand, two non-parallel lines (that intersect already in
A?) should not meet at infinity any more as this would then lead to two intersection points. Hence,
we have to add one point at infinity for each direction in the affine plane, so that parallel lines with
the same direction meet there, whereas others do not.

This new space with the added points at infinity will be called the projective plane. In the case K =R
we can also think of it as a compactification of the affine plane A2. It is the goal of this chapter to
study this process in detail, leading to plane curves that are “compactified” by points at infinity. For
two such compactified curves we will then compute the number of intersection points in the next
chapter, and the answer will then indeed depend only on the degrees of the curves.

Remark 3.1 (Geometric idea of projective spaces). Algebraically, the idea for adding points at
infinity is to embed the affine space A" in the vector space K"*! by prepending a new coordinate
(typically called xp) equal to 1, i. e. by the map

A" = K" (k. x) = (L,x1,. e %),

and considering the 1-dimensional linear subspace in K”*! spanned by this vector. For example, in
this way a point (cy,c2) € A? corresponds to the line through the origin and (1,¢1,c;) € K3, denoted
by P in the picture below on the left.

e

—

We will define the projective plane as the set of all such 1-dimensional linear subspaces of K>. It
then consists of all lines through the origin coming from points of A2 as above — together with lines
contained in the plane where xp = 0 that do not arise in this way, such as Q in the picture above.
As shown on the right, these lines can be thought of as limits of lines coming from an unbounded
sequence of points in A?. They can therefore be interpreted as the “points at infinity” that we were
looking for.

Let us now turn this idea into a precise definition.
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Definition 3.2 (Projective spaces). For n € N, we define the projective n-space over K as the set of
all 1-dimensional linear subspaces of K"*!. It is denoted by P% or simply P".

Notation 3.3 (Homogeneous coordinates). Obviously, a 1-dimensional linear subspace of K"*! is
uniquely determined by a spanning non-zero vector in K"*!, with two such vectors giving the same
linear subspace if and only if they are scalar multiples of each other. In other words, we have

P" = (K"1\{0})/ ~
with the equivalence relation

(x05- -, %n) ~ (¥0,---,yn) & x;=Ay; for some A € K* and all i.

The equivalence class of (xo,...,x,) is usually denoted by (xo: --- :x,) € P". We call xg,...,x, the
homogeneous or projective coordinates of the point (xq: ---:x,). Hence, in this notation for a
point in P the numbers xo, . ..,x, are not all zero, and they are defined only up to a common scalar
multiple.

Remark 3.4 (Geometric interpretation of P"*). There are two ways to interpret the projective space
P" geometrically:

(a) Asin Remark 3.1, we can embed the affine space A" in P" by the map

A" P (xg,.xn) = (Lixg e txy)
whose image is the subset Uy := {(xp: -+ 1x,) 1 x9 # 0} of P". We will often consider A" as
a subset of P in this way, i.e. by setting xo = 1. The other coordinates xi,...,x, are then

called the inhomogeneous or affine coordinates on Uj.

The remaining points of P are of the form (0:x; : -+ :x,). By forgetting their coordinate x
(which is zero anyway) they form a set that is naturally bijective to P"*~!, corresponding to
the 1-dimensional linear subspaces of K. As in Remark 3.1 we can regard them as points
at infinity; there is hence one such point for each direction in K”. In short-hand notation,
one often writes this decomposition as P" = A" UP"~! and calls A" and P"~! the affine and
infinite part of P, respectively.

(b) By the symmetry of the homogeneous coordinates, the subsets U; := {(xo: -+ :1x,) : x; # 0}
of P" are naturally bijective to A” for all i =0,...,n, in the same way as for i =0 in (a). As
every point of P” has at least one non-zero coordinate, it lies in one of the U;, and hence in
a subset of P” that just looks like the ordinary affine space A”. In this sense we can say that
projective space “looks everywhere the same”; the fact that we interpreted the points with
xo = 0 as points as infinity above was just due to our special choice of i = 0 in (a).

