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0. Introduction

We all know that a donut has a hole. But what exactly does that mean, how can we prove it, and
what are the consequences?

In an introductory class on topology one usually learns that the so-called fundamental group of a
topological space can be used to capture this idea: Its elements are homotopy classes of maps from
loops to the given space, so it measures whether every loop in the space can be contracted to a point.
A donut is then shown to have a non-trivial fundamental group, and this is a precise way to phrase
the existence of its hole. Moreover, you might have seen that the fundamental group can be used
to prove many nice results. For example, the arguably most intuitive way to prove the fundamental
theorem of algebra (i. e. that every non-constant complex polynomial has a zero) is a topological one
that uses the non-contractibility of loops in C\{0} = R*\{0}, and thus the fundamental group.

But not all holes are created equal: You would probably agree that the space R*\ {0} has a hole in the
origin as well. However, every loop in it can be contracted to a point, i. e. its fundamental group is
trivial and does not see the existence of the hole. So our initial question remains, which can actually
be thought of as the fundamental question of algebraic topology: What exactly does it mean that a
topological space has a hole, how can we prove it, and what are the consequences?

From the example R*\ {0} one can easily read off one possible idea to solve this problem: We should
probably pass from loops to higher-dimensional test objects. More precisely, it seems intuitive that
the unit 2-sphere in R*\{0} cannot be contracted to a point in the same way as the unit 1-sphere
in Rz\{O} cannot be contracted to a point. This idea would lead to the so-called higher homotopy
groups generalizing the fundamental group to higher dimensions. Unfortunately, it turns out however
that these homotopy groups are very complicated. Already the homotopy groups of spheres are
surprisingly wild and hard to compute [H, Chapter 4.1].

The good news is that there are many different other and easier ways to detect higher-dimensional
holes. And by this I mean completely different — using combinatorics, algebra, topology, or even
analysis with its (multivariate) differential and integral calculus. This is what these notes are about.
We will construct the “hole-detecting” homology and cohomology groups (which will actually be
vector spaces over a given ground field in our case) using several entirely different methods, but
arriving at the same result in the end. Of course, this is always when things get really interesting
since it shows deep relations between different fields of mathematics that seemed to be unrelated
before.

Let us quickly explain the intuition behind the algebraic resp. topological and the analytic idea
behind homology and cohomology, considering the example R*\ {0} of the punctured plane:

e In algebra (resp. topology) we consider again the unit circle, just as for the fundamental
group. This time however we do not care about its contractibility, but note that it is — roughly
speaking — a “closed one-dimensional cycle” (i.e. a loop, as we said above) that is not the
boundary of a two-dimensional compact region. In R? (without the hole) it would be the
boundary of the two-dimensional unit disk, but in R?\{0} this does not work, showing the
existence of the hole. The idea to construct algebraic homology groups is thus to consider
“closed cycles modulo boundaries”.

e In analysis, let us consider the question whether a given smooth (i. e. infinitely differentiable)
vector field £: R?\{0} — R? with coordinate functions f; and f> is the (total) differential of
a scalar function F : R?\{0} — R, i.e. whether there is such a function F with 9, F = f; and
o F = f>. Of course, the commutativity of partial derivatives gives the necessary condition
b f1 = W F = 0d1hF = 91 f» (called the integrability condition), but is this also sufficient?
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It turns out that on R? this would be true, but on R?\{0} it is not due to the hole in the
domain of definition: The “derivative of the angle in polar coordinates”, i. e.

!
X —X X
f(x) = (arctan2> = <222 212>,
X1 X{+x5  x7+x3

would require F to be the angle itself up to an additive constant (which is impossible globally
as running around the origin once would pick up another additive constant 27), although it
satisfies the integrability condition since it is locally a derivative. Hence, the analytic idea to
detect holes is to consider functions satisfying an integrability condition (i. e. functions that
locally look as if they are derivatives) modulo functions that actually are derivatives globally.

To study these approaches and their applications, these notes are divided into four parts:

The first part up to Chapter 5 is purely combinatorial resp. algebraic in nature. In this part we
will only consider topological spaces that can be given by combinatorial data in a certain way —
similarly to graphs, which can be thought of as one-dimensional topological spaces obtained by
gluing finitely many edges at their ends in a specified way. The resulting homology theory is called
simplicial homology; we will give its construction and study its properties in detail. It is probably
the easiest homology theory and thus gives a good introduction to the general ideas and techniques
in algebraic topology. Moreover, it has the advantage that everything eventually reduces to linear
algebra for finite-dimensional vector spaces, and is thus very accessible for explicit computations.

In the second part from Chapter 6 to 9 we will study singular homology, the most general homology
theory that is applicable to arbitrary topological spaces. Its construction is very similar to that of
simplicial homology and thus mostly algebraic, and in fact with our preparation from the first part
many results will just carry over without much effort. We will see that singular homology agrees
with simplicial homology when both are defined, and discuss several applications.

We then turn to the analytic setting in the third part. Of course, general topological spaces will not
suffice here since they do not have enough structure to define derivatives. From Chapter 10 to 12
we will therefore digress from homology theory and give a short introduction to smooth manifolds,
which roughly speaking are topological spaces that locally look like R”. They will allow us, for
example, to define tangent spaces at points, leading to the general concept of vector bundles that
describe vector spaces varying with a point on a manifold.

In the last part starting in Chapter 13 we will then follow the analytic idea presented above to con-
struct de Rham cohomology, the cohomology theory for smooth manifolds. While it shares many
of the formal properties of singular cohomology (the dual of singular homology), the proofs of these
statements are now analytic, of course, and thus entirely different. Nevertheless we will eventually
see that de Rham cohomology agrees with singular cohomology in the cases when both are defined.
At the end, we will then use our combined results to prove Poincaré duality — a non-trivial relation
among the cohomology groups of oriented manifolds — and to show that cohomology has a product
structure that can be described as an “intersection product” given geometrically by the intersection
of submanifolds.

As you can see, these notes cover a substantial amount of material — but as usual in topology most
statements should be very intuitive. In fact, although singular homology works for arbitrary topo-
logical spaces, all topological spaces that we will ever consider in these notes will be very nice in
the sense that they can be glued from subsets of R” with the standard topology. In other words, our
topological spaces will be interesting because they have a non-trivial global structure coming from
cutting and gluing processes, and not because they carry a wild topology locally. As a consequence,
all our pictures of topological spaces will actually visualize correctly what is going on, and many
results that we will prove are probably already plausible from the pictures.

We have mentioned already that algebraic topology has many relations to a wide variety of mathe-
matical areas — which is after all what makes it so interesting! In order to keep these notes accessible
we will therefore usually refrain from discussing every topic in full breadth and generality, include
many examples, and keep the prerequisites to a minimum. Let us quickly list them.
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Remark 0.1 (Prerequisites). In these notes we will roughly assume the knowledge of a first-year
mathematics class on algebra and analysis, together with an introductory course in topology. More
precisely, we will assume familiarity with the following topics:

(a) Algebra: permutation groups, the finite fields Z/pZ, vector spaces and linear maps, deter-
minants, dual vector spaces.

(b) Analysis: multivariate differentiation, implicit functions, multivariate integration in R”. As
for integration, Riemann and Lebesgue integrals will be equally fine since all our functions
will be nice enough so that the difference does not matter.

(c) Topology: topological spaces and their basic properties, quotient spaces, homotopies and
homotopy equivalences. Fundamental groups might help since they share the general idea
with homology groups of assigning algebraic objects to topological spaces, but they will not
actually be used.

Many connections to other fields of mathematics will be mentioned throughout the notes, but prior
knowledge of them will not be required: Simplicial complexes are basically just a straightforward
generalization of graph theory. Relating mathematical objects of different types such as assigning
vector spaces to topological spaces is one of the main ideas of category theory. The chain complexes
and exact sequences needed to construct homology are a topic from commutative resp. homological
algebra — but clearly motivated by topology, so if you have seen them already then our topologi-
cal point of view will probably make them more intuitive. A byproduct of our analytic study of
cohomology will be the multivariate integral theorems from vector analysis such as the divergence
theorem of Gauss and the curl theorem of Stokes. The study of topological properties of manifolds
is an important part of algebraic geometry. Finally, on the applied mathematics side, topological
data analysis uses algebraic topology in the form of persistent homology as its backbone.

Notation 0.2. Throughout these notes we will adopt the following common notations and conven-
tions:

o The set N of natural numbers contains 0.

e For two sets S and T the inclusion relation 7 C S allows the case T = S; we write T C S if
equality is not allowed.

e K will always be a fixed ground field. Our usual choice will be K =R, and not much will be
lost if you just always assume that. Sometimes we will also consider the finite field Z/pZ
for a prime number p, which we denote by Z,,.

e For a finite index set / with cardinality n € N, we denote by
K':={x=(x;)icr : x; €K forall i € I}

the n-dimensional K-vector space with coordinates labeled by /. Its standard basis is (e;);cs,
where e; € K for i € I is the standard unit vector whose i-th component is 1, and all others
are 0. If J C I is another index set, we regard K” as a vector subspace of K’ by setting all
coordinates in J\I to 0.

vector space K is often just written as 0 instead of {0}.

e More generally, for any (not necessarily finite) set B we can construct the vector space of
all tuples (xp)pep With x;, € K for all b € B such that only finitely many x; are non-zero.
Usually, for a given b € B the tuple with x;, = 1 and all other coordinates being O is then just
written as b, so that every element of the vector space can be thought of as a finite linear
combination Y jcpXp - b (i. €. with almost all x, = 0). In particular, this means that B itself is
a basis of this vector space. We will refer to it as the vector space with basis B.

e For a vector space V, its dual space will be written as V'V (writing it as V*, which is com-
mon in many areas of mathematics, would be confusing later on since the star notation will
already have a different meaning as e. g. in Construction 5.6).
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e For n € N, the vector spaces R” and any of their subsets will always be equipped with the
standard topology coming from the usual (Euclidean) norm || - ||2, which we just write as
|| -||. As special subsets, we denote by §" := {x € R**! : ||x|| = 1} the unit n-sphere in R"*1,
and by D" := {x € R" : ||x|| < 1} the unit n-disk (or n-ball) in R". The open ball with radius
r € R and center point a € R" will be written as U,(a).
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Simplicial Homology

1. Simplicial Complexes

As we mentioned already in the introduction, the goal of this course is the global study of topological
spaces, or intuitively, to define and search for “holes” in them. However, in order to keep things
simple for the beginning, we will restrict our attention in the first part of these notes up to Chapter
5 to topological spaces called simplicial complexes that can be described entirely combinatorially.
Intuitively, this means for example that a torus will for the moment not look for us like in the
following picture on the left, but rather as in the picture on the right — obtained from triangles by
gluing them along their edges.

/&’
Another important goal of this first part of the notes is to introduce all the algebraic concepts from
homological algebra that we will need throughout the course. In fact, in many cases simplicial

complexes can really be thought of as a geometric interpretation of homological algebra, so they
will also help us to understand the idea behind these algebraic concepts.

In this first chapter, we will just construct simplicial complexes rigorously and study some basic
constructions with them. The question of how to find holes in them will then be addressed in Chapter
2.

Remark 1.1 (Graphs). In your (mathematical) life you have probably come across graphs. Intu-
itively, graphs are finite combinatorial structures that are made up from vertices (sometimes called
nodes or just points) and edges connecting them. In the following picture, S; and S, are examples
of graphs, with the dots representing the vertices and the lines representing the edges.

3 4 4

Sl Sz S3

Formally, a graph can be given by assigning labels to the vertices as in the picture, and considering
each edge as a two-element set whose elements are just the labels of the connected vertices. For our
purposes it will be convenient to add the vertices themselves as one-element sets to the structure, so
that we could e. g. write the graph S above as §1 = {{1},{2},{3},{1,2},{1,3},{2,3}}.

Simplicial complexes generalize this idea in the sense that we are also allowed to connect more than
two vertices, e. g. to connect three vertices by a “triangle” as for S3 in the picture above.
Definition 1.2 (Abstract simplices and simplicial complexes).

(a) An (abstract) simplex is just a non-empty finite set @. Any simplex  with 8 C « will be
called a face of «; it is a proper face if § C o.
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(b) An (abstract) simplicial complex is a finite set S of simplices that is closed under taking
faces, i. e. such that for all simplices B C o with o € S we have 8 € S.

(c) Any element of a simplex « is called a vertex of o. Any element of a simplex in a simplicial
complex S is called a vertex of S. We denote the set of all vertices of S by V(S).

(d) If a simplex ¢ has exactly p+ 1 vertices we say that the dimension dim « of o is p, and
that o is a p-simplex. For a simplicial complex S, its dimension dim S is defined to be
the maximum dimension of its simplices. A 1-simplex is called an edge, and a simplicial
complex of dimension at most 1 is called a graph.

Example 1.3. Let us reconsider Sy, S», and S3 as in Remark 1.1.

(a) S1, Sz, and S3 are simplicial complexes. While S| and S, are graphs, the simplicial complex
S5 is 2-dimensional due to its 2-simplex {1,2,4} € S3 with the three vertices 1, 2, and 4. The
vertex set of S3is V(S3) = {1,2,3,4}.

(b) Clearly, intersections and unions of simplicial complexes are again 4 S US;
simplicial complexes. For example, we have 2
SlﬂS3:{{1},{2},{3},{1,2},{2,3}}, 3
and the union S; U S3 is shown in the picture on the right. 1

Definition 1.4 (Simplicial subcomplexes). A (simplicial) subcomplex of a simplicial complex S is
just a simplicial complex T C S. We say that it is full if for any a € S with o« C V(T) wehave ¢ € T'.

Remark 1.5. By definition, a subcomplex 7" C S being full means that a simplex in S is a simplex
in T if and only if all its vertices lie in 7. Of course, this makes dealing with such subcomplexes
much easier since they can be specified by giving just their vertices. But we will also see e. g. in
Proposition 1.24 that full subcomplexes have nicer properties than arbitrary ones.

Example 1.6.

(a) For the simplicial complexes from Remark 1.1, S; is a full subcomplex of S,, but not a
subcomplex of Sz (since the edge {1,3} is in S;, but not in S3). The subcomplex S3 of
S1US3 (shown in Example 1.3 (b)) is not full since the edge {1,3} € S; US3 is a subset of
V(S3), but does not lie in S3.

(b) The intersection 71 N7, of two full subcomplexes 77 and 7> of a simplicial complex S is again
a full subcomplex. However, the subcomplex 7j U T; need not be full: {{1}} and {{2}} are
full subcomplexes of {{1},{2},{1,2}}, but their union {{1},{2}} is not.

As a first property of simplicial complexes, let us study the intuitive notion of connectedness.

Definition 1.7 (Connectedness). For a non-empty simplicial complex S, the equivalence classes of
the equivalence relation

o~a & thereare oy,...,0, €S withn € Nsuch that & = o, &' = v,
and o1 Nog#Oforallk=1,...,n

on § are called the connected components of S. We say that S is connected if it has only one
connected component.

Clearly, S is then the disjoint union of all its connected components; let us now check that these com-
ponents are in fact full subcomplexes. Moreover, as {i} € S for every vertex i € V(S), every vertex is
a vertex of a unique connected component. We will see now that on vertices the equivalence relation
of Definition 1.7 is completely analogous to the notion of path-connectedness of a topological space.

Lemma 1.8. Let S be a simplicial complex.

(a) Every connected component of S is a full subcomplex of S.
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(b) Two vertices i,i' € V(S) are vertices of the same connected component of S if and only if they
can be connected by a chain of edges in S, i. e. if there are n € N and edges oy, ..., 0, with
i€, i €0y and _1Noy #0forallk=1,...,n

Proof.

(a) Let T C S be a connected component, i.e. a class of the equivalence relation of Definition
1.7. As B ~ « for every face f of « it is clear that T is a subcomplex. To show that it is
full, let & = {ip,...,ip} € S be a p-simplex with iy, ...,i, € V(T). Then o ~ {ip} € T, so it
follows that ¢ € T'.

(b) The direction “<” is clear from the definition. For the direction “=" assume that i and i’
are two vertices of the same connected component, i.e. that there are oy,...,q, € S with
{i} =, {i'"} =y, and oy_1 N0y # O for all k=1,...,n. Pick a vertex i € 0g_1 N 0y
forall k=1,...,n. Theni=/ijy, i =iy, and {ix_1,ix} Cog_1 € Sforallk=2,....n, so
{i1,i2},{i2,i3},...,{in—1,in} gives the desired chain. O

Example 1.9. Relabeling the vertices 1,2,3,4 in the simplicial complex S3 of Remark 1.1 to
1,2',3',4 to obtain the simplicial complex S5 makes S; U S} into a disconnected simplicial com-
plex with connected components S; and S5.

So far we have considered a simplicial complex S only as a combinatorial structure. But for our
purposes we also want to realize it as a topological space, e. g. to interpret the pictures in Remark
1.1 as topological subspaces of R? obtained by picking some points for the vertices of S and joining
them by lines or triangles according to the simplices in S. In arbitrary dimensions, these building
blocks will be called geometric simplices. Of course, for this idea to work we have to pick the points
for the vertices general enough so that e. g. three points are not on a line if we want to join them by
a triangle and two lines do not intersect if they do not have a vertex in common. Let us quickly go
through the constructions necessary to achieve this.

Definition 1.10 (Affine independence). We say that finitely many points vg,...,v, € W in a real
vector space W are called affinely independent if for all xo,...,x, € R with xovo+--- +x,v, =0
and xp+---+x, =0 we have xo =--- =x, = 0.

Remark 1.11.
(a) Using that xo = —x; — --- —x, we can rephrase the condition of Definition 1.10 by saying
that x| (vi —vo) +---+x,(vp —vo) =0 with xy,...,x, € Rimplies x; = --- =x, = 0. Hence
the affine independence of v, ..., v, just means that shifting one of the vectors to the origin

makes the other ones linearly independent, or in other words that vy, ..., v, span a shifted
p-dimensional linear subspace.

(b) Obviously, linear independence implies affine independence, but not vice versa (as e. g. 1
and 2 are affinely, but not linearly independent in R).

Construction 1.12 (Geometric simplices and barycentric coordinates). Let vo,...,v, € W be points
in a real vector space W.

(a) We denote the convex hull spanned by vy, ...,v, by
(vo,-..,vp) i={xovo+---+xpvp 1 X0,...,Xp € Ryg withxg+---+x, =1} CW.

If vo,...,v, are affinely independent, we call this set the geometric p-simplex spanned by
vo,...,Vp. A face of it is any geometric simplex spanned by a subset of the given points, and
it is a proper face if it is spanned by a proper subset. We call the union of all proper faces
the boundary and its complement in the geometric simplex the interior of (vo,...,vp).

For example, a geometric 3-simplex (v, vi, vz, v3) is a tetrahedron as in the following picture
on the left. Two of its proper faces are the geometric 0-simplex (vo) = {vo} (which is just a
point) and the geometric 2-simplex (v, v, v2) (which is a triangle).
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V2

Vo
Vi

<VO7V17V27V3>

(b) Note that in (a) the values of xo,...,x, leading to a point x = xgvp + - - +x,V, in the geo-
metric p-simplex spanned by vy, ...,v, are uniquely determined: For another representation
X = Xovo + - +x),vp with xj + - +x), = 1 we obtain

(x0 —x0)vo 4+ (xp —x,)v, =0 = x;=x] foralli

since Y2 o (xi—x}) =YF jxi—YX¥ jxi=1—1=0andvy,...,v, are affinely independent. We
call (xo,...,x,) the barycentric coordinates of x (the name comes from the word “barycen-
ter” meaning “center of mass”, and in fact x is by definition the weighted average of v, ..., v,
with the weights xo,...,x,).

In summary, barycentric coordinates of a point in (vg,...,v,) are uniquely defined, non-
negative, and sum up to 1. The interior of (vo,...,v,) consists exactly of the points whose
barycentric coordinates are all positive. The picture above on the right shows some points in
the triangle (vg,v1,v,) with their barycentric coordinates (xo,x1,x2).

Let us now assume that we are given a simplicial complex S and a “realization map” r: V(S) — W
to a real vector space that tells us at which points we want the vertices to be. We can then try to
connect these points by simplices according to S to obtain a geometric realization of S.

Construction 1.13 (Geometric realizations). For a simplicial complex S and amap r: V(S) — W to
a real vector space W we set

r(a) = (r(ip),...,r(i,)) CW forany p-simplex a = {ip,...,i,} €S, with r(0) :=0
and r(S):=Jr(a) cW.

aEesS
We call r a geometric realization of S if (&) Nr(B) = r(anpP) for any a, B € S. By abuse of
notation, we will then often also say that r(S) is the geometric realization of S determined by r.