Example 3.5. By Remark 3.4 (a), we have P' = A' UPY. The affine part consists of the points
(1:x1) for x; € K, and the infinite part contains the single point (0: 1). Denoting this point at infinity
by o, we can therefore write P! = Al U {0},

Remark 3.6 (Topology of projective spaces over R and C). Over the real or complex numbers,
every point in P has a representative on the unit sphere {(xo,...,x,) : [xo|*> + -+ |[x,|> = 1} by
normalizing. In other words, P" can be written as the image of this compact unit sphere under the
quotient map (xo,...,x,) — (X0 --- :1x,). In accordance with our motivation at the beginning of this
chapter, this means that P" is itself compact (with the quotient topology [G5, Definition 5.3 and
Corollary 5.8 (c)]).

(a) For K =R, every 1-dimensional linear subspace of K"! meets the unit sphere in exactly
two points, which are negatives of each other. Hence, all points (xg: ---:x,) € P" have a
representative on the upper half of the unit sphere, i. e. where x9 > 0, and this representative
is unique except for points on its boundary where xo = 0 (i. e. for points at infinity). As in
the following picture, we can therefore visualize P, as the space obtained from the upper
half unit sphere by identifying opposite points on the boundary. For n = 1 we have only one
pair of gluing points, corresponding to one point at infinity as in Example 3.5, and obtain
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topologically a circle. For n = 2, each point on the boundary of the upper half unit sphere
has to be identified with its negative, which leads to a space that cannot be embedded in R>.

A X0 4X0
T Q |
( 'Y y —> X1
™ glue oo \ glue
Pg PR

(b) For K = C, only ]P’(lC can be visualized in R3. By Example 3.5 it
is just the complex plane together with a point co. It is therefore
topologically a sphere as in the picture on the right.

Having studied projective spaces, we now want to consider subsets of P
given by polynomial equations. However, polynomials in homogeneous
coordinates are not well-defined functions on P": For example, for the
polynomial f = x3 +x; we have f(1,—1) =0 and f(—1,1) = 2 although
(1: =1)=(—1:1) € P'. We can solve this problem by using homogeneous
polynomials as follows.

Remark 3.7. Let
f= Y aig.pxl - xr €Klxo,....x

be a homogeneous polynomial of degree d. Then
FAxoy. o dx) = Y g AT i = 29 f(x0, )
gt Fin=d
for all A € K. In particular, we see:
(a) Although f is not a well-defined function on P", its zero locus is well-defined on P", i.e. we
have
f(Axo,...,Axy) =0 < f(xo,...,%,) =0
for all A € K*. In the following, we will therefore write this condition simply as f(P) =0
for P=(xp: -+ 1xp).

(b) If g is another homogeneous polynomial of degree d then

f(Axo, ..., Ax,) AL f(x0, .. %n) _ f(x0,- %)

g(Axo,...,Ax,)  Adg(xo,....x,)  g(x0,...,%,)"

and so the quotient g is a well-defined function on the subset of P” where g does not vanish.

Definition 3.8 (Projective varieties). For a subset S C K[xy, .. .,x,] of homogeneous polynomials we
call

V(S):={PeP':f(P)=0forall feS} CP"
the (projective) zero locus of S. Subsets of P" that are of this form are called (projective) varieties.
If S={fi1,...,fx} is a finite set, we will write V(S) = V({f1,...,fx}) also as V(fi,...,fx). To
distinguish the projective from the affine zero locus of Definition 1.3 (b), we will sometimes denote
it by V,(S) C P" as opposed to V,(S) C A",

In this class we will mostly restrict ourselves to the case of the projective plane P2. We will then
usually denote the homogeneous coordinates by x, y, and z, with z corresponding to the variable x
defining the points at infinity as in Remark 3.4 (a).

04
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Remark 3.9. The properties of Remark 1.4 hold analogously for the projective zero locus: For any
two homogeneous polynomials f,g € K[x,y,z] we have
@ V(f)UV(e) =V(fe);
(b) V(f)NV(g) =V(f,8)-
Exercise 3.10. By a projective coordinate transformation we mean a map f: P" — P”" of the form
(xor - xn) = (fo(xo, -y n) ot fu(X0y -+ -5 %))
for linearly independent homogeneous linear polynomials fy, ..., fn € K[xo,...,Xs].

Now let Py,...,P, 2 € P" be points such that any 7+ 1 of them are linearly independent in K"+, and
in the same way let Oy, ..., 0,42 € P" be points such that any n+ 1 of them are linearly independent.
Show that there is a projective coordinate transformation f with f(P;) = Q; foralli=1,...,n+2.

Exercise 3.11. Show:
(a) If F,G € K|xo,...,x,| are polynomials such that F |G and G is homogeneous, then F is
homogeneous.

(b) Every homogeneous polynomial in two variables over an algebraically closed field is a prod-
uct of linear polynomials.

The definition of projective plane curves is now completely analogous to the affine case in Definition
1.5.
Definition 3.12 (Projective curves).
(a) A projective (plane algebraic) curve (over K) is a non-constant homogeneous polynomial
F € K[x,y,z] modulo units. We call V(F) = {P € P?: F(P) = 0} its set of points.

(b) The degree of a projective curve is its degree as a polynomial. As in the affine case, curves of
degree 1,2,3,... are called lines, quadrics/conics, cubics, and so on. The line z is referred
to as the line at infinity.

(c) The notions of irreducible/reducible/reduced curves, as well as of irreducible components
and their multiplicities, are defined in the same way as for affine curves in Definition 1.5 (c)
(note that irreducible factors of homogeneous polynomials are always homogeneous by Ex-
ercise 3.11 (a)).

To study projective curves, we will often want to relate them to affine curves. For this we need the
following construction.
Construction 3.13 (Homogenization and dehomogenization).
(a) For a non-zero polynomial
f=Y a;xy €Ky
i+j<d
of degree d we define the homogenization of f as
=Y a Xy eKlxyg)
i+j<d
Note that /" is homogeneous of degree deg f = deg f = d, and that z / " since f contains
aterm withi+ j =d.
(b) For a non-zero homogeneous polynomial
f=Y ajxyd e€Kxy
i+j+k=d
of degree d we define the dehomogenization of f to be

1 =flz=1)= Z ai7j7kxiy-i € Kx,y].
i+j+k=d
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In general, ' will be an inhomogeneous polynomial. If z ffoieif f contains a monomial
without z, then this monomial will also be present in f*, and thus deg /' =deg f =d.

In particular, there is a bijective correspondence

{ polynomials of degree d } PN { homogeneous polynomials of degree d }

in K[x,y] in K[x,y,7] not divisible by z
f — fh
o= f
Example 3.14. For f =y —x? € K[x,y] we have f! = yz —x*> € K[x,y,z], and then back again

(Mi=y—2=Ff.
Construction 3.15 (Affine parts and projective closures).

(a) For a projective curve F its affine set of points is Vp(F) N A? = V,(F(z = 1)) = Vu(FY).
We will therefore call F' the affine part of F. The points at infinity of F are given by
Vo (F(z=0)) C PL.

(b) For an affine curve F we call F" its projective closure. By Construction 3.13 it is a pro-
jective curve whose affine part is again F, and that does not contain the line at infinity as a
component.

However, F may contain points at infinity: If F = Fy+ --- + F; is the decomposition into
homogeneous parts as in Notation 2.16, we have F" = z¢ Fy +z¢~ ' F{ +--- + F; and hence
F"(z =0) = F;. So the points at infinity of F are given by the projective zero locus of the
leading part of F.