Remark 1.14 (Topological realizations). Let r: V(S) — W be a geometric realization of a simplicial
complex S.

(a) Clearly, r(B) is a face of r(a) for any two simplices f C @ in S.

(b) If o € S is an abstract p-simplex then r(a) is a geometric p-simplex, i.e. the points r(i)
for i € o are affinely independent: Assume for a contradiction that we have coordinates
x; € R for i € ot with Y x;7({) =0 and Y ;e x; = 0, where at least one x; is non-zero. For
oy :={iea:x;>0}and a_ = {i € o : x; < 0} we then have

x:= Z xir(i) = Z (—x;) r(i).
icay ica_

The coordinates on both sides are now positive and sum up to the same number due to the
condition Y ;c,x; = 0, so by normalizing we may assume that the sum of the coordinates is
1 on both sides. But then it follows that x € r(oy) Nr(a_) = r(ay Na-) = r(@) = 0, which
is a contradiction.

(c) It follows by (a) and (b) that the geometric realization r(S) can also be constructed as a
topological space by a gluing process: We can start with the disjoint union of all geometric
simplices r(o) for o € S, and then glue any two geometric simplices r(o) and r(f) along
their common face r(aN ), giving the resulting space the quotient topology [G3, Chapter
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5]. Note that this captures precisely the idea how we wanted to consider abstract simplicial
complexes as topological spaces.

Moreover, as any two p-simplices are homeomorphic this means that any two geometric
realizations of S are homeomorphic. If we think of r(S) this way we will also refer to it as
the topological realization of S.

It just remains to be shown that every simplicial complex admits a geometric realization at all. In
fact, we will now show that it even has a canonically defined one.

Proposition 1.15 (Standard geometric realization). Let S be a simplicial complex. Then the map
r:V(s)— RY®), i e; is a geometric realization of S. We call it the standard geometric realization
of S, and denote its images in RVS) by |a| := r(a) and |S| := r(S) for a simplex o € S.

Proof. Let o and 3 be two simplices of S; we have to show that r(o) Nr(f) = r(an p).

“C” Let x € r(ot) N r(B), so there are barycentric coordinates x; for i € o and x: for i € B with
X = YicaXi€i = Yicp x}e;. As all unit vectors are independent this means that x; and x} can only be
non-zero for i € N fB; hence x € r(ocN P).

“D2%: This follows immediately from Remark 1.14 (a) as N f is a face of both o and f. 0

Remark 1.16. The standard geometric realization |S| of a simplicial complex S has the disadvantage
of having a high-dimensional target space, so that it is usually not useful for visualization. On the
other hand, it has several advantages:

(a) It does not depend on any choices.

(b) It has barycentric coordinates that are defined globally and not just on a fixed simplex: By
construction, we have

S| = {xeRZEf): Y xi=land {i€V(S):x >0} es} CRVO),
T iev(s)

(c) Any other geometric realization r: V(S) — W is obtained from it by a linear map that is
injective on |S|, namely by the linear map RY(5) — W determined by e; — r(i) forall i € V(S).

Hence, for topological purposes (when the realization does not matter by Remark 1.14 (c)), we will
usually use the standard geometric realization.

Example 1.17. Consider again the simplicial complexes S, S», and S3 of Remark 1.1.

(a) The picture below on the left shows the standard geometric realization |§;| ¢ R{!23} of
S1. All pictures in Remark 1.1 show valid geometric realizations of the given simplicial
complexes when we consider them as subsets of R?, with the realization map r given by
mapping each vertex i to the point labeled i in the picture. In contrast, the map r: V(S,) — R?
shown below on the right is not a geometric realization of S, since r({3,4}) Nr({5,6})
contains the gray point, whereas r({3,4} N{5,6}) = r(0) = 0.

(b) Let o be a p-simplex. Then o together with all of its faces, i.e.

D*:={B:0#BCo}
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is a simplicial complex whose topological realization is a p-dimensional disk D”. Similarly,
for p > 0 the set of all proper faces

S*:={B:0+pCa}

is a simplicial complex whose topological realization is the sphere S”~!. For example, the
simplicial complex S| is just S11:23}

(c) To construct a topological realization it is sometimes useful to only use the gluing construc-
tion of Remark 1.14 (c) without any embedding in a real vector space. For example, the
Mébius strip is the topological space obtained from the unit square [0, 1] x [0,1] C R? by
gluing the left to the right side in opposite directions, giving the resulting space the quotient
topology [G3, Example 5.9 (b)]. It is visibly the topological realization of the simplicial
complex shown in the picture below on the left, where the identification of the left and right
side in opposite directions is implied by the numbering. Note that it is not a subspace of R?,
but can be visualized as a topological space (not as a geometric realization!) in R? as in the
middle picture.

4
1

Also note that subdividing the unit square horizontally into only two instead of three parts
as in the right picture would not have been sufficient: This is not a valid simplicial complex
as the vertices 1 and 4 are joined by two edges (drawn in bold) — which is not allowed since
a simplicial complex is just a set and cannot contain a simplex multiple times.

(d) Similarly to (b), we can obtain a torus by taking a unit square and identifying the left with
the right and the top with the bottom side in the same direction [G3, Example 5.9 (¢)]. A
simplicial complex achieving this is shown in the picture below on the left; it consists of 9
zero-dimensional, 27 one-dimensional, and 18 two-dimensional simplices. As a topological
space this is just the product S! x S' of two circles in the middle picture.

Torus Real projective plane

In contrast, the picture above on the right shows a simplicial complex realizing the topologi-
cal space obtained from gluing opposite sides of the unit square in opposite directions. Note
that it needs one vertex more since now not all four corners of the square are identified, but
only opposite ones. Although this simplicial complex might look very similar to that for the
torus, it gives a fundamentally different topological space called the real projective plane
[G3, Example 5.9 (c)]. We will consider it in more detail later in Construction 8.3.

Exercise 1.18. Draw an abstract simplicial complex whose topological realization is the real pro-
jective plane and that has fewer than 10 vertices.

Exercise 1.19. Let T1,...,T, be the connected components of a simplicial complex S. Show that
|Ti|,...,|Tn| are the path-connected components of the topological space |S]|.
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Of course, it may happen that different simplicial complexes
have homeomorphic topological realizations. The most obvious 4)
way to achieve this is by subdividing the simplices in a simpli-

cial complex S. A symmetric approach to this construction is to {2}

add a vertex in the barycenter (i.e. midpoint) of each simplex {3}
o € S and subdivide accordingly. For example, after this subdi-

vision process the simplicial complex S3 of Remark 1.1 would {1,2}

look like the picture on the right, with the hollow vertex being {1}
the barycenter of the edge {1,2}.

Note that in this way the vertex set of the subdivided complex can be identified with the set S of
simplices in the original simplicial complex. In doing so, the old vertices i € V(S) will be relabeled
by the O-simplices {i} € S as in the picture above. Let us now define this subdivision process
rigorously.

Definition 1.20 (Barycentric subdivision). For a simplicial complex S, the simplicial complex
Sd(S) .= {{aw,...,0p} :peNand 0 £ otg C --- C o, € S}
with vertex set V(Sd(S)) = S is called the barycentric subdivision of S.

Proposition 1.21 (Barycentric realization). Let S be an abstract simplicial complex. Then the
map r: V(Sd(S)) — RYS) that sends each p-simplex a = {io,...,i,} € S to its barycenter
r(a) == ﬁ(@io + - +ei,) is a geometric realization of SA(S) with r(Sd(S)) = |S|. We call it
the barycentric realization of Sd(S).

Sketch proof. We show the statement by induction on the cardinality of S, with the case dimS =0
being obvious. So assume that dim S > 0, choose a simplex o = {iy,...,i,} of maximum dimension
pin S, and set §' := S\ {a}. By induction, we know that r is a geometric realization of Sd(S") with
r(Sd(8)) =15.

Note that all proper faces of @ must already be in S’. So §’ contains the sphere S%, and hence Sd(S")
contains the subdivided sphere Sd(S%), which again by induction is realized by r with image |S*|.
A picture of this situation in the case p = 2 is shown below on the left (where the simplices in
Sd(S8")\ Sd(S%) are not shown for simplicity).

{i2} {in}

1S . |D¥| .
{in,i} _ . {in,i}
induction o
, —  {io,i2} ,
{in} step {in}

fio} tio.i1} {io} it}
By construction, the transition from S’ to S now just adds the simplex o, hence by Definition 1.20 the
transition from Sd(S’) to SA(S) adds the simplices { ¢, ..., 0} forke Nand0 £ oy S --- C o = .
This is precisely the 0-simplex {a} together with all simplices of the form S U {a} for § € Sd(S%).
As in the picture above on the right, placing a € V(Sd(S)) at its barycenter the transition from
Sd(S") to SA(S) thus fills in the sphere [S¥| to a disk |[D%|. Hence r realizes Sd(S) with image

IS"1U|D*| = || U || = |S]. O
Remark 1.22.

(a) As one can see from the sketch proof above, it actually does not matter that we place the
vertices of the subdivision in the barycenters — any point in the interior of the corresponding
geometric simplex would work equally well. Also, in the same way we could start with
any (non-standard) geometric realization r of a simplicial complex S and then construct a
barycentric realization of Sd(S) with the same image as r(S).
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(b) Obviously, barycentric subdivisions behave nicely with respect to subcomplexes, intersec-
tions, and unions: If T is a subcomplex of a simplicial complex S then Sd(7') is a subcomplex
of Sd(S); and if S and T are arbitrary simplicial complexes then SA(SNT) = Sd(S) NSd(T)
and SA(SUT) = Sd(S) USd(T).

Barycentric subdivisions will come up at various places, but to see their usefulness now let us prove
as a first result that they can be used to make subcomplexes full, and to construct open neighborhoods
of subcomplexes with nice properties.

Lemma 1.23. If T is a subcomplex of a simplicial complex S, then SA(T) is a full subcomplex of
Sd(s).

Proof. By definition, Sd(T) is clearly a simplicial subcomplex of Sd(S). To show that it is full, let
B={o,...,0,} €Sd(S),i.e. 0 #0p C --- C ap € S, such that 0, ..., € V(SA(T)) = T. Then
0#o0pC---CapeT,andhence B € SA(T). O

Proposition 1.24 (Standard neighborhoods). For a subcomplex T of a simplicial complex S we set
Npjs:={x€|S|:x; >0 for some i € V(T)}.
(2) Nypjs is an open subset of |S| that contains |T| (i. e. an open neighborhood of |T | in |S|).
(b) If T is full then |T| is a deformation retract of Ny /s- In particular, Ny /g is then homotopy
equivalent to |T|.

We call Ny /s the standard neighborhood of |T | in |S|.

Proof.

(a) It is clear from the definition that N7 /g is open. Moreover, every x € |T| has barycentric
coordinates x; with i € V(T') that sum up to 1. Hence, at least one of them is non-zero, and
it follows that x € Ny s.

(b) Let us consider the map
Yicv(r)Xi€i

m: Npjg—RVT) |y =701
7/8 ZieV(T)xi

that projects to RY(") < RY(S) and normalizes. It is in fact a well-defined continuous map
as the denominator will never be 0 on Ny /5. We claim that its image lies in |T|. To see this,
note first that for any x € Ny /5 C |S| the coordinates of 7(x) are clearly still non-negative
and sum up to 1. Moreover, by definition of |S| we have x € |¢| for some a € S, and thus
m(x) € lanV(T)|. But aNV(T) is a simplex in S by Definition 1.2 (b) and has its vertices
in V(T), so it is a simplex of T since T is full. It follows that m(x) € |T|, i.e. we have
constructed a continuous map 7: Ny /g — |T|. Finally, 7 is in fact a deformation retraction
since

Yiev(r)Xi€i 1 Yigy(r)Xi€i
Yiev(r)Xi+1 Ligy(r)Xi

H: NT/S X [071] HNT/S? (X,t) —

(which moves each point of RV linearly to its projection to RY(") and normalizes) is a
homotopy between H(-,0) = 7w and H(-,1) = idy; ;. O

Example 1.25. By Construction 1.12 (b), for a vertex i of a simplicial complex S the set of all x € |S|
with x; > O consists of all interiors of simplices containing the vertex i. This explains the shape of
the standard neighborhoods N7 /g in the picture below, where the simplicial complex § is drawn in
light color, the subcomplex T in bold, and N7 /5 in dark color.

(a) Let S be the torus of Example 1.17 (d), and let 7' be the O-dimensional subcomplex of S with
the single vertex 5. The standard neighborhood N7 /g is shown in the picture on the left and
can be thought of as a simplicial version of an open ball neighborhood in analysis.
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2

(b) As in the middle picture, consider the simplicial complex S = D{124} U D{234} with the
subcomplex T = §124} The standard neighborhood Ny /s is then all of |S| except the vertex
3. While this clearly is a neighborhood of |T|, it is not homotopy equivalent to |T'| since it
is contractible whereas the circle |T| is not. However, as in the picture above on the right,
if we perform a barycentric subdivision first then the subcomplex becomes full by Lemma
1.23, and consequently its geometric realization is now a deformation retract of its standard
neighborhood by Proposition 1.24 (with the retraction going in the direction of the thin black
lines). Intuitively, the reason for this is that the subdivision makes the simplicial structure
fine enough so that the standard neighborhood does not completely fill in the hole of the
circle |T|.

Exercise 1.26. Prove that for any two subcomplexes 77 and 75 of a simplicial complex S we have:

(@ Niryun)/s = Nry /s UNT, /53
(®) Niynmy)/s C N1y s NNy, s, with equality if 77 UT5 is full.

Let us conclude this chapter with a definition of morphisms of simplicial complexes, which is also
completely combinatorial but captures the idea of a continuous map between the topological realiza-
tions.

Definition 1.27 (Morphisms of simplicial complexes). Let S and T be simplicial complexes.

(a) A morphismf from S to T is a map f: V(S) — V(T) such that for any o € S we have
f(a) € T. We will write thisas f: S — T.

(b) Note that any such morphism f: S — T induces a unique continuous map from |S| to |T'| that
sends e; to e(;) for all i € V(S) and is affine-linear on every simplex of S. We will denote it
by [f]:|S] = |T].

Example 1.28.

(a) Clearly, the identity ids: S — S given by idg(i) = i for all i € V(S) is a morphism. More
generally, for any subcomplex T of S there is an inclusion morphism f: T — S given by
f)=iforalli e V(T).

(b) With the labeling of the vertices as in Example 1.17 (c¢) and (d) there is a morphism f from
the Mobius strip to the real projective plane given by f(i) =i+ 3 foralli € {1,...,6}.

(c) Note that a morphism of simplicial complexes need not be injective, and it does not even
have to preserve the dimension of simplices. For example, we could map the torus with the
labeling as in Example 1.17 (d) to the circle S22} by sending the vertex 3i+ j to j for all
i={0,1,2} and j € {1,2,3}. This would map e. g. the 2-simplex {1,2,5} of the torus to the
edge {1,2,2} = {1,2} of the circle. Topologically, this morphism just corresponds to the
projection S' x ST — S! of the torus to one of its factors.

(d) Clearly, the composition of morphisms of simplicial complexes is again a morphism.

Definition 1.29 (Isomorphisms of simplicial complexes). A morphism f: S — T of simplicial com-
plexes is an isomorphism if there is a morphism g: 7' — S with go f = idg and fog =idy. Two
simplicial complexes are called isomorphic if there is an isomorphism between them.

Example 1.30.

(a) Relabeling the vertices of a simplicial complex produces an isomorphic simplicial complex.
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(b) Of course, any isomorphism f: S — T of simplicial complexes induces a homeomorphism
|f]: |S| = |T| between their topological realizations. We have seen already however that
non-isomorphic simplicial complexes may have homeomorphic topological realizations, e. g.
any simplicial complex and its barycentric subdivision.

In fact, in this course we will often construct certain mathematical objects (such as simplicial com-
plexes in this chapter) and structure-preserving morphisms between them, and relate them to other
objects of the same type (e. g. subdivide a simplicial complex) or of different types (e. g. associate
a topological space to a simplicial complex). The first questions and properties for such construc-
tions are always the same, so it is useful to introduce a unified language to deal with them. This is
achieved by the notion of categories and functors that we will now briefly explain.

Notation 1.31 (Categories). A category C is given by specifying
e aclass of objects of C; and

e for any two objects of C a class of morphisms between them, such that morphisms can be
composed, composition is associative, and any object has an identity morphism.

Examples that we already know and that will be relevant for us are:

(a) the category Vect whose objects are vector spaces over a fixed ground field, and morphisms
are linear maps;

(b) the category Top whose objects are topological spaces, and morphisms are continuous maps;
(c) the category Simp whose objects are simplicial complexes, and morphisms are as in Defini-
tion 1.27 (a).
In a category, as in Definition 1.29 an isomorphism will always be a morphism that has a two-sided
inverse, and two objects will be called isomorphic if there is an isomorphism between them.
Notation 1.32 (Functors). For two categories C and D a (covariant) functor F: C — D is given by:
e for every object X of C an object F(X) of D;

e for every morphism f: X — Y of objects of C a morphism F(f): F(X) — F(Y) of objects
of D, such that F(go f) = F(g) o F(f) and F(idx) = idp(x) for any composition go f of
morphisms in C and any object X of C.

Again, we have already seen some examples of functors in this chapter:

(a) the topological realization functor |- |: Simp — Top that sends a simplicial complex S to its
topological realization |S

(b) the barycentric subdivision functor Sd: Simp — Simp that sends a simplicial complex S to
its barycentric subdivision Sd(S).

Note that in both cases we have just specified the functor on objects, since its action on morphisms is
clear: For (a) it was given in Definition 1.27 (b), and for (b) a morphism f: S — T between simplicial
complexes is mapped to the morphism Sd(f): Sd(S) — Sd(T') given on a vertex o € V(Sd(S)) =S
by Sd(f)(a) = f(c). In both cases, checking the required properties is straightforward.

Sometimes, one also has assignments on objects such that the correspondence for morphisms works
in the opposite direction, i. e. so that for a morphism f: X — Y in C we have F(f): F(Y) — F(X),
and consequently F(go f) = F(f) o F(g) for any composition go f of morphisms in C. In this
case, F'is called a contravariant functor. A well-known example for this is the dualization functor
V': Vect — Vect that sends a vector space V to its dual V", and a linear map f: V — W to its dual
map f/: WY = VV,

There is a whole branch of mathematics called category theory that studies the properties of general
categories. We are not going to pursue this here; instead we will just use the notations introduced
above as a convenient language. For example, it is clear from the above constructions that functors
send isomorphisms to isomorphisms and can be composed to give new functors, so that from now
on remarks as e. g. in Example 1.30 (b) do not need special mention since they are automatic.
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Remark 1.33 (Variants of simplicial complexes). There are two variants of simplicial complexes
that often appear in the literature, but that we do not want to consider here to keep notations simple:

(a)

(b)

In the literature, simplicial complexes are usually allowed to have infinitely many sim-
plices, maybe even of unbounded dimension (although each simplex always has to be finite-
dimensional). By allowing this, one would also be able to obtain non-compact spaces as
geometric realizations, e. g. the set of simplices {{n},{n,n+ 1} : n € Z} would construct
the real line as an “infinite chain of edges”. However, we will not do so in these notes since
infinite simplicial complexes would often make computations and (inductive) proofs more
complicated or even impossible. The restriction to compact geometric realizations at this
point will actually turn out not to be that bad, since our final theory will be invariant under
homotopy equivalence, and almost all topological spaces occurring in practice will visibly
be homotopy equivalent to a compact space.

By modeling simplicial complexes as sets, the vertices of each simplex have to be distinct,
and it is not possible to include the same simplex in a simplicial complex multiple times.
For example, in the case of graphs, we cannot connect a vertex to itself by an edge to form a
loop, and we cannot connect two vertices by more than one edge (see also Example 1.17 (c)).
To waive these restrictions, one can consider so-called A-complexes [H, Chapter 2.1], or
multigraphs in the 1-dimensional case.

Exercise 1.34. Let S be the 2-dimensional simplicial complex in the picture below, with vertices
labeled (i, j) for i,j € Z and [i| 4 |j| < 4 according to their position in the plane. We denote its
“boundary” by T, i. e. the full 1-dimensional subcomplex drawn in bold containing the vertices (i, j)
with |i| 4| j| = 4. Obviously, the topological realizations of S and T are the 2-dimensional disk D?
and its boundary circle S!, respectively.

The following two facts are known from topology:

Are the following simplicial versions of these statements true or

false?

well as a proof deriving it from the corresponding topological fact
above. If a statement is false, provide a counterexample.

There is no continuous map f: D> — S! with f|q = id. T

Every continuous map f: D*> — D? has a fixed point.

If a statement is true, give a purely simplicial proof as

(a) There is no morphism f: S — T with f|r =id.

(b) Every morphism f: S — S has a fixed vertex.
Exercise 1.35. Prove that every simplicial complex S admits a geometric realization in R” with
n=2dimS+1.
(Hint: Start with the standard geometric realization and try to project it linearly to smaller-

dimensional subspaces as long as possible. It might be useful that the complement of a finite union
of proper affine subspaces of a real vector space is a dense open subset.)
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2. The Construction of Simplicial Homology

In the last chapter we have introduced simplicial complexes as a combinatorial way to describe
certain topological spaces. Let us now proceed to construct the simplicial homology groups which
will be able to detect “holes” in such spaces. It should be said clearly that this construction (and
in fact everything we do from now on until Chapter 5) is entirely combinatorial resp. algebraic and
does not use topology in any way. However, the questions we ask and the methods we use will
strongly be motivated by topology, so the pictures we draw will often look very topological. In fact,
we will see in Chapter 8 that simplicial complexes with homeomorphic topological realizations will
have isomorphic simplicial homology groups — but this is not at all obvious from the definitions and
will require substantial effort to prove.

As already mentioned in the introduction, the idea to detect holes is to consider “closed cycles mod-
ulo boundaries”. Consider for example the 2-dimensional simplicial complex realizing an annulus
shown in the picture below. In the left picture, the thick lines show a loop (which we will call a
closed 1-chain, or a 1-cycle) which is the boundary of the two-dimensional dark region (which we
will call a 2-chain). Hence this loop will vanish in homology when we consider cycles modulo
boundaries, which means intuitively that this loop does not detect a hole in the simplicial complex.
On the other hand, the picture in the middle shows a 1-cycle which cannot be written as a boundary,
so it runs around a hole and will be a non-trivial element in homology. Finally, the same holds for the
1-cycle in the picture on the right, but the boundary of the dark region is the difference of it and the
1-cycle from the middle picture, so these two 1-cycles are the same modulo boundaries. Hence they
will represent the same homology class, corresponding to the intuitive statement that they detect the
same hole in the space.

You have probably noticed that the above explanation implicitly used orientations, at the latest when
we said that the boundary of the dark region in the right picture is the difference of two 1-cycles.
This is more or less forced on us if we want the spaces describing homology to be groups, and
corresponds to the fact that a loop in the fundamental group of a topological space becomes its
inverse if we reverse its orientation. Formally, an orientation of a simplex will be an ordering of its
vertices modulo even permutations. So for 1-simplices it just is an ordering of its vertices (we have
indicated this above by the arrows on the loops), and for 2-simplices it is a cyclic ordering (indicated
by the circular arrows above). In higher dimensions, it would be harder to visualize.

Also, to obtain groups we need to be able to add and subtract chains, and thus we have to consider
sums of oriented simplices at least with integer coefficients. This is how homology groups are
usually constructed in the literature, but for our purposes it is more convenient to allow coefficients
in a chosen ground field: Firstly, when we move on to analysis later on we will have to pass to real
coefficients anyway, and secondly, this makes all our spaces into vector spaces and thus accessible
to linear algebra. Hence, our homology groups will actually be “homology vector spaces”, but we
will stick to the term “homology group” as this is the common name in the literature.

Let us now start with the formal definition of chains, following the ideas above. From now on, let K
always denote a fixed ground field.

Definition 2.1 (Ordered simplicial chains). Let S be a simplicial complex, and p € N.
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(a) An ordered p-simplex is just an arbitrary (p + 1)-tuple (ig,...,i,). We say that it is an
ordered p-simplex in S if {ip,...,i,} € S. Note that we do not require the vertices i, ..., i,
to be distinct.

(b) We denote by C‘;rd(S) the K-vector space with basis given by all ordered p-simplices in S. Its
elements (which are then K-linear combinations of ordered p-simplices in §) will be called
ordered simplicial p-chains in S.

For our purposes, it will be convenient to define the vector space C;rd (S) forall p € Z, so we
set Czrd(S) := 0 for all p < 0. If we want to indicate the ground field in the notation we will
write Cgrd(S) also as Cgrd(S,K).

Definition 2.2 (Oriented simplicial chains). Again let S be a simplicial complex, and let p € N. We
denote by C,,(S) the quotient vector space of Cgrd(S) modulo the subspace generated by:

e all ordered p-simplices (i, ... ,i,) for which iy, ..., i, are not pairwise distinct; and
e all ordered p-chains (ip, . .-, ip) —sign(7) - (ix(0)- - - »ix(p)) for permutations 7 of {0,..., p}.

The class of an ordered p-simplex (ip, ...,i,) in C,(S) is called an oriented p-simplex in S and will
be written as [io, ... ,i,]. Elements of C,(S) will be called (oriented) simplicial p-chains in S.

As before, we set C,(S) = 0 for all p < 0, and write C,(S) as C,,(S,K) if we want to indicate the
ground field in the notation.

Remark 2.3. Let S be a simplicial complex, and let p € Z.

(a) By construction, C,(S) is a vector space whose dimension is the number of p-simplices in S.
For any such p-simplex {io,...,i,} there is a corresponding basis vector [iy,...,i,] € C,(S)
that changes its sign if we apply an odd permutation to the vertices. In particular, C,(S) will
be the zero vector space if p < 0 or p > dimS. Oriented simplices with repeated vertices are
allowed, but equal to 0 in C,(S) by definition.

(b) The vector spaces C]‘;rd (S) are still finite-dimensional, but much bigger since permutations of
the vertices in an ordered simplex lead to new ordered simplices. In fact, as repeated vertices
are allowed in ordered simplices, Cgrd(S) will even be non-zero for arbitrary p € N unless
S is empty. Hence, it would be computationally much more expensive to work with Cgrd(S)
than with C,,(S). Fortunately, working with C,,(S) will be fine for us for the moment; we will
come back to the ordered simplicial chains in Construction 4.23.

Example 2.4. In the simplicial disk D123}, the picture on the

right shows two oriented simplicial 1-chains: ¢ = [1,3] + [2,3] 3 3

and ¢ = [1,2] +12,3] +3, 1]. Note that we could also write ¢ as c !
[1,2] —[1,3] +[2,3], and that ¢ + ¢’ = [1,2] +2[2,3]. In particu-

lar, in case of the ground field Z, we would have c+¢ = [1,2]. 1 2 1 > 2

Let us now construct the boundary map for oriented chains. By definition, the boundary of a p-sim-
plex is always meant to be the chain of its (p — 1)-dimensional faces (so no faces of smaller di-
mensions are involved). This makes the following definition straightforward, we just have to get the
orientations right:

Definition 2.5 (Boundary map for simplicial chains). Let S be a simplicial complex.

(a) For p > 0, the boundary of an oriented p-simplex [io, ... ,i,] in S is the (p — 1)-chain

14

Oplios---vip) == Y (=1 Jio, ... ik sip] € Cpi(S),
k=0

where the notation a means that this vertex is left out.

By linearity, we extend this to a linear boundary map d,: C,(S) — C,—(S). To extend it
to all integers, we define d,: C,(S) — C,—1(S) to be the zero map for p < 0. Often we will
drop the index and write the boundary map d), just as d.
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(b) A p-chain ¢ € C,(S) is called closed, or a p-cycle, if dc = 0. It is called a boundary if
¢ = dc for some ¢’ € Cpy1(S).

Remark 2.6. Whenever we define something on oriented simplices such as in Definition 2.5 (a),
we have of course to check that it is well-defined, i. e. that the definition is compatible with vertex
permutations. To do this for Definition 2.5 (a), we write its right hand side for given0 <a <b < p
as

(=D [ aseesipy ] H (D2 [y ]+ Y (= gy (*)
g Vv k#a,b v
(A) B) ©

Now consider the two cases of Definition 2.2:

e Ifi, =i, then (C) =0, and (B) is obtained from (A) by moving i, to the left b —a — 1 places,
giving a sign of (—1)>7¢~1. Hence, (x) = ((—1)* + (= 1)?(=1)’=¢"1)(A) +(C) = 0.

e Exchanging i, and i, in [ip,...,ip| transforms (C) to —(C), (A) (again by moving the b-th
position » —a — 1 places to the left) to (—1)?~*~!(B), and similarly (B) to (—1)?=*"1(A).
So (*) becomes

(=D =D B+ (=) (1) A) = (©) = —(),

i.e. (%) is multiplied by —1, which is exactly the sign of the transposition exchanging i,

and i,. The general statement then follows since every permutation is a composition of
transpositions.

Note that the sign (—1)* in Definition 2.5 (a) was important for this calculation to work out.

As in this example, checking well-definedness for constructions involving oriented simplices is usu-
ally just a straightforward computation. In the future, we will mostly omit such calculations.

Example 2.7. In Example 2.4, we have
de=([3] - [1)+(B] - 2]) =2[3] - [1] - [2]
and  dc’ = ([2] - [1]) + (3] - [2)) +([1] - [3)) =0
in Co(D{23}). Hence, ¢’ is a 1-cycle in D123} In fact, it is also a boundary since
2[1,2,3] = [2,3] —[1,3] +[1,2] = ¢
Intuitively, this just says that ¢’ describes a closed loop which is the boundary of the triangle.
With our constructions, we have now defined a sequence of vector spaces C,(S) for p € Z for every

simplicial complex S, with linear maps d,,: C,,(S) — C,—1(S) between them. We will see many more
sequences of similar type later on, so let us formalize this concept.

Definition 2.8 (Sequences of vector spaces).

(a) A sequence of vector spaces (C,0) is a collection of vector spaces C = (C}) ez and linear
maps d = (d,) ez With d,: C, = C,— for all p € Z, i. e. we can write this as

ap-%—l ap
Cp+1 Cp Cp1

We will usually write such a sequence just as C if d is clear from the context.
(b) For two such sequences (C,d) and (D,d’), a morphism f between them is given by a
collection of linear maps f,: C, — D), for all p € Z such that the diagram

dpi1 p
D Cpyt 5 Cp —2 Cpy —— -

lprrl lfp lfp—l
a/

is commutative. This means that any two paths along arrows with the same source and
target in this diagram are the same map, i. e. in this case that f,,_10d, = d, o f, forall p € Z.
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Often, the linear maps of the sequences C and D will be boundary maps of some kind, and
thus all be denoted by d. Moreover, as for d we will usually omit the index from f, and thus
often write the commutativity condition just as f o d = d o f (which also explains the name
“commutativity”).

This makes sequences of vector spaces into a category, which we will denote by Seq.

Construction 2.9 (Pushforwards and the simplicial chain functor). Rephrasing our constructions in
Definition 2.2 and 2.5 in the language of Definition 2.8, we have now associated to every simplicial
complex S a sequence of vector spaces

d, 0
C— Gt (S) 5 Cp(S) — Cp i (S) — -+,

which we will just denote by C(S). Let us make this assignment S — C(S) into a functor from Simp
to Seq by also assigning to a morphism f: S — T of simplicial complexes an induced morphism
C(S) — C(T) of sequences of vector spaces. The official name of this induced morphism in the
language of Notation 1.32 would be C(f), but it is common to denote it by f.: C(S) — C(T) and
call it the pushforward by f (referring to the fact that it moves a simplicial chain on S to one on T,
i.e. “forward” in the same direction as the morphism f). Its construction is straightforward: We just
define it by

filioy--rip) i= [f(i0),--., fip)] forall [ig,...,ip) € Cy(S),

extended linearly to a map C,(S) — C,(T) for all p € Z. Intuitively, if we think of a p-chain as a
“p-dimensional object” in the topological space |S|, its pushforward can be thought of as its image
under the continuous map |f]: |S| — |T|.

It is immediate to see that this is well-defined in the sense of Remark 2.6 and commutes with the
boundary maps as in Definition 2.8, so we have actually constructed a pushforward morphism of
sequences of vector spaces f: C(S) — C(T). Moreover, it is obvious that the assignments S +— C(S)
and f — f, give rise to a functor Simp — Seq, i. e. that they are compatible with compositions and
the identity. We call it the simplicial chain functor.

Example 2.10. Consider again the morphism f of Example 1.28 (c) sending the torus S of Example
1.17 (d) with vertices labeled 1,...,9 to the sphere s{1.23} by mapping the vertex 3i+ j to j for all
i=1{0,1,2} and j € {1,2,3}. For this map, we have e. g. for the 2-chain [1,2,5] € C»(S)

fx9[1,2,5] = £.([2,5] - [1,5] +[1,2]) = [2,2] — [1,2] +[1,2] =0
and also df.d[1,2,5] =9[1,2,2] =0

in C; (S{1*2’3}), verifying in this example that f, is a morphism of sequences. Note that this makes
use of the fact that oriented simplices with repeated vertices are zero.

Remark 2.11. If we have a sequence of vector spaces (C,d), the most natural first question is
probably how long non-zero elements can “survive” in it, i. e. given a non-zero element ¢ € C, for
some p € Z, and forming dc € C,_1, d%c:=ddc € Cp—2, and so on, what is the first k € N such
that ¢ = 0 in Cp—? We will study this question in general in Proposition 9.13 when discussing
persistent homology, but in our case at hand the situation is actually quite simple as every element
in this sequence will die after at most two steps:

Lemma 2.12. For any simplicial complex S and p € Z, the composition 9*: Cp41(S) — Cp—1(S) of
the boundary map with itself is the zero map.

Proof. We may assume that p > 0, since otherwise C,—1(S) = 0. As in Remark 2.6, the state-
ment now depends crucially on the sign (—1)* in Definition 2.5: For any oriented (p + 1)-simplex
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[i0,--.,ip+1] we have
pt1

az[io,...,ipH]:a];O(_nk[...,a,...]
= Y DD Y GO D] (D

o0, @

where the exponent / — 1 in (1) comes from the fact that the entry i; is actually at position i; — 1 as iy
is already left out, and (2) follows since the first sum in (1) is just the negative of the second due to
the symmetry k <> [. g

In fact, this situation of a sequence of vector spaces in which already the composition of any two
of its linear maps is zero is so ubiquitous in mathematics that it has a special name (borrowed from
algebraic topology).

Definition 2.13 (Chain complexes).

(a) A sequence (C,d) of vector spaces is called a chain complex if d, 0 d, 1 =0 forall p € Z,
i.e.ifimd,q| C kerd,.

(b) Morphisms of chain complexes are exactly morphisms as sequences as in Definition 2.8 (b).
This makes chain complexes into a category, which we denote by Ch.

(c) We carry over the notations from Definition 2.2 and 2.5: The elements of C, for p € Z will
be called p-chains, and the maps d,, are referred to as boundary maps. Chains in the kernel
of d are called closed, or cycles, and chains in the image of d are called boundaries.

Example 2.14. Lemma 2.12 says precisely that the simplicial chain functor of Construction 2.9 is
actually a functor from Simp to Ch. We will therefore call C(S) the simplicial chain complex of a
simplicial complex S.

Now in the setting of chain complexes, the defining property imd, | C ker d, means that boundaries
are always cycles, so it makes sense to apply our original idea to consider the quotient spaces of
cycles modulo boundaries. In fact, almost all homology theories (and clearly all homology theories
that we will see in these notes) are obtained by taking cycles modulo boundaries in a suitable chain
complex, so let us define homology now in this general situation.

Definition 2.15 (Homology of a chain complex). For a chain complex (C,d) and p € Z, its p-th
homology group is the quotient vector space

H,(C) :=kerd,/imd,.
Its dimension b, (C) := dimH,(C) € NU {eo} is called the p-th Betti number of C.

Notation 2.16. By construction, the p-th homology group H,(C) of a chain complex C is a so-called
subquotient of Cy, i.e. a quotient space of a subspace of C,. To keep the notations simple, we will
not indicate the equivalence classes of this quotient space in any way, i. e. for a p-chain ¢ € C, we
will just write ¢ € H,(C) to indicate that it is closed and determined only up to boundaries.

Lemma 2.17 (Homology as a functor). For any p € Z, the p-th homology sending a chain complex
C to Hy(C) is a functor from Ch to Vect. In other words, for any morphism f: C — D of chain
complexes there is a well-defined induced linear map H,(C) — H, (D), ¢ — f(c) that is compatible
with compositions and the identity. (As in Notation 2.16, we will usually denote it by the same letter

1)

Proof. As in Definition 2.8, the morphism f gives us a commutative diagram

—_— C]7+1 L> C]) L> Cp71 R

Lol

- —— Dpy1 —> D, —— Dy — ---
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Now let a homology class in H,(C) be given by ¢ € Cp, i.e. we have dc = 0. By commutativity
of the right square above, we then have df(c) = f(dc) = f(0) =0, i.e. f(c) € D, is a cycle as
well. To check well-definedness, let now ¢ be a boundary, i. e. ¢ = d¢’ for some ¢’ € Cp4.1. Then, by
commutativity of the left square we have f(c) = f(dc’) = df(c'), i.e. f(c) is a boundary as well.
Hence, the assignment ¢ — f(c) gives a well-defined linear map from H,(C) to H,(D). It is obvious
that it is compatible with compositions and the identity. g

As you can see from the previous proof, checking functoriality is often just a straightforward com-
putation. In these cases, we will usually omit such calculations in the future.

But let us come back to topology. Of course, the idea is now to take the homology of the simplicial
chain complex of a simplicial complex:

Definition 2.18 (Simplicial homology). For a simplicial complex S and p € Z, the p-th simplicial
homology group is defined to be the vector space H,(S) := H,(C(S)), i. e. the p-th homology group
of the simplicial chain complex of S. If we want to indicate the chosen ground field K in the notation,
we will write it as H,(S,K) = H,(C(S,K)). The corresponding Betti numbers are called the Betti
numbers of S and denoted by

by(S) = b,(S,K) = dimH,(S,K) € NU{co}.

Notation 2.19 (Pushforwards for simplicial homology). As the composition of the simplicial chain
functor with the homology functor, assigning to a simplicial complex S its p-th homology group
H,(S) for a given p € Z is a functor from Simp to Vect. This means that for any morphism f: § =T
of simplicial complexes there is an induced morphism H,,(S) — H,(T) compatible with composi-
tions and the identity, which is given by sending the class of a p-cycle ¢ € C,,(S) to the class of the
pushforward f;(c) € C,(T) as in Construction 2.9. In accordance with Notation 2.16 and Lemma
2.17, we will write this morphism also just as f,: H,(S) — H,(T) and still call it the pushforward
by f.

Remark 2.20.

(a) Of course, for any simplicial complex S we have b,(S) =0 for p < 0 or p > dim$: In this
case, we already have C,(S) = 0, which implies that H,(S) = 0.

(b) As we have already said in the introduction to this chapter, we will see later that the simplicial
homology groups of two simplicial complexes with homeomorphic topological realizations
are naturally isomorphic, so we have in fact just constructed vector spaces that see the topo-
logical (and not the combinatorial) properties of a simplicial complex. It is almost impossible
however to prove this statement directly from our definitions — in fact, we will construct a
completely new homology theory called singular homology in Chapter 6 which from the
very start only needs a topological space as its input, and for which we can then show that
it agrees with simplicial homology for topological realizations of simplicial complexes (see
Proposition 8.1).

(c) Note that all our constructions to arrive at the simplicial homology groups are phrased in
terms of finite-dimensional vector spaces and linear maps between them, all of which are
explicitly given by Definition 2.2 and 2.5. Hence, the simplicial homology of a simplicial
complex is readily computable using just standard algorithms of linear algebra. In fact,
this is the main advantage of simplicial homology — all other homology theories that we
will see later on work with infinite-dimensional vector spaces and thus lack this immediate
computability. Moreover, the matrices describing the boundary maps in Definition 2.5 are
actually very simple: Most of its entries are 0, and all others are +1. However, for simplicial
complexes occurring in practice the matrices can easily become huge: already for the torus
as in Example 1.17 (d) we had 27 one-dimensional simplices, so we would have to deal
with vector spaces of this dimension. Hence, we still rely on clever techniques to actually
perform the computations with reasonable effort. We will develop such techniques now and
in Chapters 3 and 4. Let us start with some easy results by showing that simplicial homology
splits on connected components and considering simplicial homology in dimension 0.
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Lemma 2.21 (Simplicial homology of connected components). For a simplicial complex S with
connected components S1,...,S, we have

H, () 2 Hy($1) x -+ x Hy(S,)

for all p € Z (with an isomorphism given by the pushforwards H,(S;) — H,(S) for the inclusion
morphisms S; — S for all i =1,...,n). In particular, this means that b,(S) = b,(S1) + - -+ b, (Sp).