Example 3.16 (Visualization of projective curves). To visualize a (real) projective curve F (that does
not have the line at infinity as a component), we will often just draw its affine set of points V,(F'),
and if desired in addition its points at infinity as directions in A%. The following picture shows in
this way the projective closures of the three types of real conics — a hyperbola, a parabola, and an
ellipse (resp. a circle) — where the dashed lines correspond to the points at infinity. We see that the
hyperbola has two points at infinity (namely (0:1:0) and (1:0:0) in the case below), the parabola
has one ((0:1:0) below), and the circle no such point. Note that, including these additional points,
all three cases become topologically a loop, as the unbounded ends of the affine curves meet up at
the corresponding points at infinity. In fact, up to a change of coordinates, we will see in Exercise
3.28 that there is essentially only one type of real projective conic.

(a) hyperbola (b) parabola (c) ellipse
F=xy—1 F=y—x* F=x>+y>—1
Fh=xy—7? Fh=yz—x? Fh=x?4+y2 72
points at infinity: xy =0 points at infinity: x> = 0 points at infinity: x> +y*> =0

Remark 3.17 (Spaces of curves as projective spaces). For d € N+, the vector space of homoge-

neous polynomials of degree d in K|[x,y,z] has dimension (dzz) , hence it is isomorphic to K"+! with
n= (dgz) — 1. By definition, a projective curve of degree d is then a non-zero point of this vector

space modulo scalars. Hence, the space of all such curves is just the projective space P”, and thus
itself a projective variety.
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It is in fact very special to algebraic geometry — and very powerful — that the spaces of (certain)
varieties are again varieties, and thus can be studied with exactly the same methods as the initial
objects themselves. In other categories this is usually far from being true: The space of all groups is
not a group, the space of all vector spaces is not a vector space, the space of all topological spaces is
not a topological space, and so on.

For the rest of this chapter, let us transfer our results on affine curves from Chapters 1 and 2 to the
projective case.

Remark 3.18 (Finiteness of zero loci). Let F and G be two projective curves. The finiteness results
of Lemma 1.11 and Proposition 1.12 (b) hold for the affine parts of F' and G (for any choice of
coordinate determining the line at infinity), and thus for F and G themselves: V(F) is infinite if K
is algebraically closed, P?\V (F) is infinite if K is infinite, and V (F,G) is finite if F and G have no
common component.

Remark 3.19 (Recovering F from V(F)). Let F be a projective curve over an algebraically closed
field. We can write it as F = 7" G for some m € N and a curve G with z f G. Then G can be recovered
from G' since G = (G')" by Construction 3.13, and G' can be recovered from V,(G') = V,,(G) N A2
and a multiplicity on each component by Remark 1.14.

As the components of F are just the components of G plus possibly the line at infinity z (with multi-
plicity m), this means that F can be reconstructed from V (F) and a multiplicity on each component,
just as in the affine case.

Construction 3.20 (Local rings of P?). For P € P> we define the local ring of P? at P according to
Remark 3.7 (b) as

Op:= Opa p = {f : f, g € K[x,y,z] homogeneous of the same degree with g(P) # O} u{0}
’ 8

CK(x,y.2).
As in Definition 2.1, these rings admit a well-defined evaluation map

ﬁp—>K,chl—>f(P)

g(P)

with kernel
Ip = IlP’Z,P = {]gc €0p: f(P) = O} C Op.
For a point P = (xo:yo: 1) in the affine part of P? it is easily checked that there is an isomorphism

N

ﬁPzi X0:)0)” g gl

x0:y0:1) 7 ﬁAz,(

compatible with the evaluation maps, and thus taking Ip> (. .q) to Iy2 (). Hence the local rings

are still the same as in the affine case — which is of course expected, as objects that are local around
a point in A2 should not be affected by adding points at infinity.

Construction 3.21 (Intersection multiplicities). Note that homogeneous polynomials are not ele-
ments of the local ring Op: p. But for Fy, ..., Fi homogeneous we can still define a generated ideal
h Jr

(F,....F)= {gFl —|—---+g—Fk : fi=0or fi, g € K[x,y,z] homogeneous
1 k

with g;(P) # 0 and deg(f;F;) = degg; for all i}

in Op. As in the affine case we can therefore define the intersection multiplicity of two curves F,G
at a point P € P? as

[.LP(F,G) :=dim ﬁp/<F,G> GNU{C’O}. (%)
For a point P = (xo:yp:1) in the affine part of P> one can verify directly that the isomor-

phism Opa ( & 02 (4yy,) ©f Construction 3.20 takes (F,G) to (Fi,G'). Hence we have

x0:y0:1) X0:Y0
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Hixg:yo:1) (F; G) = Uixy yo) (F i.G"), i.e. intersection multiplicities in the affine part can be computed
exactly as in Chapter 2. At other points, the multiplicity can be computed similarly by choosing
another (non-zero) coordinate to define the line at infinity as in Remark 3.4 (b). We will therefore
probably never use the global definition () of the multiplicity above for actual computations; its
only purpose is to ensure that the result does not depend on the choice of coordinate defining the line
at infinity.

Moreover, in the same way as in Remark 2.4 (a) intersection multiplicities are invariant under pro-
jective coordinate transformations as in Exercise 3.10, and they satisfy all the other properties of the
multiplicities in Remark 2.4, Lemma 2.5, and Proposition 2.10.

Example 3.22. Let us compute the intersection multiplicity of the curve
F = yz — x* (whose affine part is shown on the right) with the line G = z
at infinity at the common point P = (0:1:0). For this we choose the F
affine part given by y = 1 and affine coordinates x and z. We then obtain

up(F,G) = W) (z—»%,2) =2
by Example 2.11.

Construction 3.23 (Tangents and multiplicities of points, smooth and singular points). The remain-
ing concepts of Chapter 2 are also transferred easiest to a projective curve F using affine parts. So
for a point P = (xo:yp:1) € P? in the affine part A%, we define the multiplicity mp(F) of F at P

to be my, y,)(F"') in the sense of Definition 2.18. A tangent to F' at P is the projective closure of a
tangent to F! at (xg,yo). If P is not in the affine part, we choose a different coordinate for the line at
infinity as in Example 3.22 (it can be checked that this does not depend on the choice of coordinate).
We say that P € F is a smooth or regular point if mp(F) = 1; its unique tangent is then denoted by
TpF. Otherwise, P is called a singular point of F'. The curve F is said to be smooth or regular if
all its points are smooth; otherwise F is called singular.

As in the affine case, there is a simple criterion to determine all singular points of a given projective
curve. To prove it, we need a simple lemma first.

Lemma 3.24. For any homogeneous polynomial F € K|x,y,z] of degree d we have

JF JF JF

oy 42 =dF
x8x+yay+z3z d

Proof For F =Y, 1—qa;;x'y'z" we have x2E =¥,/ jia; j;x'y/zF. An analogous formula
holds for the other partial derivatives, and hence we conclude
oF oF oF

XS-+ys-tzao = (i+j+k)ajexy'? =dF. O
dx dy dz iﬂ;’(:d o

Proposition 3.25 (Projective Jacobi Criterion). Let P be a point on a projective curve F.
(a) P is a singular point of F if and only if %—i (P)= %—f(P) = %—I; (P)=0.
(b) If P is a smooth point of F the tangent to F at P is given by
JoF JoF JoF

ToF = 5o (P) xS (P) v+ 5 (P) 2

Proof. Without loss of generality we may assume that P = (xo:yo: 1) is in the affine part of F.

(a) By the affine Jacobi criterion of Proposition 2.24 (a) we know that P is a singular point of
F if and only if %(X@, Yo) = aa—‘?(xo, yo) = 0. As dehomogenizing F (which is just setting
z = 1) commutes with taking partial derivatives with respect to x and y, this is equivalent to
%—i (P)= %—‘;(P) = 0. This is in turn equivalent to %—’;(P) = %(P) = %—f (P) =0 by Lemma
3.24 since F(P) = 0 by assumption.