Proof. By construction of the simplicial chain groups it is clear that C,(S) = C,(S1) x --- X Cp(Sn)
for all p € Z. As the boundary maps act on each factor separately, it follows immediately by taking
cycles modulo boundaries that H,(S) = H,(S1) X -+ x Hp(Sy). O

Lemma 2.22 (Degree of a O-cycle). For any non-empty simplicial complex S, there is a well-defined
surjective linear map

deg: Hy(S) = K

determined by sending an oriented O-simplex [i] to 1 for all i € V(S). We call degc the degree of
¢ € Hy(S) (we can think of it as just counting the points in ¢ with their respective coefficients).

Proof. There is clearly a unique surjective linear map deg: Co(S) — K sending each oriented
0-simplex [i] to 1 for i € V(S) as these 0-simplices form a basis of Cy(S). To see that it passes
to a surjective linear map on Hy(S) note first that all of these O-simplices are also closed since
the degree map d: Co(S) — C_;(S) is trivial. Hence it just remains to prove that deg is the
zero map on boundaries. But this is obvious since for every oriented edge [ig,i;] in S we have
deg lig, ] = deg([ir] —[io]) = 1 — 1 = 0. O

Corollary 2.23 (b for a simplicial complex). For any simplicial complex S, the Betti number by(S)
is the number of connected components of S. More precisely, a basis of Hy(S) is given by the 0-sim-
plices [i] where we take one arbitrary vertex i from each connected component of S. In particular,
the degree map of Lemma 2.22 is an isomorphism if S is connected.

Proof. By Lemma 2.21 we may assume that S is connected. Note that imd; is the vector space
generated by the O-chains d[ig, ;] = [i1] — [io] for all edges {ip,i;} € S. This means that two oriented
0-simplices [ip] and [i1] in Cy(S) are identified in Hy(S) whenever they are connected by an edge in
S. But the connectedness of S means that any two vertices are connected by edges by Lemma 1.8 (b),
so the class of any one oriented O-simplex in S suffices to generate Hy(S). In particular, this means
that by(S) < 1. As Lemma 2.22 implies that we must also have by (S) > 1, the result follows. O

Another trick to obtain some Betti numbers easily is the Euler characteristic; it is a certain combina-
tion of the Betti numbers that can be computed without considering the boundary maps at all.

Definition 2.24 (Euler characteristic).

(a) Let C be a chain complex for which all Betti numbers are finite, and only finitely many of
them are non-zero. Then

x(C):= Y} (=1)"b,(C)
PEZL

is called the Euler characteristic of C.

(b) The Euler characteristic of a simplicial complex S is defined to be x(S) := x(C(S)), i.e. the
Euler characteristic of the simplicial chain complex of S.

Lemma 2.25. Let C be a chain complex such that all vector spaces C,, for p € Z are finite-dimen-
sional, and almost all of them are zero. Then

x(C) =Y (-1)PdimC,.
PEZ
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Proof. This follows immediately from the dimension formulas of linear algebra, noting that the
following sums are actually all finite by assumption:

x(C) =Y (1)’ dim(kerd,/imdy. )

PEZ
= Z 1)? dimkerd, + Z 17 dimim 9,
PEZL peZ
= Z )P dimker d, + Z )P dimimd, (by index shifting)
pEL PEZ
=) (-1)”dimC,. O
PEZ

For the remaining part of this chapter, let us now study several examples in which we can already
compute the simplicial homology groups with our current methods.

Example 2.26 (Simplicial homology of graphs). Let S be a graph, i.e. a simplicial complex with
dimS < 1. Lemma 2.21 tells us that it is sufficient to consider the case when S is connected, hence
bo(S) = 1 by Corollary 2.23. By Remark 2.20 (a) the only other Betti number that is not trivially
zero is then b1 (S), and we can compute it using the Euler characteristic as

b1(S8) = bo(S) = (bo(S) =b1(S)) = 1 = x(S) = 1 =dimCo($) +dimC, (),

i.e. as 1 minus the number of vertices plus the number of edges of S. This number b, (S) is usually
called the genus of the graph S. Let us study its geometric interpretation by inductively building up
the graph, adding one edge at a time. To do this, we start with a graph S having only one vertex and
no edges, which has genus b;(S) = 1 — 1+ 0= 0. Now there are two types of adding an edge, shown
in the picture below where we add the gray edge to a given graph:

2.25

e We can add an edge that is connected to the previous graph at only one vertex, as for passing
from S; to S, in the picture. This adds one 0-simplex and one 1-simplex to the graph, hence
keeps the genus constant. Topologically, we just add an end to the graph somewhere, not
affecting any holes in it.

e We can add an edge that is connected to the previous graph at both vertices, as for the
transition from S to S3 in the picture. This only adds one 1-simplex, and thus raises the
genus by 1. Geometrically, we close a new circle in the graph in this way. If the graphs are
realized by a map r: V(S) — R? as in the picture below, we can also interpret this process
as raising the number of connected components of R?\r(S) by 1.

D =00~

In summary, this means that we can interpret the genus of a graph S as the number of independent
circles in the graph, or in the case of a graph realized in R? as the number of bounded connected
components of R?\r(S) (which we can also view as the number of holes in the graph). In this way,
we can e. g. readily see without counting vertices and edges that the genus of S; and S, above is 3,
whereas it is 4 for S3.

Example 2.27 (Simplicial homology of a torus). Let S be the simplicial complex of Example 1.17 (d)
realizing a torus, shown again in the picture below on the left. As S is connected, we have by (S) = 1
again by Corollary 2.23.

Next, we claim that b>(S) = 1 as well. To see this, we first show that any closed 2-chain ¢ € C»(S)
contains all 2-simplices of S with the same coefficient, taken with the orientation as indicated by
the circular arrows. Consider any inner edge of S (i. e. not at the border of the square), such as the
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thick edge {5,6} in the picture. In the boundary dc¢ € C;(S) it gets a contribution from exactly two
2-simplices, in the example below these are the dark 2-simplices {2, 5,6} and {5,6,9}. But dc =0,
and hence these contributions must cancel. This means that the dark simplices must occur in ¢ with
the same coefficient, with the orientation as indicated in the picture. Using this argument for all
inner edges, we see that ¢ must in fact contain all 2-simplices with the same coefficient.

Now note that this cancellation of the edges in the boundary dc actually works out at the border of
the square as well: For example, the edge {4,7} (which appears both on the left and right side of the
square due to the identification of these sides) gets a contribution in dc from the two light-colored
2-simplices {4,7,8} and {4,6,7}. As we already know that they have the same coefficient in ¢, and
the orientations work out as well (the boundary of [8,7,4] contains [7,4], and the boundary of [4,7, 6]
contains [4,7] = —[7,4]), these contributions cancel as well. Hence, we see that the space of closed
2-chains in S is in fact one-dimensional, generated by the cycle containing all 2-simplices of S with
coefficient 1 in the orientation below. This 2-cycle is clearly not a boundary since C3(S) = 0, and
hence we see that H,(S) is one-dimensional, i. e. b (S) = 1.

1 2 3 1 2 3 ¢
O O o) o)
ool e s 1o/ 1 —
7 VR 7 7 7 y v
5 5 c
PRSI S YR 1, 7 ¢l
S
opelL O
1 2 3 1 2 3 ol

The computation of b;(S) is now simple: As the torus has 9 zero-dimensional, 27 one-dimensional
and 18 two-dimensional simplices, its Euler characteristic is (S) =9 —27+ 18 =0 by Lemma 2.25,
and thus we obtain

b1(S) =bo(S) +ba(S)— x(S) =1+1-0=2.

In fact, we claim that a basis of H;(S) is given by ¢; and ¢; in the middle picture above (which
correspond topologically to the two independent loops in the torus as in the right picture). As ¢ and
¢y are clearly closed and we know already that dim H; (S) = b1 (S) = 2, it suffices for a proof of this
claim to see that these two cycles are linearly independent. Again, with a neat trick we can prove
this without huge matrix computations: Let A;, 4, € K with

AMcer+2e =0 € H(S). (*)

By Example 1.28 (c) there is a morphism f: § — $11:23} to the circle ${1%3} corresponding to
the vertical projection in the middle picture above. Its pushforward f,: H;(S) — H;(St123}) as in
Notation 2.19 clearly sends c; to 0, so applying f; to (x) yields

Afeci =0 e H (s,

But f.c; = [1,2]+[2,3] + [3,1] is a generator of the 1-dimensional homology group H, (S1123}) by
Example 2.26, so we conclude that A; = 0. Using the same argument for the horizontal projection
gives Ay = 0 as well, thus rigorously proving without any matrix computations that ¢; and ¢; are a
basis of Hj (S) — as expected from topology.

Example 2.28 (Simplicial homology of the real projective plane). Let us perform the same analysis
as in Example 2.27 for the real projective plane S of Example 1.17 (d), shown again in the picture
below on the left. It might seem at first that everything works very much in the same way as before,
but there is in fact an unexpected twist.
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As before, we have by(S) = 1 since S is connected. It is also still true by the same argument as in
Example 2.27 that any 2-cycle in C(S) must contain all 2-simplices of S with the same coefficient,
in the orientation as in the picture. However, as opposite sides of the square are now identified in
opposite directions, the cancellation for the outer edges does not work out any more: For example,
the edge {4,7} gets a contribution from the light-colored 2-simplices {4,7,8} and {4,6,7}, but this
time both contributions from [8,7,4] and [7,4,6] are [7,4], so they get multiplied by 2 instead of
canceling out. In other words, if ¢ € C»(S) denotes the 2-chain of all 2-simplices with multiplicity 1
then dc is now 2¢’ as in the picture above on the right, instead of being zero.

Actually, what this means now depends on the characteristic of the ground field:

o If the characteristic is not 2, i.e. if 2 # 0 in K such as e. g. in the case K = R, then c is not
a cycle. There are thus no non-zero cycles in C>(S) at all, i.e. we have by(S,K) = 0. The
Euler characteristic of S is (S) = 10—27+ 18 = 1, so we obtain

b1(S,K) = bo(S,K) +b2(S,K) — 2(S) =14+0—1=0

o If the characteristic is 2, i.e. if 2=0in K such as e. g. in the case K = Z,, then dc = 2¢' =0,
and thus we obtain b, (S, K) = 1 as in Example 2.27. The Euler characteristic is still the same
(in fact, by Lemma 2.25 it is always independent of the ground field), so now we have

b1(S,K) = bo(S,K) +b2(S,K) — x(S) =1+1—1=1.

Intuitively, the reason for this is that the real projective plane — similarly to the Mobius strip — is not
orientable. This means that there is no way orient the 2-simplices of S coherently as we have seen
above, usually leading to b, (S, K) = 0. However, considering a field of characteristic 2 with —1 =1
essentially means that we ignore orientations (note that Definition 2.2 then identifies all permutations
of a simplex), so that then the real projective plane just looks like a closed surface with b,(S,K) = 1.

Exercise 2.29 (Simplicial homology of the Klein bottle). Similarly to Example 1.17 (d), the Klein
bottle is obtained as a topological space by taking the unit square and identifying the top with the
bottom side in the same direction, and the left with the right side in opposite directions.

Starting from a subdivision of the unit square into 18 triangles as in this example, construct a sim-
plicial complex realizing the Klein bottle, and compute its Betti numbers. Do they depend on the
chosen ground field?

Exercise 2.30.

(a) Let C be a complex of finite-dimensional vector spaces, with only finitely many C,, non-zero,
and let f: C — C be a morphism. Show that

Y (—1)Pu(f:C,—Cp) =Y, (=1t (f: Hy(C) — Hpy(C)), (%)

pEL PEZ

where tr denotes the trace of a linear map. If f is the pushforward C(S) — C(S) by a mor-
phism g: S — S of simplicial complexes, we call (x) the Lefschetz number of g.

(b) Show that any morphism g: S — S of simplicial complexes with non-zero Lefschetz number
has a fixed simplex.
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(c) Now suppose that S is a connected simplicial complex with Betti numbers b,(S) = 0 for all
p > 0. Show that any simplicial morphism g: S — S must fix at least one simplex. Use this
to show that any simplicial morphism from a tree (i. e. a connected graph of genus 0) to itself
must have a fixed simplex.

Exercise 2.31 (Reduced homology). Sometimes it is more natural to slightly modify our very first
Definition 1.2 (a) and drop the condition that a simplex has to be non-empty. The empty set 0 is then
a valid (—1)-simplex that is a proper face of every other simplex. For a simplicial complex S we
can form the augmented simplicial complex S := SU{}, satisfying again our Definition 1.2 (b) of a
simplicial complex with the new notion of faces. As for the constructions in this chapter, every aug-
mented simplicial complex has an oriented (—1)-simplex [], and the formula for the boundary map
in Definition 2.5 (a) is extended to p > 0 in the natural way by setting d[ip] = [ ] for all O-simplices
{io}-

If we leave all other constructions of this chapter unchanged, the resulting simplicial homology of
the augmented simplicial complex S is called the reduced simplicial homology of S and denoted by
H,(S) := H,(S) for all p € Z. How it is related to Hy(S)?
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3. Chain Homotopies

In the previous chapter we have defined the simplicial homology groups of a simplicial complex.
Due to their explicit construction using only finite-dimensional vector spaces, we saw that they can
be computed with standard linear algebra techniques. However, the dimensions of these vector
spaces are usually very large, and thus the brute-force algorithmic approach to determine the homol-
ogy groups is often infeasible for real-world examples, and also unsuitable for proving theoretical
results.

For example, at the moment we cannot even compute the simplicial homology of the disk D* for a
p-simplex o for all p: As o has p+ 1 vertices it has (ﬁ'll) faces (i. e. subsets of cardinality k+ 1) of
dimension k € {0,..., p}, and thus the simplicial chain complex C(D%) is already quite complicated.
This might be surprising since the topological realization of D% is just the disk D, which is of course
a contractible space (i.e. homotopy equivalent to a point) and thus does not have any holes, i.e. it
should have the (trivial) homology of a point. In fact, we will see in this chapter that this is true, but
proving this statement directly by explicit computations with the simplicial chain complex would be
messy.

But from this topological argument of contractibility we can already see a possible solution for our
problems: We should talk about homotopy. In the same way as the fundamental group, the homology
groups will be invariant under homotopy equivalences, so it will be a perfectly valid argument that
the homology of a disk is trivial since it is homotopy equivalent to a point. However, homotopies are
usually defined topologically in terms of continuous maps, so what does this concept mean in our
current algebraic simplicial setting?

To see this, let us first look at the topological picture. As
shown on the right, two continuous maps f,g: X — Y be-
tween topological spaces are called homotopic if there is a
continuous homotopy map h: X x [0,1] = Y, (x,t) — h(x,t)
on the product space X x [0,1] (which is geometrically a prism
with base X) such that A(x,0) = f(x) and A(x, 1) = g(x) for all
x € X. Intuitively, this means that f can be deformed continu-
ously into g.

To translate this concept into algebra, let us first of all simplify the picture above by just looking
at the prism, ignoring the maps to Y for a moment — our constructions will be functorial, so once
we have described the prism it will be no problem for us to map this situation to some target space.
Next, let us pass to the simplicial picture and regard X as the topological realization of a simplicial
p-chain, so that the prism X x [0, 1] should be the topological realization of a (p + 1)-chain. In the
above picture, we have drawn this situation for a single 2-simplex a: We can imagine f(c) as the
bottom face of the prism, g(a) as its top face, and h(c) as the whole prism (let us postpone for a
moment how we can realize this prism as a simplicial (p + 1)-chain; we will address this problem in
Construction 3.6).

Now let us phrase this geometric situation in terms of boundary maps: The boundary of the prism
dh(ar) consists of its bottom face f(c), its top face g(ot), and its sides. The key observation is
now that these sides are just another prism whose base is the boundary do, so they can be written
as h(da). In short, dh(ar) is a combination of f(@), g(a), and A(dat). To get the signs right in
this linear combination, note first that (@) and g(a) should clearly have opposite orientations as
they sit on opposite faces of the prism. But the remaining signs are just conventional as they can be
absorbed by the precise construction of the homotopy map # (note that in dh (o) it takes prisms over
p-chains and in h(da) over (p — 1)-chains, so these are actually two different prism maps that can
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also be given independent signs). The standard convention is to just take the sign to be positive for
both dh(a) and h(d ), so we arrive at the equation

Ih(a) +h(de) = g(a) - F(a).

In fact, this is the purely algebraic description of homotopy that we were looking for. It makes
sense to formulate it in terms of arbitrary chain complexes in this way, so let us write down the
corresponding definition.

Definition 3.1 (Chain homotopies). Two morphisms f,g: C — D of chain complexes as shown in
the diagram below are called (chain) homotopic if there is a collection iz = (h p) pez of linear maps
hy: Cp— Dpyy With 9y 1 0hy+h,_100, =g, — f, forall peZ.

P
= Cpy1 —— Cp — Cp — -

L2l 47 Ll

- —— Dpyi W D, — D,y — -

The collection / is then called a homotopy or prism map between f and g. To simplify notations, we
will usually write all maps A, just as A, so that the homotopy equation becomes d oh+hod =g— f.
Remark 3.2.

(a) It is checked immediately that homotopy is an equivalence relation on the set of all mor-
phisms between given chain complexes.

(b) Although a homotopy % between two morphisms f,g: C — D of chain complexes maps the
vector spaces of C to the vector spaces of D, it is clearly not a morphism from C to D in the
sense of Definition 2.8 (b):

e It shifts the dimension index, i. e. does not map Cp, to D, but to D .

o [t does not form a commutative diagram of maps in any way, but instead satisfies the
homotopy equation d oh+hod = g— f.

o It does not induce maps on homology between H,(C) and Hy41(D).
Instead, as explained above its importance lies in the fact that its existence proves that f and

g are homotopic, and thus define the same map on homology:

Proposition 3.3. Two homotopic morphisms f,g: C — D of chain complexes induce the same map
on homology, i. e. we have f, = g, as maps from H,(C) to H,(D) for all p € Z.

Proof. Let c € Hy(C) be acycle, i.e. dc = 0. For a homotopy & between f and g,

f(c)—g(c) = dh(c)+h(dc) = dh(c)
is then a boundary, hence zero in H,(D). O
As in topology, this leads immediately to the definition of homotopy equivalence.

Definition 3.4 (Homotopy equivalence). A morphism f: C — D of chain complexes is a homo-
topy equivalence if there is a morphism g: D — C such that go f is homotopic to id¢c and fog is
homotopic to idp. In this case, g is called a homotopy inverse of f.

Corollary 3.5. Any homotopy equivalence f: C — D of chain complexes induces isomorphisms
fp: Hy(C) — H,(D) between their homology groups for all p € Z.

Proof. Let g be a homotopy inverse of f. As homology is a functor by Lemma 2.17, we already
know that there are induced maps f,: H,(C) — H,(D) and g,: H,(D) — H,(C) for all p € Z
whose compositions are g, o f,,: H,(C) = H,(C) and f,,0g,: H,(D) — H,(D). But these maps are
just the identity by Proposition 3.3 as go f and f o g are homotopic to the identity by assumption.
Hence, f}, is an isomorphism with inverse g,. O
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So far, our setting for homotopy was purely algebraic. To apply this to simplicial homology, we now
have to construct prisms in the category of simplicial complexes. Note that it is not immediately
obvious how to do this since the product of a simplex with an interval — as in the picture in the
introduction to this chapter — is not directly a simplex again. However, there are ways to subdivide
this space into simplices, and this will be sufficient for our purposes. We will see one possibility for
such a subdivision now; another one will be considered in Construction 7.2.