05
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(b) By Proposition 2.24 (b) the affine tangent to F' at P is given by

JF! JF!
W(XO,YO) “(x—x0) + Ty(xo,)’o) -(y—0)
oF oF oF oF
= g(P) X+ a—y(P) y— <$(P) - X0+ Ty(P) -yo)
3.24 ai oF oF

Se(P)x+ (P G (P,

By definition, TpF is now obtained by taking the projective closure, i. e. the homogenization
of this polynomial. g

Remark 3.26. If the ground field K has characteristic 0, Lemma 3.24 tells us for any point P € P?
that the conditions %—i (P) = %(P) = %—C(P) = 0 already imply F(P) = 0. In contrast to the affine
case in Example 2.25, we therefore do not have to check explicitly that the point lies on the curve
when computing singular points with the Jacobi criterion.

Example 3.27. Let F = y’z — x?z — x> be the projective closure of the
real affine curve y2 —x2—x3of Example 2.21 (b). We have

F
aa—i: = —2xz—3x%, a&y =2yz, %—I; =y> -

It is checked immediately that the only common zero of these three poly-

nomials is the point (0:0: 1), i. e. the origin of the affine part of F. So by

Proposition 3.25 this is the only singular point of F' (note that we have

already seen in Example 2.25 using the affine Jacobi criterion that the

origin is the only singular point of the affine part of F).

In particular, the point (0:1:0) € F at infinity is a smooth point of F, and the tangent to F there is
by Proposition 3.25
dF JdF

E(O:I:O)~x+ Iy

oF

(0:1:0)-y+ %

(0:1:0)-z=z,
i.e. the line at infinity.

Exercise 3.28. Let F and G be two real smooth projective conics with non-empty set of points.
Show that there is a projective coordinate transformation of P? as in Exercise 3.10 that takes F to G.

Exercise 3.29. For a projective curve F' in the homogeneous coordinates xg,x;,x; we define the

. . 2
associated Hessian to be Hy := det (%)i 0,12
i0Xj/1,]=0U,1,

(a) Show that the Hessian is compatible with coordinate transformations, i.e. if a projective
coordinate transformation as in Exercise 3.10 takes F to F’ then up to multiplication with a
unit it takes Hr to Hgr.

(b) Let P € F be a smooth point, and assume that the characteristic of the ground field K is 0.
Show that Hr (P) = 0 if and only if up(F,TpF) > 3. Such a point is called an inflection point
of F.

Hint: By part (a) and Exercise 3.10 you may assume after a coordinate transformation that
P=1(0:0:1) and TpF = x;.
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4. Bézout’s Theorem

Let F and G be two projective curves without common component. We have seen already in Remark
3.18 that the intersection F NG is finite in this case. Bézout’s Theorem, which is the main goal of
this chapter, will determine the number of these intersection points, where each such point P will be
counted with its intersection multiplicity up(F,G).

In the same way as for the number of zeros of a univariate polynomial, the result will only be nice
(i.e. depend only on the degree of the polynomials) if we assume that the underlying ground field
is algebraically closed. To use this assumption we will need the following result from commutative
algebra that extends the defining property of an algebraically closed field to polynomials in several
variables.

Fact 4.1 (Hilbert’s Nullstellensatz). Recall that a field K is called algebraically closed if every
univariate polynomial f € K[x] without a zero in K is constant.

An obvious generalization of this statement to the multivariate case (which can be proven easily
by induction of the number of variables) would be that every polynomial f € K|[xy,...,x,] without
a zero in A" is constant. However, there is a much stronger statement that also applies to several
polynomials at once, or more precisely to the ideal generated by them: Any ideal I in K[x1,...,xy)
with V(I) = 0 over an algebraically closed field K is the unit ideal I = (1). This statement is
called by its German name Hilbert’s Nullstellensatz (“theorem of the zeros”) [G6, Remark 10.12].
Obviously, in the case n = 1 of polynomials in one variable, the ideal I must be generated by a single
polynomial f as K|[x;] is a principal ideal domain, and thus Hilbert’s Nullstellensatz just reduces to
the original statement that f must be constant if it does not have a zero.

Although Bézout’s Theorem requires projective curves (as we have already motivated at the begin-
ning of Chapter 3), it is actually more convenient to perform almost all steps required in its proof for
the affine case. Our first step will be to compute the sum Y pc g 1p(F, G) of the local intersection
multiplicities of two affine curves F' and G and express it in terms of one global object. In fact, in the
same way as Up(F, G) is by definition the dimension of the quotient of the local ring Op by the ideal
(F,G), the sum of these multiplicities is just the dimension of the quotient of the global polynomial
ring K[x,y] by (F,G):

Lemma 4.2 (Summing up intersection multiplicities). Let F and G be two affine curves over K
with no common component (so that F N G is finite by Remark 3.18). We consider the natural ring
homomorphism

¢: Klx,y]/(F,G) » [] 0r/(F,G)

that sends the class of a polynomial f € K[x,y] to thI;E:lr;(s;s of [ € Op in each factor Op/{F,G).
(a) The morphism @ is surjective.
(b) IfK is algebraically closed then ¢ is an isomorphism.

In particular, we have ¥ p up(F,G) < dimK|[x,y]/(F,G), with equality if K is algebraically closed.

Proof.
(@) Let FNG = {Py,...,Py} with P, = (x;,y;) for i =0,...,m. By Exercise 2.7 (a) there is a
number n € N such that (x —x;)" = (y—y;)" =0 &€ Op,/(F,G) for all i. For the polynomial
fi=T1 G=x)" ] O=»)" €K[xy]
ix;7#X0 Y70
we then have f(Py) # 0, so by Exercise 2.7 (b) there is a polynomial representative g € K [x, )
for % € Op,/(F,G). The polynomial fg is then mapped by ¢ ...
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o in the component Op, /(F,G) to fg=f- 4 = 1;
e in all other components Op, /(F,G) fori > 0to 0 since f =0 € Op/(F,G).

By symmetry, we can find in the same way for all i = 1,...,m a polynomial that is mapped
by ¢ to 1 in the P;-component and to 0 in all others. As the image of ¢ is a subring, it follows
that @ is surjective.

(b) In view of (a) it remains to be shown that ¢ is injective. So let f € K[x,y] with ¢(f) =0,
and consider the set / := {g € K[x,y] : gf € (F,G)}. This is clearly an ideal containing
(F,G) (usually called the ideal quotient {F,G) : { f)). By the Nullstellensatz of Fact 4.1 it
suffices to prove that V(1) = 0, since then I = K[x,y], hence 1 € I, i.e. f € (F,G), and thus
f=0¢ K[x7y}/<FvG>'

So assume that there is a point P € V(I). As F,G € I we know that P € F N G. Hence P is one
of the points in the product in the target space of ¢, and so f =0¢€ Op/(F,G) as f € ker .
This means that f = gF —+ gG for some polynomials a,b,g € K[x,y] with g(P) # 0. But then
gf =aF +bG, hence g € I, and as P € V(I) we arrive at the contradiction g(P) = 0. O

Remark 4.3. There are two ways to interpret the statement of Lemma 4.2:

(a) A case that often occurs in Lemma 4.2 is that F and G intersect transversely, i. e. that the
intersection multiplicities pp(F,G) at all P € F NG are equal to 1. In this case every factor
Op/(F,G) is isomorphic to K by Definition 2.3, and the morphism ¢ is just the combined
evaluation map at all points of F N G. The assertion of Lemma 4.2 (a) is then simply the in-
terpolation statement that we can always find a polynomial having prescribed values at these
points — which is probably not surprising, and is in fact already achieved by a suitable linear
combination of polynomials as in Step 1 in the proof. If the intersection is not transverse
and pp(F,G) > 1 at some point P, then the map ¢ remembers more information at P on the
polynomial than just its value, such as the values of some of its partial derivatives at P.