Construction 3.6 (Prism construction). To see how to construct the prism over a simplicial complex,
let us first consider as an example the (p— 1)-simplex a = {1,2,3,..., p} with its standard geometric
realization |a| C R~} By Construction 1.12 and Proposition 1.15, the prism over ¢ is then given
in barycentric coordinates for & as

P={(x1,....xp,1) i x1,...,.xp € R0, x1+---+x,=1,0<r < 1} c RUL-P R,
It has 2p vertices (e;,0) and (e;,1) fori = 1,..., p, which we label by i and i/, respectively; the case
p = 3 is shown in the picture below on the left. The idea to subdivide it into simplices is to consider
the p inequalities

ngp Sxp—1+xp Sxp—2+xp—l+xp < SX1+"'+XPZ 1

and subdivide P according to where the number ¢ € [0,1] fits in. For k = 1,...,p let us denote by
P, C P the subset where ¢ fits into the i-th inequality counted from the right, i. e. where

ngp S Sxkfl ++xp§t§xk++xp§ A §x1+...+xp: 1. (*)
One can show that this is actually the geometric realization of a p-simplex, with vertices given by
the points where only one of the p + 1 inequalities in (x) is not an equality. Now fori=1,...,p+1
the point where only the i-th inequality (again counted from the right) is not an equality is given by
0:...:[:...:xi71+...+xp Sxi+...+xp:...:1
for i < k, which is just (e;,0), and by
0:"':xi—2+”'+xp Sxifl"i_"'"’_xp:"‘:t:"':l

for i > k, which is (e;_, 1). Hence, P is the geometric realization (in our chosen coordinates) of the
simplex {1,...,k,k’,..., p}. The picture below on the right shows how our prism P in the case p =3
is subdivided into the s1mphces {1,1",2,3'},{1,2,2/,3'}, and {1,2,3,3'}.

W V2

Luckily, we do not need a full exact proof that this procedure really works and extends to simplicial
complexes. We just take the computations above as a motivation for the following simplicial defini-
tion of the prism map, for which we then do prove rigorously that it has the desired properties. Note
that in order for this to work we have to choose an order on the vertices as we needed this to set up
the inequalities () above.

L

Definition 3.7 (Simplicial prism map). Let S be a simplicial complex, for which we fix an order on
its set of vertices V().

(a) The prism over S is defined to be the simplicial complex
8) = {{ios -+ sik—1,ifs-- o0y} :
k< pand {io,...,ip} € Swithip <+ <ig_y <ig <+ <ip},

with vertices labeled i and i’ for i € V(S). It comes together with inclusion morphisms
f.g: S — P(S) of the bottom resp. top face given by f (i) =i and g(i) = for all i € V().
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(b) The associated prism map for p € Z is the linear map %, : C,(S) = Cp41(P(S)) given on
p-simplices {io,...,ip} € S with iy < --- < i, by

P
hp(lios - ip)) = Y (=1)F-[io, ... ik, - 1h] € Cpi1 (P(S)).

k=0
Lemma 3.8 (Simplicial homotopies). Let S be a simplicial complex with a fixed ordering of its set
of vertices V(S). With notations as in Definition 3.7, the prism map h is a homotopy between the
morphisms of simplicial chain complexes induced by the bottom and top face inclusion of S in P(S),
i.e. we have

doh+hod=g,— f.
as morphisms C(S) — C(P(S)) of chain complexes. In particular, f,. and g, agree as linear maps
H,(S) — H,(P(S)) on homology for all p € Z by Proposition 3.3.

Proof. This is just a computation, and by our motivation from Construction 3.6 it should not be

surprising that it works out: For any p-simplex {io,...,ip} € § with ig < --- <i, we have
p
Oh(fio,..,ip]) =9 Y (= 1) [io, ..., iksif -, 1))
k=0
= Y (U oy ik i i)+ (=D o, ik i)
kI 1<k kl:1>k
and
P , R
h(a[io,...,i,,])_h<2(—1) -[io,...,il,...,i,,]>
=0
= Z (71)k+l-[io,...,ik,ii,...,i;,...,i;,]+ Z (*1)"“—1~[io,...,ﬁ,...,ik,ill,.-.,i;}-
k,l:k<l ki k>1

Note that in the sum of these two expressions all summands cancel out except the ones for k =/
(which are only present in the first expression), and thus we get as desired

P P
Oh([io, - ip)) +h(Aios-.ip]) = Y lios---sik—tsits--sin) = Y li0s- - siksifrys- i)
k=0 k=0
= [0 - -+ iy = [i0; - - - ip]
Zg*([io,...7ip])—f*([io,...7ip]). D

As a reality check, Lemma 3.8 is just the algebraic simplicial manifestation of the obvious topo-
logical statement that the bottom face of a prism can be deformed continuously to the top face by
moving upwards. In particular, so far we have just considered the prism over a simplicial complex
itself. Just as in the topological setting, to obtain useful results we now have to map this prism to
another simplicial complex and use that the restrictions to the bottom and top face of the prism are
homotopic.

In topology, the simplest application of this type is arguably the statement that a star-shaped set is
contractible. Recall that a topological subspace X C R" is called star-shaped with respect to a € X
if for every point x € X the line segment connecting a and x lies in X as well. We can then construct
a homotopy equivalence between X and the one-point space {a} by moving every point x € X on a
straight line to a. In fact, the same idea also works in the simplicial setting as follows.

Definition 3.9 (Star-shaped simplicial complexes). A simplicial complex S is called star-shaped if
there is a vertex i € V(S) such that ¢ U {i} € S for all & € S. We then say that S is star-shaped with
respect to i.

Example 3.10. Let o = {ip,...,i,} be an arbitrary p-simplex.

(a) The disk D% is clearly star-shaped (with respect to any of its vertices). In contrast, the

~

sphere S% is not star-shaped: For any k € {0,...,p} we have {io,...,i,...,i,} € S%, but

-~

{i07”~uik7-">ip}u{ik}¢Sa‘
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(b) The barycentric subdivision Sd(D%) of the disk D% as in Definition 1.20 is star-shaped with
respect to its barycenter {i,...,i p} (but not with respect to any other of its vertices).

Proposition 3.11 (Betti numbers of star-shaped simplicial complexes). Any star-shaped simplicial
complex S has the homology of a point, i. e. Betti numbers bo(S) =1 and b,(S) =0 for all p # 0.
We will say that a simplicial complex with these Betti numbers has trivial homology.

Proof. Let S be star-shaped with respect to j € S. Consider the morphism A: P(S) — S given by
h(i) =iand h(i') = j for all i € V(S), i.e. h is the identity on the bottom face and the constant map
Jj on the top face of the prism P(S). To see that this is in fact well-defined we have to show that the
image of any simplex {io,...,ix1,1,...,i,} € P(S) lies in S. This is obvious if k =0 or k= p+1.
For 0 < k < p+ 1 note that {io,...,i,} € S by definition of P(S), hence also {ip,...,ix—1} € S, and
thus
h({io,...7ik_1,l.;€7...,i;)}) = {l'(),...,l'k_l,j,...7j} = {io,...,ik_l}U{j} es
since S is star-shaped with respect to j. Thus, the map A: P(S) — S is in fact well-defined.

Now let f,g: S — P(S) be the inclusion of the bottom and top face as in Definition 3.7 (a). Then
ho f =idg, and hog is the constant map j. Hence, for the pushforward maps H,(S) — H,(S) by
these compositions we have for all p € Z

. 38
by(S) = rkidy,(s) = tk(hs o fi)p = tk(hi 0 g)p.

But the pushforward (h.og.),: Hy(S) — H,(S) by the constant map j is just zero for p # 0 and
o — (degar) - [j] of rank 1 for p = 0 (with the degree as in Lemma 2.22), so the result follows. [

Example 3.12 (Simplicial homology of disks). By Example 3.10, Proposition 3.11 implies that for
any p-simplex a the disk D% and the subdivided disk Sd(D%) have trivial homology — as already
mentioned in the introduction to this chapter and expected from topology (since the topological
realization of both simplicial complexes is just the contractible disk D).

Example 3.13 (Simplicial homology of spheres). Using Example 3.12, we can now also derive the
simplicial homology of a p-dimensional sphere S* for a (p + 1)-simplex o = {io,...,ip+1}: Note
that D* = S*U{a}, so

dimC(D%) ifk#p+1,

. . . ()
dimCy(D%) — 1 ifk=p+1.

mmqﬁﬂz{

A similar result holds for the simplicial homology: As the definition of Hj(S%) only uses the part
Crt1(S%) = Cr(S%*) — Cr—1(S?) of the simplicial chain complex, and this agrees with that of D*
fork ¢ {p,p+1,p+2} by (%), the resulting homology groups must then be the same. But S* does
not even have simplices of dimensions p+ 1 and p 42, so these Betti numbers are clearly zero — just
as for D*. Hence, the only Betti number of S* that can differ from that of D% is b »» Which means
that we can obtain it easily from an Euler characteristic computation: By Lemma 2.25 we have

(=1)P(bp(8*) = bp(DY)) = x(S%) = x(D%) = (=1)"*! (dimCp41(S¥) — dimCp.1 (DY),
=—1by (x)
and thus b, (S%) = b,(D*) + 1. In summary, this means that for p > 0 we have

bi(5%) = 1 fork=0ork=p,
k 0 otherwise.

The case p = 0 is special and gives by (S*) = 2 and b (S*) = 0 otherwise by the same argument, but
this should not be surprising since then S* = {{ip}, {i1 }} is just a disjoint union of two points.

Staying in the case p > 0, it is also easy to write down a generator of the one-dimensional vector
space H,(S%): The p-chain

p+1

Aivy--sipet] = Y (1) [igs. ik sipr1] € Cp(SY)
k=0

05
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is closed by Lemma 2.12 and not a boundary as S* has no (p+ 1)-simplices, so it must be a generator.
Geometrically, it just corresponds to “the sphere S¢ itself” considered as a p-cycle in S%.

Note however that this generator is not entirely natural since a change of orientation of the vertices
would replace it by its negative. This happens for example for the isomorphism S* — S% exchanging
two of the vertices i; and i; with k < [, which in the standard geometric realization corresponds to a
reflection at the hyperplane spanned by e, ...,é,...,e,...,e,, and e; +e;.

Exercise 3.14. Let f,g: S — T be two morphisms of simplicial complexes with f(a)Ug(a) € T

for any a € S. Show that the pushforwards f, and g, agree as maps in homology H,(S) — H,(T)
for all p € Z.
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4. The Mayer-Vietoris Sequence in Simplicial Homology

In the picture below, the number of holes in the graphs § and T (i. e. their genus in the language of
Example 2.26) is b1 (S) = 24 and b;(T) = 20, respectively, and the intersection SN 7T is drawn in
gray. Can you figure out from this information — without explicit counting — the number of holes in
SUT, i.e. the Betti number b, (SUT)?

This is not too hard: As a first approximation, the holes in SUT are the ones in S or 7', so we start
with the sum b (S) + b1 (T). But there are two corrections to this number:

S

(a) We have counted the holes in the gray part SN T twice, so we have to subtract b1 (SNT) =4.

(b) In addition to the small triangular holes, we have created two big holes in the “shape o of
SUT since we glued S and T in three connected components — i. e. since bo(SNT) is 3 and
not 1.

In summary, we thus obtain b; (SUT) = 24 420 — 4 42 = 42 (an exact proof of this computation
will be given in Example 4.13).

From a formal point of view, it might seem strange at first that a Betti number b; (SUT) in dimension
1 receives a contribution from a Betti number bo(SN7T) in dimension 0; so let us try to understand
this in more detail. Consider a hole in SUT coming from (b) above, such as the 1-cycle ¢ in the
picture below on the left. We cannot write it as a hole in S or in 7, but we can split it onto the two
components in the following way (indicated in the picture on the right):

(1) Write it as a sum ¢ = ¢ 4 ¢; for two 1-chains ¢ and ¢, in S and 7, respectively.

(2) Take the boundaries of these chains; in our example case we have dcy = [ij] — [io] and
802 = [io] — [il].

(3) Note that dc, = d(c —c¢1) = —dcy as ¢ is closed. Hence, dcy and dcy carry the same
information, and they are clearly O-cycles in SN 7. Pick one of them, dc| € Hy(SNT) say,
and assign it to c.

Rtk
= +
c (&%)
SUT

S T

In fact, this assignment ¢ — d¢; gives us a well-defined map h: H; (SUT) — Ho(SNT) in homology:
We might have picked a different 1-cycle representing the same hole in SUT (i. e. the same class in
H(SUT)) as ¢, and we might have chosen different splitting points (e. g. instead of i; in the picture
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above we could have taken the vertex right below it), but the result would always be the class of one
vertex in the left minus one vertex in the middle component of SN T (i.e. the same homology class
by Corollary 2.23). This map k: H (SUT) — Ho(SNT) is usually called the connecting map since
it connects homology groups in different dimensions.

Note that as in Notation 2.19 there are also natural pushforward maps H;(S) — H;(SUT) and
H\(T) — H{(SUT) by the inclusions S - SUT and T — SUT. Adding them, we obtain a linear
map g: H\(S) x Hi(T) — H(SUT), and thus together with the connecting map we have obtained
a short “sequence” of maps

Hy(S) x H\(T) —*— H{(SUT) —— Hy(SNT) (%)

that we can interpret as in the geometric argument above by saying that the holes in SUT (in the
middle term) are related to the holes in S or T (in the left term) and the connected components of
SNT (in the right term).

But there is one last step missing: Of course, just that these homology groups are related by linear
maps does not yet mean that the middle term H; (SUT) is actually is made up from contributions
from the two sides — after all, the maps in the sequence (x) could e. g. just be the zero maps. It turns
out however that this sequence has a special property:

e Coming from the left term H; (S) x Hy(T), i. e. from holes entirely in S or T', the construction
of the connecting map above is actually trivial in the sense that we do not have to introduce
splitting points at all, and thus the resulting class in Hy(SNT) will be zero. More formally,
this means that hog = 0, or that img C kerk. In other words, we have a short version of a
chain complex as in Definition 2.13.

e Conversely, if we have a cycle ¢ € kerh, i. e. a cycle for which the connecting map does not
see any splitting onto the connected components of SN 7T, it is intuitive that ¢ must come
from holes already present in S and 7', i.e. that ¢ € img.

So altogether we see that img = ker/ in (x). Sequences with this property will be called exact, and
they allow us to think about their maps as giving contributions to their vector spaces: Considering an
element ¢ € H;(SUT), it does not give rise to anything in Hy(SNT) (i.e. we have ¢ € kerh) if and
only if it comes from something in H;(S) x H{(T) (i.e. we have ¢ € img). This is precisely what it
means to say that H; (SUT) “is made up from contributions from H; (S) x H(T) and Hy(SNT)".

In fact, we can also interpret this in terms of the “lifespan” of elements in the sequence (x) in the
sense of Remark 2.11: In contrast to chain complexes, which just say that every element in the
sequence survives at most two stages in the sequence, an exact sequence means that every element
survives exactly two stages. So every element in the middle of (x) comes from the left or from the
right, but not both. We will pursue this perspective further in Example 9.14.

As you might already suspect, the goal of this chapter is to generalize all this and make it precise. We
will see that for any two simplicial complexes S and T we can compute the homology of SUT from
that of S, T, and SN T; and to compute the homology in dimension p of SUT for some p € Z we
do not only need the homology of S, T, and SN T in dimension p, but there will also be connecting
maps giving rise to contributions from dimension p — 1.

Just as for homology and homotopy in the two preceding chapters, exact sequences in homology
are a purely algebraic concept that we will encounter in many more cases than just for simplicial
complexes. So let us now start the chapter again with some algebra. Generalizing sequences such
as (x) to arbitrary dimension of the chains will make them into sequences whose terms are actually
chain complexes themselves and not just vector spaces, so let us start by introducing this concept
analogously to Definition 2.8.

Definition 4.1 (Sequences of chain complexes). A sequence of chain complexes is a collection of
chain complexes (C®), 9(®)), .7 and morphisms f*) : C*%) — C*+1) between them for all k € Z:

s cten SN e Y sy
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By Definition 2.8 we could write this as a commutative diagram of vector spaces and morphisms as
follows, with the chain complexes C**) running down.

Lo

1) (
. C;kfl) fp C](7k) Ip C;]k+l)
lal(’k—l) la[gk) la[(,km
wn Bt w0 e
- Oy ¢, Gy —

Lol

Often the chain complexes C (0 will be zero outside a small range for k, in which case we will only
write this finite part of the sequence. Moreover, as in Definition 2.8, in the notation we will often
drop the lower index that indicates the position within each chain complex. However, in order to
avoid confusion we will always distinguish between the individual complexes and the maps between
them in the notation, either by an upper index or by using different letters. Also, we will always
write the individual chain complexes vertically in the columns, and the different chain complexes
horizontally in the rows.

Remark 4.2. It might seem strange that we chose the index in a sequence to count downward in
Definition 2.8, but upward in Definition 4.1. The reason for this is that counting upward is probably
the more natural choice, but the fact that the boundary map in homology reduces dimension made
the downward counting more suggestive in Chapter 2. Of course, at the end of the day it does not
matter whether we count up or down, and in fact in the next chapter when discussing cohomology
we will also encounter boundary maps that increase the dimension.

Example 4.3 (The simplicial Mayer-Vietoris sequence). Our main example of a sequence of chain
complexes in this chapter is the following: Let S and T be simplicial complexes. Then there is a
three-term sequence of simplicial chain complexes C(SNT) — C(S) x C(T) — C(SUT) which in
each row p is just given by

Co(SNT) —— Cp(8) xCp(T) —— C,(SUT)
¢ — (¢,—c)
(c,c) — c+C.

We call it the simplicial Mayer-Vietoris sequence for S and 7. The reason for the sign in the first
map is that the composition of the two chain maps is zero this way — this makes the sequence into
a “chain complex of chain complexes”. In fact, it is our first example of an exact sequence already
mentioned in the introduction to this chapter:

Definition 4.4 (Exact sequences).

(a) A sequence of vector spaces

Op+1 9
C— Cp+l —_— Cp —_— Cp,l —_—

is called exact if kerd, = imd, | forall p € Z.
(b) A sequence of chain complexes

Flk=1)

N B e (I AN (2 ) I

is called exact if each of its rows as in Definition 4.1

e 50w B e
- — Cp — Cy’ — () —_
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for p € Z is exact in the sense of (a).
Remark 4.5.

(a) By definition, a sequence of vector spaces is exact if and only if it is a chain complex with
all homology groups being zero.

(b) If (Cp)pez is an exact sequence of vector spaces, it follows directly from (a) that its Euler
characteristic is x(C) = 0. Hence, if moreover all C,, are finite-dimensional and almost all
of them are zero, Lemma 2.25 implies that Y ,c(—1)” dimC, = 0.

Example 4.6 (Short exact sequences). As already mentioned in the introduction to this chapter, an
exact sequence of vector spaces can be thought of as a sequence in which “every term is made up
from contributions from its left and right neighbor”. This is particularly evident for sequences that
are short and/or contain zero vector spaces at their ends:

(a) A sequence 0 — A 1, B of vector spaces (with the first map of course being the zero map)
is exact if and only if f is injective. Intuitively, as A cannot obtain any contribution from the

left, all of A must also be contained in B. Similarly, a sequence A i> B — 0 is exact if and
only if f is surjective (all of B must come from A).

(b) It follows immediately from (a) that an exact sequence of vector spaces 0 — A — 0 means

that A = 0, and that an exact sequence 0 — A 5 B — 0 means that f is an isomorphism.

(c) The first non-trivial case is an exact sequence of vector spaces 0 — A l> B % C — 0 with
three arbitrary terms, bounded by 0; they are usually referred to as short exact sequences.
In this case, Remark 4.5 (b) implies that dimB = dimA + dimC if all vector spaces are
finite-dimensional, which again confirms the idea that B is made up from contributions from
A and C. More naturally, f being injective means that A can be regarded as a subspace of B,
and by the homomorphism theorem we have C =img = B/kerg = B/im f = B/A.

In general, not all exact sequences that we will encounter are of these types; in fact, many of them
are rather long. However, most of the terms in these sequences will then be 0, and if there are at
most three terms between two zero entries we can then still apply the reasoning of (b) or (c) to this
part of the sequence.

Example 4.7 (The simplicial Mayer-Vietoris sequence is exact). The simplicial Mayer-Vietoris se-
quence of Example 4.3 is in fact a short exact sequence of chain complexes
0 — C(SNT) — C(S)xC(T) —— C(SUT) —— 0

for any two simplicial complexes S and 7. This follows directly from the definitions: Clearly, any
p-chain in C,,(SUT) can be written as ¢ + ¢’ for ¢ € C,(S) and ¢’ € C,(T'), and such an expression
¢+ ¢’ is zero if and only if ¢’ = —¢, which is only possible for c = —¢’ € C,(SNT).

Of course, we now want to use this sequence of simplicial chain complexes to compute their homol-
ogy. This is again a purely algebraic process that we will often see in these notes:
Proposition 4.8 (The long exact homology sequence). For any short exact sequence

0— Aty _fsc_— 1o

of chain complexes there are linear connecting maps h: H,(C) — H,_((A) for all p € Z giving rise
to an induced long exact sequence in homology

s Hy(A) L Hy(B) 5 Hy(C) 5 Hy_y (A) 5 Hy_(B) 5 Hy (C) 5 Hy 5 (A) — -

Proof. The central part of the proof is the construction of the connecting maps h: H,(C) — H,_1(A)
for p € Z. For their definition, we proceed analogously to the steps (1), (2), (3) in the introduction
to this chapter for the Mayer-Vietoris sequence of Example 4.3, following the dashed arrow in the
diagram below. Elements in the vector spaces not on this dashed path are marked with the numbers
in the gray circles whenever they appear. Start with a closed chain ¢, € Cp,.
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(1) The map g: B, — C,, is surjective, so we can choose b, € B, with g(b),) = c).

(2) Take the boundary map of B to obtain b,_; := db, € B,_.

(3) Note that g(b,_1) = g(dbp,) = dg(b,) = dc, =0 € C,_ since c,, is closed. T As the row
p — 1 is exact, we therefore have b,_; = f(a,—1) for a unique a,_ € Ap_;.

Set h(cp) :=ap_1.

Byt~ Gt —— 0
b
0 AL, <20, 0
Y
0 Apt S5 By = Gt 2 0
b, b
0 Apfz3 7 Bp722

Let us show that this map h: H,(C) — H,_i(A) is actually well-defined:

e a,_ isclosed: We have f(da,_1)=3df(ay—1)=0db,_ = 9*b,=0¢€ B,_»,2 which means
that da,_1 =0 € A, since f is injective. 3

® a, | € H,_i(A) is independent of choices: Let c;, € Cp be another representative of the same
cl'ass as p: and b% € B), with g(b/,) = ¢),. Correspondingly, set b, | = b}, anda), | €A,
with f(apfl) = bpil.

Then ¢, — c;, = dc for some ¢ € Cpy 1. 4 As g is surjective we can choose b € B, with

g(b) = c¢.’5 We obtain

g(bpfb;,—ab) = cp—c;,—ag(b) = cp—c;,—ac =0,
50 by, — b}, — db = f(a) for some a € A, since row p is exact. & Hence,
flap-1—dy_y) =byp1 —bj,_; = (b, —b,) = (f(a) +9b) = I f(a) + 3°b = f(a),
=0
which by injectivity of f means thata, | — aﬁ,fl = da is aboundary (i. e. zero in homology).
For obvious reasons, the technique that we applied here is usually called diagram chasing.

It now remains to prove that the connecting maps /4 give rise to an exact homology sequence as
stated in the proposition. In fact, it is obvious from the constructions that this homology sequence is
at least a chain complex:

e go fis zero on homology since this already holds for the initial chain complexes.

e hog is zero on homology: Applying the construction of /& above to g(b,) for a cycle b,
means that db, = 0, so we will get 0 in step (2).

e fohis zero on homology: Applying f to the cycle a,_; in the construction above gives
bp_1, which is a boundary by (2), and hence zero in homology.

The proof that the long homology sequence is actually exact, i.e. that also the kernel of any of
its maps is included in the image of the previous map, is somewhat long and tedious (it is a long
sequence after all). But it is just straightforward diagram-chasing, and we will also see a visual
explanation for this statement later in Remark 9.15, so we will omit the proof here and leave it as an
exercise. 0

Exercise 4.9. In the situation of Proposition 4.8, show that in the long homology sequence the
kernel of any map is included in the image of the previous map, thus completing the proof of the
proposition.
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Construction 4.10 (The long exact homology sequence is functorial). As one would probably ex-
pect, the long exact homology sequence of Proposition 4.8 is functorial in the following sense:
Consider a morphism of short exact sequences of chain complexes, by which of course we mean a
commutative diagram of chain complexes

0 Al .p_S,cC 0
J{k(l) J{k@) J{k@)
0 AN T SN 0

with exact rows (note that this means that the vertical maps k¥ fori e {1,2,3} commute both with
f and g as well as with the boundary maps of the chain complexes). Then the rows of this diagram
induce a long exact homology sequence as in Proposition 4.8, and the columns pass to maps in
homology by Lemma 2.17. We claim that these maps fit into a commutative diagram

- — Hyl4) — Hy(B) — = Hy(C) — Hpi(4) — -

lk“) lk(z) lk(3) lk(])
/

S Hy(A) L Hy(B) 5 Hy(C') s Hy (A — -

with exact rows, where h and /' are the connecting maps (i. e. into a morphism of exact sequences
of vector spaces). In fact, the commutativity in the squares involving f, f’, g, and g’ is just the usual
functoriality of homology in Lemma 2.17, so it only remains to prove that /' (k®)(c,)) = k") (h(c,))
for all cycles ¢, € C,,. But this can easily be seen by following the steps (1), (2), (3) in the proof of
Proposition 4.8 to construct the connecting map /' for the element k) (c,,) € C},, using the notations
as in the proof:

(1) We can choose k) (b)) € B/, since g (k2 (b, )) kK3 (g(by)) = kB3 (cp).

(2) Applying the boundary map gives 9k (b,) = k2 (db,) = kP (b,_1) € B, .

(3) We have k) (b,_1) =k® (f(a,-1)) = f'(k"(a,_1)), so the construction gives that /' maps
k3 (c,) to kMW (a,_1) = kW (h(c))) € Aj,_ as required.

Corollary 4.11. Let 0 — A — B — C — 0 be a short exact sequence of chain complexes for which all
homology groups are finite-dimensional, and almost all of them are zero. Then x(B) = x(A) + x(C).

Proof. This follows from Remark 4.5 (b) applied to the long exact homology sequence of Proposi-
tion 4.8. 0

Corollary 4.12 (The simplicial Mayer-Vietoris homology sequence). For any two simplicial com-
plexes S and T, the sequence

- — H,(SNT) — H,(S) xH,(T) — H,(SUT) — H,_1(SNT) —
(with morphisms as in Example 4.3) is exact. In particular, we have
x(SUT)+x(SNT) = x(S) +x(T).

Proof. The long exact sequence follows from Proposition 4.8 applied to the Mayer-Vietoris se-
quence of Example 4.7, the statement about the Euler numbers then from Corollary 4.11. g

Example 4.13 (Gluing graphs). We are now ready to give a proof for the intuitive computation at
the beginning of this chapter: Let S and T be two graphs, and assume for simplicity that S, 7', and
SUT are non-empty and connected (so that by(S) = bo(T) = bo(SUT) = 1 by Corollary 2.23). Then
Corollary 4.12 implies that the first Betti number of SUT is

bi(SUT)=1—x(SUT)=1—x(S)—x(T)+x(SNT)
=b1(S)+b1(T)—b1(SNT)+bo(SNT) — 1.
For the graphs in the introduction to this chapter we had by (SUT) =24 +20—4+ (3 —1) = 42.
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We could also obtain this result from the exact Mayer-Vietoris homology sequence directly: In our
case of a simplicial complex of dimension 1, this sequence reads

0—)H1(SﬁT)—>H1(S) XH](T) —)H](SUT) —)H()(SQT) —>H0(S) XH()(T)—>H()(SUT)—>O.

Using Remark 4.5 (b), it leads to the same dimension computation for b; (SUT) as before, and the
geometric interpretation of the connecting map H;(SUT) — Hy(SNT) has already been given in
the introduction.

Construction 4.14 (Wedge sums). Let S and T be two sim-

plicial complexes that share exactly one vertex, such as e.g. 2

§ = s{1234} and T = $11:56} in the picture on the right. Their 6
union SUT is then usually called a wedge sum of the two sim-
plicial complexes. Let us assume for simplicity that S and T are
connected, so that SUT is clearly connected as well, and we are 5
only interested in the Betti numbers b,(SUT) for p > 0. 4

As we have H,(SNT) = 0 for p > 0, the long exact Mayer-Vietoris homology sequene of Corollary
4.12 contains exact parts

0— H,(S)xH,(T) — H,(SUT) — 0 (1
for p > 1. In contrast, for p = 1 this exact sequence continues as
0—>H1(S) XH](T) —)H](SUT) —>H()(SQT).

But the last map here is injective by Corollary 2.23, so the previous map must be the zero map
since the sequence is exact. This means that we can equally well end this exact sequence with
~+ = H;(SUT) — 0, so that (1) holds for p = 1 as well. By Example 4.6 (b) this means that
H,(S) x Hy(T) = H,(SUT), and thus

b,(SUT) =b,(S)+b,(T) forall p>0. )

So, in the example of the picture above, we would have by (SUT) = b1 (SUT) = bo(SUT) =1 by
Example 3.13, with all other Betti numbers being zero.

Let us discuss two interesting consequences of this result:

(a) For any given collection of numbers b, € N for p € N, with by > 0 and only finitely many
being non-zero, there is a simplicial complex S that has these Betti numbers for any ground
field: By Example 3.13, we can just take the wedge sum of b, copies of a simplicial p-sphere
for p > 0, and form the disjoint union with bg — 1 isolated vertices to reach by as well.

(b) Obviously, the result (2) holds with the same argument also if SN 7 is not just a single vertex,
but has the same trivial homology as a single vertex. Specializing to the case when T has
trivial homology as well, we see that passing from S to SUT if both 7 and SN T have trivial
homology (e. g. for star-shaped simplicial complexes as in Proposition 3.11) does not change
homology. For example, in the following picture every simplicial complex is obtained from
the previous one by attaching a simplicial 2-disk along a star-shaped subcomplex (drawn
in bold), which gives a rigorous proof (without even looking at the actual simplicial chain
complexes) that all these spaces have isomorphic homology. In particular, the simplicial
annulus on the right has the same Betti numbers as the graph on the left, namely zeroth and
first Betti number 1 and all others zero. Of course, this fits well with the geometric intuition
all the spaces in the picture just have one hole.

G AR 4 gy
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Exercise 4.15. Let S be a simplicial complex, and let * and o be new vertices not contained in S.
We construct the new simplicial complex

£(8) = {{s}, {o}} U{a, U {x},aU{o} s € S}.
(a) Compute the Betti numbers of £(S) in terms of those of S.
(b) Starting with the 0-dimensional simplicial complex S = {{0},{1}}, which well-known topo-

logical space is the topological realization of the n-fold construction X (S) of (a) for n € N?

Exercise 4.16. Let S and S’ be the two simplicial complexes in the picture below, obtained by
removing a 2-simplex from a torus as in Example 1.17 (c), and such that the boundary of this 2-
simplex agrees in S and S'.

(a) Compute bases of the homology groups H,(S) for p =0,1,2.
(b) Compute bases of the homology groups H,(SUS’) for p=0,1,2.

Exercise 4.17. Suppose that a simplicial complex § is the union of subcomplexes Si,...,S, with
n > 2 such that every intersection of any number of these subcomplexes is either empty or has the
homology of a point.

(a) Show that b,(S)=0forall p>n—1.
(b) Show for all n that the inequality of (a) cannot be improved.

There is one more important thing that we can see from Construction 4.14 (b): The Mayer-Vietoris
sequence cannot only be used to simplify computations, but also opens up the path for inductive
proofs of statements about the homology of simplicial complexes by writing them as unions of
smaller subcomplexes. The way in which we usually use this kind of argument is the following.

Lemma 4.18 (Simplicial Mayer-Vietoris induction). Suppose that we want to prove an assertion
about all simplicial complexes. Then it suffices to show:

(a) (Induction start) The assertion holds for the empty simplicial complex and any simplicial
disk D%

(b) (Induction step) If S and T are simplicial complexes such that the assertion holds for S, T,
and SNT, then it also holds for SUT.

Proof. We show that the assertion holds for any simplicial complex S by induction on the number of
its simplices. For S = @ we know that the assertion holds by (a), so let us assume that S is non-empty.

Let o be a simplex of maximum dimension in S. Then D% is a subcomplex of S by Definition 1.2 (a),
and S\{a} is a subcomplex as well. If S = D* the assertion again holds by (a), so we may assume
that D* C S. But then S = (S\{a}) UD% is a union of subcomplexes with fewer simplices, so by
induction the assertion holds for S\{o}, D%, and (S\{a}) N D*. Hence the assertion holds for the
union S as well by (b). ]

Of course, the reason why this is called Mayer-Vietoris induction is that the induction step (b) in
Lemma 4.18 will usually be proved using the long exact Mayer-Vietoris sequence. But there is
one last problem before we can actually use this strategy in concrete cases: The Mayer-Vietoris
sequence does not actually compute the homology of SUT directly from that of S, 7, and SN T,
but only includes it in a long exact sequence in which every third term is a homology group of
SUT, and the other terms are known. How can we use this information to extract statements about
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the homology of SUT? In fact, most of our statements will be that the homology of a simplicial
complex is isomorphic to something else, and for such statements the following lemma solves this
problem when we apply it to long exact Mayer-Vietoris homology sequences.

Lemma 4.19 (5-Lemma). Consider a commutative diagram

A fi Ay p) A f A Ja As

bl b e

Bl 81 B2 82 B3 83 B4 84 BS

of vector spaces with exact rows. If hy, ha, hg, and hs are isomorphisms, then so is hs.

Proof. We will show that A3 is injective and surjective. Again, this is just tedious but straightforward
diagram chasing. In both parts of the proof, the gray element in the diagram is the element to be
chased, and the numbers in the gray circles denote the order of the chase.

(a) hj3isinjective: Let az € A3l with h3(a3) =0.2 Then g3(h3(a3)) =0,3 so h4(f3(a3)) =0,
and since A4 is injective we have f3(a3) = 0.4 As the top row is exact, this means a3 = f>(a2)
for some ap € A». 5 Let by = hy(az),6 then g2 (by) = ga(ha(az2)) = h3(f2(az)) = h3(az) =0.
As the bottom row is exact, it follows that b, = g;(b;) for some b; € By. @ Now h is
surjective, so by = hj(a;) for some a; € A;. ® This element satisfies fj(a;) = a, since
ha(fi(a1)) = g1(h(a1)) = g1(b1) = by = ha(az2) and hy is injective. But fr0 f; =0, so
a3 = f2(fi(a1)) =0.

aj

8 fl an 5 fz aj 1 f3 0 4 f4

A Ay As A, As
J{hl J{hz J{h 3 J{h;; J{hs
/”317 g1 />3B26 2 (i332 g3 ()B43 g4 Bs

(b) hs is surjective: Let b3 € B3, T and set by = g3(b3). 2 Then ga(bs) = ga(g3(b3)) =0
since g4 0g3 = 0. 3 As hy is surjective, we have by = hy(as) for some as € A4. 4 Then
hs(fa(aa)) = ga(ha(aa)) = ga(bs) =0, hence f4(as) = 0 as hs is injective. S As the top row
is exact, we have a4 = f3(a3) for some a3 € A3. © Be do not necessarily have bz = h3(a3),
but g3(b3 — h3(az)) = g3(b3) —g3(h3(a3)) = ba — ha(f3(a3)) = ba — ha(as) = by — by =0,
so as the bottom row is exact we can write b3 — h3(as) = g»(b) for some element b, € B;.
7 Now we have by = hy(ay) for some a, € A; since hy is surjective. @ It follows that
hi(as + fa(az)) = hs(as3) + h3(fa(a2)) = h3(a3) + g2(h2(a2)) = h3(az) + g2(b2) = b3, i.e.
h3 is surjective.

A] fi A28 b ({:A36 f3 <I4A44 fa (11455

L

7 b3y (1 by @ 0_ @
B 81 B, 82 'Bs 83 4B4 84 Bs

O

Remark 4.20. The 5-Lemma is clearly an important statement that will make our Mayer-Vietoris
induction arguments work. But as it is easy to misread this statement it is equally important to
understand what the 5-Lemma does not say:

(a) The 5-Lemma does not say that a diagram as in Lemma 4.19 in which the middle vertical
map f3 is initially missing (commutative, with exact rows, and the other vertical maps being
isomorphisms) can be filled in uniquely to the complete commutative with an isomorphism
f3. Instead, it is important that we must have the map f3 already beforehand; the 5-Lemma
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then just ensures that it is an isomorphism. For example, the diagram

/ bk 0

LR
LR

0

0 R2

0

R
I‘[szsz

with fo: x; — (g) and f3 — (?) — x, can be filled in with a middle vertical isomor-
2

phism R? — R?, (il > — (x1 —;b@) for any A € R to form a commutative diagram.
2 2

(b) Without the vertical maps being given, it is not even true that the dimensions of the outer four
vector spaces in a five-term exact sequence determine the dimension of the middle space: For
example, the sequences

R4LGR-OLRGR-GR
and RLHR-S0-LRGR

are both exact (but by the 5-Lemma there is no way to map one to the other so that the
resulting diagram is commutative and the outer four maps are isomorphisms — which is also
easy to see directly).

In short, it is vital for the application of the 5-Lemma that all vertical maps are known to exist and
form a commutative diagram beforehand.

After this preparation, we want to finish this chapter with two interesting and clearly non-trivial state-
ments that we can now prove by Mayer-Vietoris induction. The first is the statement that barycentric
subdivision does not change the homology of a simplicial complex — which is clearly expected since
by Proposition 1.21 the topological realization does not change. We have just learned in Remark
4.20 that for the Mayer-Vietoris argument to work it will be important to have a morphism between
the two spaces to start with, so let us construct this first.

Construction 4.21. Let S be a simplicial complex. For any simplex « € S, pick an arbitrary element
f(a) € a. This defines a morphism of simplicial complexes f: Sd(S) — S: For any p-simplex
{ao,..., 00} €Sd(S) with o C --- C o, € S we have f(oy) € o C @ forall k € {0,...,p}, hence
f{ao,...,}) is a subset of o, and thus a simplex in S.

{3}

The picture on the right shows this map by arrows in the example

of the 2-disk S = D{%3} and the morphism f: Sd(S) — S given on
vertices of Sd(S) by f(o) := max . The light-colored 2-simplex
{{1},{1,2},{1,2,3}} € Sd(S) is the only one that maps to a 2-
simplex {1,2,3} € S; all other 2-simplices of Sd(S) are contracted {1}
to the boundary of the triangle.

{2,3}

{2}

Proposition 4.22 (Invariance of simplicial homology under barycentric subdivision). For every sim-
plicial complex S, any morphism f: SA(S) — S as in Construction 4.21 induces an isomorphism

St Hy(Sd(S)) — H,(S) forall p € Z.

Proof. We will prove the assertion using Mayer-Vietoris induction as in Lemma 4.18. For the induc-
tion start, note that the statement is obvious for S = 0. For a simplicial disk, we know by Example
3.12 that b,(Sd(S)) = b,(S) for all p € Z, with this Betti number being 1 for p = 0 and 0 otherwise.
Hence, the statement of the proposition holds in this case as well (for p = 0 note that f, maps any
vertex to a vertex, hence it is an isomorphism by Corollary 2.23).

For the induction step let S and 7 be simplicial complexes such that the proposition holds for S,
T, and SNT. Noting that SA(SNT) = SA(S) NSd(T) and SA(SUT) = Sd(S) USA(T) by Remark
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1.22 (b), we then obtain a commutative diagram of chain complexes

0 —— C(SA(SNT)) — C(SA(S)) x C(Sd(T)) — C(SA(SUT)) — 0

| | |

0 — Cc(SNT) ——— C(S) xC(T) ———— C(SUT) ——— 0,

with exact rows as in Example 4.7, and the the vertical maps being pushforwards by f. Hence,
Construction 4.10 gives us commutative diagrams of vector spaces

H,(SA(SNT)) = H,(SA(S)) x Hy(SA(T)) — H,(SA(SUT)) = H,_(SASNT)) = H,_1(SA(S)) x H,_1(Sd(T))

| | | | |

Hy(SNT) ——— H,(S) x Hy(T) ——— H,(SUT) — H, {(SNT) —— H,_1(S) x H,_(T)

for all p € Z with exact rows, with the vertical maps again being pushforwards by f. As the outer
four vertical maps are isomorphisms by the induction assumption, we can conclude by the 5-Lemma
4.19 that the middle vertical map is an isomorphism as well. 0

Our second application of Mayer-Vietoris induction is probably more surprising and goes back to
the very definition of the homology groups of a simplicial complex S. Why exactly did we construct
it using oriented simplicial chains C,,(S) in Definition 2.2, and not just with ordered ones Cgrd (S) as
in Definition 2.1? While the notion of orientation simplified computations and seemed geometrically
intuitive in our pictures, it adds an algebraic level of complexity since it makes the simplicial chain
groups into quotient spaces. So let us study what would happen if we set everything up using ordered
simplices instead — which is in fact what we will do for the singular homology of topological spaces
introduced in Chapter 6. Fortunately, our algebraic approach admitting arbitrary chain complexes
allows us to figure this out without much effort.