(b) If you have some commutative algebra background then you probably know the statement
of Lemma 4.2 already: As V(F,G) is O-dimensional, the ring K[x,y|/(F,G) is Artinian,
and thus by the Structure Theorem on Artinian rings it is isomorphic to the product of its
localizations at its various maximal ideals [G6, Proposition 7.20]. If K is algebraically closed
then these maximal ideals all correspond to points in A% [G6, Corollary 10.10], and so the
map @ of the lemma is an isomorphism. If K is not necessarily algebraically closed then
there are maximal ideals of K[x,y]/(F,G) that are not of this form and thus “missing” in the
target space of @, so that ¢ is only surjective.

Of course, our goal must now be to compute the dimension of the quotient K[x,y]/(F,G). In order
to do this, we need a lemma first that tells us how polynomials in the ideal (F,G) of K[x,y] can be
represented.

Lemma 4.4. Let F and G be two affine curves of degrees m := degF and n := degG, respectively,
such that their leading parts F,, and G, (as in Notation 2.16) have no common component.

Then every f € (F,G) C K|x,y] of degree d :== deg f can be written as f = aF + bG for two polyno-
mials a and b with dega < d —m and degb < d —n.

Proof. As f € (F,G) we can write f = aF + bG for some a,b € K|[x,y]; choose such a representation
with dega minimal.

Assume for a contradiction that dega > d —m or degb > d —n. Then aF or bG contains a term of
degree bigger than d. As f = aF + bG has degree d this means that the leading terms of aF and
bG must cancel in f. Hence, if a, and b, denote the leading terms of a and b, respectively, we have
a.F,, = —b.G,. But F,, and G, have no common component by assumption, and so we must have
a, = cG, and b, = —cF,, for some homogeneous polynomial c. This gives us a new representation

f=(a—=cG)F+ (b+cF)G
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in which the leading term a, of a cancels the leading term c¢G,, of ¢G in the first bracket. Hence
deg(a —cG) < dega, contradicting the minimality of dega. O

Lemma 4.5. Let F and G be affine curves with no common component, of degrees m := degF and
n:=degG.

(a) dimK[x,y]/(F,G) < mn.
(b) If the leading parts F,, and G,, have no common component either then equality holds in (a).
Proof. For all d > m+ n consider the sequence of vector space homomorphisms
K[,y <a-m % K[x,¥]<a-n — K[x,3]<a = K[x,)]/(F,G)
(a,b) — aF +bG

where K[x,y]<4 denotes the vector subspace of K[x,y] of all polynomials of degree at most d, which

has dimension (dJ2r2), and 7 is the quotient map.

The kernel of o consists of all pairs (a,b) of polynomials of degrees at most d —m and d —n,

respectively, with aF = —bG. As F and G have no common component, this is equivalent to a = cG
and b = —cF for some ¢ € K[x,¥]<g—m—n, 0 that
ker ot = K[x,y]<g—m—n - (G, —F). €))

Moreover, it is obvious that
imo C ker 7. 2)

So we conclude with the homomorphism theorem

dimimrnr = <d;2> —dimkerw
<
- 2
d+2 d—m+?2 d—n+2 .
—<2>—( ’ )—( ) >+dlmkera

) d+2 _ d—m+?2 _ d—n+2 + d—m—n+2
- 2 2 2 2

= mn.

(2)(d+2> .
—dimim o

Note that this bound is independent of d (as long as d > m+n), and thus also holds for the projection
map 7: K[x,y] = K|[x,y]/(F,G) from the full polynomial ring, which is surjective. It follows that
dimK|[x,y]/(F,G) < mn, which is (a).

For (b), it suffices to establish equality in (2) above, i.e. that ker 7 C im ¢t. But this is precisely the
statement of Lemma 4.4. O

We can now switch back to the projective case and prove the main result of this chapter.

Corollary 4.6 (Bézout’s Theorem). Let F and G be projective curves without common component
over an infinite field K. Then
Z Up(F,G) < degF -degG.
PeFNG
Moreover, equality holds if K is algebraically closed.
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