Construction 4.23 (Ordered simplicial homology). Let S be a simplicial complex. For any p € Z
we define the boundary maps dj,: Cgrd(S) — Cgrfl (S) for ordered chains by the same formula as in
Definition 2.5, just replacing oriented simplices [io,...,i,| by ordered ones (io,...,i,). Note that
the proof of Lemma 2.12 that 9> = 0 never actually permutes the vertices in a simplex or uses that
a simplex with repeated vertices vanishes, so it still holds in our new ordered setting with literally
the same argument. Hence, we obtain an ordered simplicial chain complex C°™(S). Let us call its
homology groups H,(C°(S)) the ordered simplicial homology of S, denoted by Hl‘,’rd(S).

Example 4.24 (Ordered simplicial homology of a point). Already for the 0-dimensional simplicial
complex S = {{ip}} consisting of a single vertex iy the ordered simplicial chain groups are com-
pletely different from the oriented ones: As repeated vertices in simplices are now allowed, every
C;rd(S) for p > 0 has dimension 1, generated by the p-simplex (iy,...,iy). In particular, there are

now infinitely many non-zero terms in the complex C°™(S). Due to the alternating sign in its defini-

tion, the boundary map on (io, . ..,ip) € C;’d(S) becomes
d (io, - .- ,io) € CO,(S) if p is even
9y(io,-.- io) =Y (=1 (ig,...,ip) = v p=l ’
plio,-.,io) ,;0( )G, o) {o if p is odd.

Hence, using the isomorphism Cgrd (S) = K, 1= (ip,...,ip) for p > 0 the ordered simplicial chain
complex C°(S) is
i K LSk L Sk N K0 — 00—,
—~  ~  ~ =~ =~ ~ ~
p=4 p=3 p=2 p=1 p=0 p=—1 p=-2
and in fact, the homology H ,‘,’rd (S) of this complex is 1-dimensional for p = 0 and zero otherwise —
just as for oriented simplicial homology!

Especially given the completely different form of C°™(S), this result is clearly surprising. It does
not really reflect a geometric idea but rather an algebraic coincidence, namely that the boundary map

07
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has some sign canceling that works out in our favor. Nevertheless, our algebraic machinery is robust
enough so that this coincidence almost automatically carries over to all simplicial complexes:

Proposition 4.25 (Ordered = oriented simplicial homology). For any simplicial complex S, the
natural maps C;’,rd(S) — Cp(S), (io,...,ip) = [i0,-..,ip| induce isomorphisms HI‘,’rd(S) — H,(S) in
homology for all p € Z.

Proof. We will prove the statement using the Mayer-Vietoris induction of Lemma 4.18. Of course,
the statement is obvious for S = 0.

Now let S be a simplicial disk. Note that the proof of Lemma 3.8 on simplicial homotopies using the
prism P(S) never permutes vertices in simplices or uses that simplices with repeated vertices vanish,
so it holds in the ordered setting as well. Hence, the proof of Proposition 3.11 on Betti numbers of
star-shaped simplicial complexes also carries over and shows that S has the ordered homology of a
point — which is trivial by Example 4.24, just as in the oriented case. This finishes the start of the
induction.

Finally, for the induction step let S and T be simplicial complexes such that the proposition holds
for S, T, and SNT. As in the proof of Proposition 4.22 we have a commutative diagram of chain
complexes

0 Cord(SﬁT) SN Cord(S) ><Cord(T) SN Cord(SUT) — 30

| | |

00— C(SNT) —— C(S) xC(T) ——— C(SUT) —— 0,

with exact rows as in Example 4.7 (and its corresponding ordered version), where the vertical maps
are given by mapping each ordered simplex to the corresponding oriented one. Construction 4.10
thus gives us commutative diagrams of vector spaces

Hy(SNT) — HY(S) x HYY(T) — HY(SUT) — HY (SNT) — HY™,(S) x HY™ (T)
Hy(SNT) —— Hy(S) x Hy(T) — Hy(SUT) — H,_{(SNT) — H,_1(S) x Hy—(T)

for all p € Z with exact rows. As the four outer vertical maps are isomorphisms by the induction
assumption, it follows from the 5-Lemma 4.19 that the middle vertical map is an isomorphism as
well. g
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5. Simplicial Cohomology

In this last chapter on simplicial complexes we want to briefly discuss simplicial cohomology, which
is obtained from simplicial homology by dualizing — i. e. by replacing all vector spaces and linear
maps in our sequences by their duals. The goal of this is twofold: First of all, we want to set up
the general algebraic framework of dualizing and study its properties since we will need this several
times in the future. Secondly, and probably more importantly, from a geometric point of view this
will give us a strong hint how to interpret our previous results in terms of analysis: Simplicial chains
can be thought of as objects mapping into a simplicial complex S (in a topological realization, any
simplex in S gives a subset of |S| after all), so by dualizing we will study maps from a simplicial
complex, i.e. (K-valued) functions on S. But functions on some geometric space are some of the
main objects studied in analysis; and thus when we introduce algebraic topology in analytic terms
in Chapter 13 it will actually be much more natural to do this in terms of cohomology instead of
homology. Moreover, we will also see in this chapter that dualizing our simplicial boundary maps
makes them into operations that can be interpreted as a discrete version of differentiation on S. Using
this correspondence, we will then be able to establish from the properties of these boundary maps a
simplicial version of the multivariate integral theorems that you might know from vector analysis,
such as the divergence theorem of Gauss and the curl theorem of Stokes.

This might sound like a big project, but actually it is not since really nothing much happens when
dualizing vector spaces. In case you know some more algebra, you might realize that this would be
completely different for groups or modules (see e. g. [H, Chapter 3.1]) — and in fact this is one of the
main reasons why we restrict to homology over fields in these notes. For vector spaces however we
will see e. g. in Remark 5.5 already that the simplicial version of the integral theorems from vector
analysis mentioned above is basically just a reformulation of the definitions.

But let us start by recalling the basic constructions for dualizing vector spaces that we will use from
linear algebra.

Remark 5.1 (Dualizing vector spaces). Let V be a K-vector space. From linear algebra we know
[G1, Chapter 21.D]:

(a) The vector space VV := Hom(V,K) of all linear functions from V to K is called its dual
vector space.
(b) There is a natural bilinear pairing
VYV =K, (p,v)— @)
given by just applying the linear function ¢: V — Ktove V.
(c) For alinear map f: V — W to another vector space W, there is an associated dual map
YWY = VvY e pof.
This makes dualizing into a contravariant functor ¥ : Vect — Vect in the sense of Notation

1.32,1i.e. we have (go f)¥ = fV og" and idy = idyv for any two composable linear maps f
and g.

(d) If V is finite-dimensional with n := dimV, then dimV" = n as well, so V" is isomorphic
to V (although there is no natural isomorphism between those spaces, i. e. you have to pick
bases to construct one). However, given a basis (vy,...,v,) of V there is an associated dual
basis (v{,...,v,/) of V¥ defined in terms of the pairing (b) by

1 ifk=1,
i) = {o k£l
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If f: V — W is alinear map between finite-dimensional vector spaces, its matrix with respect
to fixed bases for V and W is just the transpose of the matrix of f: WY — V" with respect
to the dual bases.

Let us now apply this dualization process to chain complexes. By its contravariant nature, this will
reverse the directions of all linear maps, and thus the order of the indices in sequences.

Construction 5.2 (Cochain complexes).

(a) For the purposes of dualizing, we will often allow a sequence of vector spaces C as in Defi-
nition 2.8 (a) to have increasing instead of decreasing indices. In this case it is customary to
write its vector spaces as C” with an upper index and its linear maps by d,,: C? — CP*! so
that the sequence C = ((C?) ez, (d)) pez) reads

Cpfl dp-1 cr dp Cp+1

As before, we will often drop the index p at the map d, if it is clear from the context on
which space it acts.

If d* := dod =0, the sequence C is called a cochain complex in accordance with Definition
2.13, with the prefix “co” just reminding us of the ascending indices. Correspondingly, the
elements of C? are called p-cochains, and the maps d,, are referred to as coboundary maps.
Cochains in the kernel of d are called cocycles or closed, and cochains in the image of d are
called coboundaries.

A morphism f: C — D of cochain complexes is still a commutative diagram

e s —— et —

lfp—l lfp lfp-%—l

c—sDpr ! — s pr— s prHl

as in Definition 2.8 (b). This makes cochain complexes into a category, which we denote by
ChY.

(b) For any chain complex C = ((Cp)pez, (dp) pez) as in Definition 2.13, Remark 5.1 (c) tells us
that we obtain a dual cochain complex CV := ((C?) ez, (dp)pez) by setting C? = C and
dy=09Y,,:C) = Cl e

a\/
v 4 v ptl v
G Cp Cpt1

Note that this is actually a cochain complex (since dod = 9" 0dY = (dod)¥ = 0) and
gives rise to a contravariant dualization functor V: Ch — Ch". Hence, we can also dualize
a sequence of chain complexes as in Definition 4.1 to obtain a reversed sequence of dual
cochain complexes.

Of course, our most important example for the moment will come from dualizing simplicial chain
complexes.

Construction 5.3 (Simplicial cochain complexes). For any simplicial complex S we define the sim-
plicial cochain complex as the dual cochain complex CV (S) of the simplicial chain complex C(S) of
Construction 2.9 and Example 2.14, i.e. by C?(S) := (C,(S))" and the corresponding dual boundary
maps d,: CP(S) — CP1(S) according to Remark 5.1 (c) given by d¢(c) = @(dc) for all ¢ € CP(S)
and ¢ € Cp,1(S), which by Definition 2.5 (a) means

ptl

do(fio, .. ipp1]) = Y. (=1 @(lio,....ik,...ips1]) €K
k=0

for any oriented (p + 1)-simplex [ig, . ..,ip41] of S.
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According to Construction 5.2 (a), the elements of C”(S) for p € Z are called simplicial p-cochains
of S, and the coboundary maps d,: CP(S) — CP*!(S) are called the simplicial coboundary maps
of S. Elements of C(S) are called simplicial p-cocycles or simplicial p-coboundaries of S if they
are in the kernel or image of the simplicial coboundary map, respectively.

Example 5.4 (Discrete version of differentiation and integration). The picture below on the left
shows a simplicial 0-cochain ¢ on a 2-dimensional simplicial complex S, and the middle picture
shows a simplicial 1-cochain y on S. The gray numbers are the values of the cochains on the various
simplices. Due to cochains being defined on oriented simplices, we had to choose an arbitrary
orientation of each edge (indicated by the gray arrows) to specify y; reversing the orientation of an
edge would replace the value of y on that edge by its negative.

1 5 4 4 —1
1 3 0 =1l

)
o

\
)

2 5 6 3 —1 3
¢ cCO(s) v=docC(S) /w 1+3-142=5

It might seem that simplicial cochains are absolutely the same as simplicial chains, just assigning a
number to every oriented simplex of the given dimension. But the geometric interpretation of this
number is entirely different: For example, the picture for ¢ € C°(S) above represents a function on
the set of vertices of S (which could roughly be thought of as a discrete approximation of a function
on the topological realization |S|), whereas the same numbers interpreted as a chain in Cy(S) would
correspond to a collection of points on S, having the gray number of points at the corresponding
vertices. Similarly, the 1-cochain y is not to be thought of as an oriented path through S with some
multiplicities (as it would be the case for a 1-chain), but as a function on on the oriented edges of
S. For example, if we think of the simplicial complex S as a geographic map, a 0-cochain might
describe the elevation at the various points, whereas a 1-cochain might describe the elevation gain
when traveling along an edge.

Algebraically, the difference between chains and cochains is that their (co-)boundary maps are com-
pletely different. For example, whereas the boundary of a O-chain is always zero by definition, by
Construction 5.3 the coboundary d¢ € C'(S) of a cochain ¢ € C°(S) is given by

do([io,ir]) = @([ir]) — @(lio])  forall {ig,ir} €,

1. e. it takes the difference of a 0-cocycle at adjacent vertices and can thus be thought of as a discrete
version of differentiation. In fact, in the picture above the 1-cochain V is just equal to d¢, i.e. for
a geographic map with elevation profile ¢ the 1-cocycle y describes the elevation gain along the
edges.

On the other hand, the pairing @(c) of Remark 5.1 (b) by definition evaluates a p-cochain ¢ on
every simplex in a p-chain ¢ and takes the weighted sum of all these values, which can be interpreted
geometrically as a discrete version of integration of a function ¢ on a space ¢, which we might write
suggestively as

/C(p:: o(c) €K.

In fact, in the analytic analogue of our current setting this pairing will be an actual integration (see
Construction 14.11). The picture above on the right shows a concrete example of a 1-chain ¢ going
from the upper left to the lower right corner of S. Note that in this case we had chosen the orientation
of the gray arrows for y so that they match with the orientation of the edges of c, so for the integral
we only have to sum up the values of ¥ on the edges of c. In the geometric interpretation in terms
of elevation profiles above, the integral y(c) just computes the sum of the elevation differences
when traveling along the path, so the result is if course the difference between the elevation at the
end (which is 6) and at the start (which is 1). As y = d¢ in the example, this also follows from
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the defining equation d@(c) = ¢(dc) of the coboundary map in Construction 5.3, which in integral
notation becomes

fao=[ o e [ dp=o(i) o) foroccs).

Note that this formula for O-cochains can be understood as a discrete version of the fundamental
theorem of calculus.

Remark 5.5 (Integral theorems in higher dimensions). To obtain intuitive interpretations of the
equation [.d@ = [;.¢ for ¢ € CP(S) and ¢ € Cp41(S) with p > 0 on a simplicial complex S, we
have to understand the geometric meaning of the coboundary operator in these cases. Let us quickly
do this in two simple cases, leading to discrete versions of integral theorems that you might know
from vector analysis and that we will prove later in Proposition 14.13 and Example 14.14.

(a)

(b)

For a first interpretation specifically for p = 1, note that by Construction 5.3 we obtain for a
1-cochain @ € C'(S) and a 2-simplex [iy, i;,i>] € S

do(lio, i1, i2]) = @([io, i1]) + @([i1, i2]) + @([i2, io])-

Hence, e. g. in the picture below on the left we have dg(a) =3 —2+1 =2 for a = [ip, i1,i2].
To interpret this picture geometrically, imagine that « is a triangle floating on a surface of
water, and that the 1-cochain ¢ describes the direction and strength of the flow of water
around the triangle. The number d¢ (o) then determines whether the triangle starts rotating:
In our example, there is a counterclockwise net flow of water of strength 2 around «, so the
triangle will start rotating counterclockwise. Interpreting ¢ as a vector field, this number
do(a) corresponds to what is called the curl of the vector field in analysis. Adding this up
for an object ¢ made up from several simplices, the equation [.d¢ = [, ¢ thus says that the
rotation speed picked up by the object is obtained by summing up the vector field ¢ around
the boundary of the object. This is a discrete version of what is commonly called the curl
theorem of Stokes.

i 1

\S]

i 3
@ cC'(S) y e C(S)

Another interpretation that works well if p = dimS — 1 is shown in the picture above on
the right in the case p = 2. We can then describe the orientation of a p-simplex by an
outward-pointing normal vector as in the picture, and similarly to (a) the expression dy/(3)
for w € CP(S) and a (p + 1)-simplex B adds up the outward-pointing values of Y at the
boundary of 8 — so in the picture we have dy() = —3+2+ 1+ 1 = 1. To interpret this
number geometrically, imagine again that y describes the direction and strength of a water
flow (in this case three-dimensional) in these normal directions. Then the number dy/(f3)
determines if there is a water source or sink inside f: In this case, we have a net flow of
water of strength 1 coming out of 3, so there must be a source of water inside 3. Interpreting
v as a vector field again, this number dy/(f3) corresponds to what is called in analysis the
divergence of the vector field. Adding this up again over an object ¢ made up from simplices,
the equation [ dy = [, v can therefore be understood as saying that to check if there is a
source of water within ¢ we have to compute the net water flow through its boundary. This
can be interpreted as a discrete version of the divergence theorem of Gauss.

Construction 5.6 (Pullbacks and the simplicial cochain functor). Note that the assignment of the
simplicial cochain complex CV(S) to a simplicial complex S is actually a (contravariant) functor
since it is the composition of the simplicial chain functor of Construction 2.9 with the dualization
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functor of Construction 5.2 (b). Hence, for a morphism f: S — T of simplicial complexes there is
an associated morphism of cochain complexes from C¥(T') to CV(S). In analogy to the pushforward
f«: C(S) — C(T) it is called the pullback by f and written as f*: CV(T) — CV(S). According to
the construction of the simplicial chain and dualization functors it is given by f*¢@ = @ o f,. € CP(S)
forall ¢ € CP(T), i.e. on p-simplices [io,...,i,] € S by

(f*@)lio, - ip] = @([f (o), -, f(ip)]) € K.

Hence, intuitively it is just given by composition with f. Let us give two examples:

(a) If S is a subcomplex of a simplicial complex 7', the pullback by the inclusion morphism is
just the restriction C?(T) — CP(S), ¢ — @[s := @|c,(s) of linear maps C,(T) — K to linear
maps C,(S) — K.

(b) As a concrete example, the picture below shows the pullback f*¢ of a 1-cocycle ¢ for
the “vertical projection morphism” f of simplicial complexes given by f(3i+ j) = j for
i€{0,1} and j € {1,2,3} (where the black numbers are the labels of the vertices and the
gray numbers are the values of the cocycles on the edges).

4 5 6
3 1
S o 3 |o ¥~1|o ! 1*—§—£F—j—i T
1 2 3
3 1
o eCl(s) @ cC(T)

After having understood the geometric meaning of simplicial cochain complexes in detail, let us now
come back to cochain complexes in general. Of course, we also want to consider their homology,
which in accordance with the language of Construction 5.2 will be called cohomology.

Construction 5.7 (Cohomology of cochain complexes).

(a) For a cochain complex C = ((C?) ez, (dp)pez) as in Construction 5.2 (a), its p-th cohomol-
ogy group is defined as the vector space

HP(C) :==kerd,/imd,_,

as in Definition 2.15, and its dimension b”(C) := dimH?”(C) will be called the p-th Betti
number of C. In the same way as in Definition 4.4, the cochain complex C is called exact if
all these cohomology groups are trivial, i. e. if kerd, = imd,_; for all p € Z.

(b) For a simplicial complex S, the simplicial cohomology of S is defined to be the cohomology
of its simplicial cochain complex CV(S) of Construction 5.3, i. €. we set H? (S) := H? (CV(S))
for all p € Z. As usual, if we want to indicate the ground field in the notation we will write
itas H?(S,K) = H?(CY(S,K)).

Remark 5.8. Note that apart from the labeling of its entries a cochain complex is really just the
same as a chain complex, and cohomology is just the same as homology. In particular, all results
that we have obtained for chain complexes and their homology hold in our new setting as well:

(a) Cohomology H” is a functor Ch" — Vect for all p € Z as in Lemma 2.17. In particular, the
simplicial cohomology groups are contravariant functors Simp — Vect, so for a morphism
f1 S — T the pullback maps f*: C?(T) — CP(S) of Construction 5.6 are also well-defined
on simplicial cohomology as maps f*: H?(T) — HP(S).

(b) If all cohomology groups of a cochain complex C are finite-dimensional with almost all of
them being 0, there is an Euler characteristic %(C) =Y. ,cz(—1)” b”(C) as in Definition 2.24,

and if the same holds for C? as well we can compute it by ¥ (C) =¥ ,cz(—1)” dimC” as in
Lemma 2.25.
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(c) Cochain homotopies can be defined in the same way as in Definition 3.1 (now lowering the
index by 1 instead of raising it), and the existence of such a cochain homotopy between two
morphisms of cochain complexes implies that they induce the same map on cohomology as
in Proposition 3.3.

(d) Any short exact sequence of cochain complexes gives rise to a long exact sequence in coho-
mology as in Proposition 4.8, and this assignment is functorial as in Construction 4.10.

In fact, at least in the simplicial case it is also immediate to see that all Betti numbers remain invariant
under dualization:

Lemma 5.9 (Invariance of Betti numbers under dualization). For any chain complex C consisting
only of finite-dimensional vector spaces we have b” (C") = b,(C) for all p € Z.

Proof. For a given p € Z the relevant parts of the (co-)chain complexes C and CV are

9 X oy Y
e Cpt Ry T Cpeg - and e O O RO
Now by Remark 5.1 (d) we have dimC, = dimCp, and rkd,’ = rkdj, as well as 1kd,, | = rkdp11
since transposed matrices have the same rank. Hence by the dimension formula for linear maps we
obtain
dimH?(C") = dimkerd,/, | —rkd,
= dimC; —rk ;/+1 —rkapv
=dimC, —rkdy;1 —1kd,
= dimkerd, —rkdp1
=dimH,(C). O
Remark 5.10.

(a) In particular, it follows from Lemma 5.9 that dimH”(S) = dimH,(S) = b,(S) for any sim-
plicial complex S and p € Z.

(b) Another easy consequence of Lemma 5.9 is that the dual of an exact sequence of finite-di-
mensional vector spaces (or chain complexes consisting of finite-dimensional vector spaces)
is again exact, since exactness just means that the Betti numbers are zero. For example, for
simplicial complexes S and T we obtain a dual exact simplicial Mayer-Vietoris sequence in
cohomology

0 —— CY(SUT) —— CY(S)xCY(T) —— CY(SNT) —— 0
by dualizing Example 4.7.

Example 5.11. Remark 5.10 (a) means that we can detect holes in simplicial complexes using
cohomology in the same way as with homology. But we have seen that the coboundary maps in
cohomology look completely different from the boundary maps in homology. So let us quickly
show geometrically why cocycles modulo coboundaries detect holes as well — which is probably less
intuitive than considering cycles modulo boundaries. In fact, the following argument in simplicial
cohomology is already a discrete version of the analytic method described in the introduction to these
notes, as “functions satisfying some integrability conditions modulo functions that are derivatives”.

Let S be the simplicial annulus shown below on the left, which has first Betti number b;(S) = 1 by
Construction 4.14 (b) due to its hole in the middle. To detect this hole using cohomology, consider
the 1-cochain ¢ € C'(S) shown in the picture (where the value of ¢ on all unmarked edges is zero).
Note first of all that it is actually a cocycle, i. e. that d¢ = 0: We could either check this by directly
computing its coboundary using the formula of Construction 5.3, or — probably easier — by seeing
that in the interesting right half of the annulus it is of the form ¢ = dy for the 0-cochain y shown
in the picture on the right, implying that d@ = d”>y = 0 there. In the spirit of Example 5.4 this just
means that ¢ describes the elevation gain along the edges for the elevation function y.
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0 0 0

0 0 0 0
@ €C(S) v € CO(S) withdy = ¢

However, this construction does not work globally due to the hole of S: To construct a global eleva-
tion function y whose elevation gain along edges is @, the only possibility is the function y shown
in the right picture, and this function would not be well-defined on S as the part cut out in the picture
cannot be filled in consistently. In other words, the elevation gain function ¢ would require us to
have an elevation profile in which we pick up a non-trivial elevation gain when going around the
hole of the annulus, which is not possible. Hence, the cocycle ¢ is a non-zero element of H'(S), and
thus a generator since b (S) = 1.

Hence, we can say that the cocycle @ is a coboundary locally, but not globally — which is exactly the
discrete version of a function satisfying a local integrability condition d¢ = 0, yet not being a global
“derivative” of the form ¢ = dy.

As you might imagine, the statement of Lemma 5.9 (and also its consequences such as duals of exact
sequences being exact in Remark 5.10 (b)) are absolutely crucial for homology and cohomology to
interplay well, and thus for the rest of these notes. Unfortunately, there is a small technical issue here:
We have used dimension arguments to prove Lemma 5.9, but starting from the next chapter most of
the vector spaces in our chain complexes will actually consist of (highly) infinite-dimensional vector
spaces — although usually their homology still has finite dimension. Hence, we need a replacement
for the proof of this lemma that works in this more general situation as well. To prepare for this,
let us first recall some properties of general (i. e. possibly infinite-dimensional) vector spaces from
linear algebra to make sure that we are all on the same page.

Remark 5.12 (Infinite-dimensional linear algebra). Let V be vector space, possibly infinite-dimen-
sional. The following statements should all be well-known for finite-dimensional vector spaces; for
proofs in the general case see e. g. [R]. The main guideline is that linear combinations of vectors in
V are always finite by definition (after all, infinite sums would require some notion of convergence,
which is not available for arbitrary ground fields). So, for example, by definition a family of vectors
in V is a basis if and only if every element of V is a linear combination of finitely many vectors of
the family in a unique way.

(a) Every linearly independent family of vectors in V can be extended to a basis of V, so in
particular V always has a basis — although the proof of this statement in the infinite-dimen-
sional case uses the Axiom of Choice and is thus not constructive. In other words, while
there are some infinite-dimensional vector spaces with known bases (e. g. the vector space of
polynomials in a variable x with basis (x*)cw), there is in general no algorithm to compute
a basis.

(b) A linear map from V to another vector space W can be constructed by picking a basis of V
and specifying arbitrary image vectors in W for it; by linear extension there will then always
be a unique linear map V — W realizing these values on the basis. This implies that every
linear map U — W on a subspace U of V to another vector space W can be extended to a
linear map V — W, by extending a basis of U to one of V and setting the map to O on the
additional basis vectors.

(c) The dimension dimV of V is well-defined as a cardinality, so e.g. a vector space with a
countable basis cannot be isomorphic to a vector space with an uncountable basis.
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Note that all statements of Remark 5.12 are of the form that infinite-dimensional vector spaces
behave to a large extent just like one would expect from the finite-dimensional case. There is one big
difference however regarding dualization (which is why this topic comes up in the current chapter):
In contrast to Remark 5.1 (d), the dual VV of an infinite-dimensional vector space V is no longer
isomorphic to V. In fact, it never is; one can show that its dimension is always larger than that of V
in the sense of cardinality as in Remark 5.12 (c). (In case you have been exposed to some functional
analysis and are surprised about this statement, let me clarify that we are talking about the algebraic
dual VV of all linear functions on V here — although we are discussing topology, the vector spaces
used for homology will actually never carry a norm or topology, so there is no notion of a continuous
dual of all continuous linear functions.) We will not need this general statement in these notes, but
it should warn us that the process of dualizing is not quite as harmless as it might have seemed in
this chapter so far. To illustrate this fact let us consider one example here that will show up again in
Corollary 16.5.

Example 5.13 (Dualizing infinite-dimensional vector spaces). Let V be a real vector space with
a countably infinite basis (v )reny. By Remark 5.12 (b) the elements of VY are uniquely given by
specifying arbitrary values on these basis elements, so
VY2 {()ken 1 € RY

is just the space of all real sequences (where x; denotes the value of the element of V" on vy for all
k € N). We claim that this space V" does not have a countable basis, so that it cannot be isomorphic
to V by Remark 5.12 (c). To see this, it suffices to prove that the uncountable family (¢;),cg in V'
given by

(PZ = (Zk)kGN = (Z07Z1 7Z27 .. )
is linearly independent. So let Ay,...,A, € R for n € N and zj,...,z, € R be distinct with
Y 49, =0e VY. Looking only at the first n — 1 components of this equation gives

n
Y Mz fori=0,...,n—1. (%)
k=1

But this is an n x n linear system of equations for the variables A,...,A, with coefficient matrix
(z4)1<k<n,0<1<n—1. This matrix is known as a Vandermonde matrix, and it is a standard linear algebra
result that it is invertible. Hence, the system (x) has only the trivial solution A} = --- = 4, =0,
showing that (¢,),cr is an uncountable linearly independent family in V", and thus that V" is not
isomorphic to V.

Fortunately however, dualization still behaves well with respect to homology, so that we obtain the
following result analogous to Lemma 5.9.

Proposition 5.14. Let A —f> B -%5 C be two linear maps of vector spaces, with corresponding dual

v v
maps C¥ £ BY L2 AV, Then:
(a) ker(f¥)={@ € BY : @|ims =0}.
(b) im(g¥) ={@ € B" : @|xerg =0}
(c) If go f =0 (and thus also ¥ og" = 0) there is a natural isomorphism
ker(f")/im(g") = (kerg/im f)".
Proof.
(a) This follows directly from the definition:
ker(f') ={@€B”:@of =0} ={p€B": ¢lms =0}.
(b) We need to show that
im(g") = {p € B : ¢ = wog for some y € C'} < {¢ €BY: @lkerg = 0}.
“C” is obvious since any function of the form y o g vanishes on kerg.
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“D”: Let @ € BY with @lierg = 0. We want to find y € C¥ such Py

that ¢ = y o g to make the diagram on the right commutative. First B ——— K
define W on img: For any y € img with y = g(x) set y(y) := ¢(x); \ /
this is actually well-defined since picking a different inverse image 8 y
of y would change x by an element of ker g, on which ¢ is zero. ¢

Hence we already have the required equation y(g(x)) = @(x) for all x € B. By Remark
5.12 (b) we can now extend Yy — which so far is only defined on img — to a linear function
on all of C.

Let us start with with the natural map BY — (kerg)V that just restricts a linear function
on B to one on kerg C B. In the hope that it does not confuse you we will now restrict
this restriction map to the subspace ker(f¥) C BY; by (a) the resulting linear functions in
(kerg)" will then vanish on im f and can thus be considered as well-defined functions in
(kerg/im f)Y. We have thus obtained a natural linear map

®: ker(fY) — (kerg/imf)"
and want to study its image and kernel:

e @ is surjective: Any linear function in (kerg/im f)V comes (by composition with
the quotient map) from a linear function in (kerg)" that is zero on im f, hence by
extension as in Remark 5.12 (b) from a linear function in B that is zero on im f. By
(a), this is just an element of ker(f").

e The kernel of ® consists of all linear functions that are zero on kerg, which by (b) is
justim(g").
The statement thus follows from the homomorphism theorem applied to . U

Remark 5.15.

(a)

(b)

©

Applying Proposition 5.14 (c) to the linear maps in a chain complex C and its dual cochain
complex CV, we see that

HP(CY) = (Hy(C))",
i.e. that “(co-)homology commutes with dualization”. This reproves Lemma 5.9 and
establishes it also in the case when the vector spaces C), are infinite-dimensional. If
the homology groups are infinite-dimensional as well, note however that the statement

dimH?(CV) = dimH,(C) is still correct in the sense that both dimensions are infinite, but
that in this case H” (C") is not isomorphic to H,(C) by Example 5.13.

As in Remark 5.10 (b), Proposition 5.14 (c) clearly implies that the dual of any exact se-
quence of vector spaces or chain complexes is still exact.

Actually, even in the finite-dimensional case Proposition 5.14 (c) is stronger than Lemma
5.9 as it is not just a dimension statement, but also establishes H?(C") as canonically dual
to H?(C). Hence, the pairing of Remark 5.1 (b) also works between H?(C") and H,(C)
for all p € Z, so e. g. the “integral” [, ¢ of Example 5.4 is well-defined for (co-)homology
classes ¢ € H,(S) and y € H?(S) of a simplicial complex S and p € Z as well. Moreover,
by Remark 5.1 (d) for any finite basis of H,(C) there is an associated dual basis of H?(C").

Example 5.16. Let S be a simplicial torus as in Example 1.17 (d). We have already computed its
homology in Example 2.27 and found out that b; (S) = 2, with a basis of H;(S) given by a horizontal
circle ¢; and vertical circle ¢, as drawn in bold in the pictures below.

In the picture we have also drawn two 1-cochains ¢; and ¢, constructed in a similar way to Example
5.11, and with their values again given by the gray numbers and arrows. We claim that this is in fact
the dual basis to c¢1 and ¢, in H'(S) in the sense of Remark 5.15 (c):

It is checked immediately that dg; = d@, = 0.

We have [, @1 = [, ¢ = 1: Forboth i € {1,2} the cycle ¢; and the cocycle ¢; have exactly
one edge in common, and they both have multiplicity 1 on it.
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e In contrast, ¢ has no edge in common with ¢,, so fCI ¢, = 0. In the same way, we obtain
sz Q1 = 0.

Hence, ¢; and ¢, form the dual basis to ¢; and ¢; — note again as in Example 5.11 that they look
completely different although they describe the same topological properties of the torus.

12 3¢ 1 23 1
1 ) (&)
7L/ 7 1178 9l 7
c1 € Ci(S) 1 1 c € C(S)
prcCl(s) 4 4 4 5 6 4 @ €C(S)
1] 1/ 1 1
: ) | 1 | 1
I " 1 1 2 3 1

Exercise 5.17. Consider the simplicial sphere $* for the set 4 := {0,1,2,3,4}.
(a) Let
0 =100,1,2]Y+[0,1,4]Y —1[0,2,3]V +[0,3,4]" € C*(s%),

where [ig,i1,i>]" denotes the unique linear form C,(S%) — K with value 1 on [ig, i1,i>] and 0
on all [j(),jl,jz] with {jo,jl,jz} #* {io,i],iz}.
Show that there exists a cochain y € C'(5%) with dy = ¢.

(b) For a 3-cochain ¢ € C3(5%), show that there exists a cochain y € C?($%) with dy = ¢ if and
only if [511 234 ¢ =0.
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Singular Homology

6. The Construction of Singular Homology

In the last chapters we have studied simplicial complexes in detail from a topological point of view.
It is certainly not obvious however that the properties of simplicial homology that we obtained
are actually topological in the sense that two simplicial complexes with homeomorphic topological
realizations have isomorphic homology groups. In fact, although this statement is true it would be
very hard to prove it using simplicial methods since the combinatorics of such simplicial complexes
can be completely different.

Instead, it turns out to be easier to prove this statement by constructing an entirely new homology
theory called singular homology that is visibly topological, and then showing that singular homol-
ogy actually coincides with simplicial homology when both are defined. This has the additional
advantage that it also generalizes our old theory substantially since it is applicable to all topolog-
ical spaces, and not just to topological spaces obtained from realizations of simplicial complexes.
Most notably, this will then also construct homology groups of topological spaces that are not nec-
essarily compact. It should be said clearly however that the spirit of singular homology is still the
study of topological spaces that can be glued from nice pieces of R” with the standard topology — so
while you are able to apply singular homology to completely arbitrary topological spaces with weird
topologies, this is not likely to give you anything useful.

It is the goal of the second part of these notes up to Chapter 9 to construct singular homology, show
its properties, compare it to simplicial homology, and study several of its applications.

The idea to construct the singular homology of a topological space X is to replace abstract simplices
by geometric simplices that are mapped continuously to X. For example, consider the “loop around
an annulus” from the introduction to Chapter 2 whose simplicial version is shown again in the
picture below on the left. In the singular setting in the right picture, the space X is now an actual
annulus without a simplicial structure, and the 1-cycle in the picture is now a continuous map from
an interval to X (of which we have only drawn its image in X). Note that in this 1-dimensional
case this is the same approach as for the construction of the fundamental group [G3, Chapter 7].
In particular, the map to X really does not have to satisfy any other condition besides continuity,
so it need not be injective or “smooth” in any way — which by the way is the reason for the name
“singular homology”. In contrast to the construction of the fundamental group however, as in the
simplicial case the equivalence relation on singular 1-cycles will now be given by boundaries of
2-chains instead of homotopy, and we do not require the loops to be anchored at a given base point
of X.

simplicial homology singular homology
(of a simplicial complex) s (of a topological space)

To construct p-dimensional singular chains, we will of course just consider continuous maps from
a geometric p-simplex to X. As these maps are arbitrary, we can choose a fixed p-simplex here
in the same way as one considers continuous maps from the unit interval when constructing the
fundamental group. With the background of Proposition 4.25, it is customary to work with ordered
instead of oriented simplices here as they are simpler from an algebraic point of view.

09
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Notation 6.1 (Standard simplices). For p € N, we call A? := (0,...,p) the (ordered) standard
p-simplex with standard geometric realization

as in Construction 1.12 (a).

(4] (X

. +=

e €0
|A°] ATl |A%]

Definition 6.2 (Singular simplices and chains). Let X be a topological space, and let p € N.
(a) A singular p-simplex in X is a continuous map o: |[A?| — X.

(b) We denote by C,,(X) the vector space with basis given by all singular p-simplices in X. The
elements of C,(X) are called singular p-chains in X.

As in the simplicial case, we set C,(X) = 0 for p € Z, and write C,(X,K) for C,(X) if we want
to indicate the dependence on the ground field K.

Remark 6.3.

(a) To keep the notations concise, we have chosen to denote the groups C,,(X) of singular chains
of a topological space X by the same letter as the groups C,(S) of simplicial chains of a
simplicial complex S in Definition 2.2. This should not lead to any confusion as the type of
space in the brackets always indicates which chains are meant.

(b) Note that C,(X) is almost always highly infinite-dimensional, so it is next to impossible
to do any explicit computations with it. In order to work with these spaces, it is therefore
much more important than in the simplicial case to establish their general properties such as
a homotopy invariance and the Mayer-Vietoris sequence. We will do this in the current and
the next chapter.

(c) Although we will usually visualize a singular simplex o: |AP| — X by drawing its image
o (JAP|) C X, it is important to realize that the singular simplex is actually the map itself and
not just its image as a subset of X. In particular, a reparametrization of ¢ by precomposing it
with a non-trivial homeomorphism of |AP| will give rise to a different singular simplex (see
however Exercise 6.17). As we are considering ordered instead of oriented simplices, this
also applies if the homeomorphism is only a relabeling of the vertices. Also, note that even
if o: |A”| — X is a constant map it is a perfectly valid and non-trivial singular p-simplex
that cannot be neglected in computations.

It is often useful however to allow singular simplices whose source is an ordered simplex
other than A”:

Construction 6.4 (Singular simplices with arbitrary domains). Let X be a topological space, and
let a = (ip,...,ip) be an abstract ordered p-simplex. Then we will consider any continuous map
o: |a| = X with |o| := |{ip,...,ip}| as a singular p-simplex in X by precomposing it with the
unique affine-linear map |A?| — || that sends e to ¢;, forall k=0, ..., p. Note that this affine-linear
map is a homeomorphism if all vertices of o are distinct. Otherwise, the dimension of the geometric
simplex |a]| is strictly less than p, but by precomposing ¢ with the map |A”| — |ot| we still get a
singular p-simplex.

By Remark 6.3 (c), this construction depends on the ordering (and not just the orientation) of . For
simplicity, we will not indicate this dependence in the notation.
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In fact, especially with our strong background in simplicial geometry that we have by now it is much
more natural to not fix the domain of singular simplices to be |A?|, but rather allow continuous maps
0 |a| — X for an arbitrary ordered simplex o as above. Consequently, in what follows we will
always write singular simplices in this form, using the construction above. The only reason why we
did not do so in the first place in Definition 6.2 is a very subtle set-theoretic one: Allowing maps
o: |a] — X for an arbitrary ordered simplex o (hence in particular for an arbitrary underlying set
for @) as a basis for C,,(X) would require us to talk about the set of all sets, which unfortunately
does not exist due to Russell’s paradox [G1, Remark 1.13].

Having settled this issue, it is now completely straightforward to construct boundary maps for sin-
gular simplices, and thus singular homology as in Chapter 2:

Construction 6.5 (Boundary map for singular chains). Let X be a topological space.

(a) For any singular simplex o: |@| — X as in Construction 6.4 and any ordered simplex f3
in D%, i.e. with B C « as sets and thus || C |a|, we set o|g := o|g: |B] — X. (In our
applications, 8 will always be obtained from ¢ by leaving out some vertices and keeping the
order of the remaining vertices, but we do not require this to be the case.) By linearity, we
extend this construction to obtain a restriction map Cl‘;‘d(D“) — Cp(X), c— 0Ol

(b) For p > 0, the boundary of a singular p-simplex o: || — X for an ordered p-simplex

o = (ip, . ..,ip) as in Construction 6.4 is the singular (p — 1)-chain
p
._ 25 k R
o= s E el

Again, we extend this to linear boundary maps d: C,(X) — C,_1(X), and set this map to
zero if p < 0. Note that for this extension we need Remark 5.12 (b) stating that specifying a
linear map on a basis also works for infinite-dimensional vector spaces.

(c) Following Definition 2.5 (b), a singular chain in the kernel of the boundary map is called
closed or a cycle, and a singular chain in its image is called a boundary.

Example 6.6. The picture on the right shows the singular analogue of Examples
2.4 and 2.7: The paths o7 and o, are (the images of) two singular 1-simplices
in a topological space X, where the arrows indicate the order of their vertices.
If we form from this the singular 1-chain ¢ = 0] + 0, € C;(X), its boundary is
dc=213— 11 — T € Cy(X), where 1, for i € {1,2,3} denotes the map that sends
the only point of a geometric 0-simplex to the corresponding marked point in the
picture.

B

Remark 6.7. Let 6: |a| — X be a singular simplex in a topological space X.

(a) Itis obvious that (6|g)|y = oy, whenever y C 8 C «.
(b) By construction, it follows immediately from Lemma 2.12 (in its ordered version, see Con-
struction 4.23) that
926 = 36]9e 2 ]2, = 0.

Hence, the singular chain groups of Definition 6.2 with the boundary maps of Construction
6.5 (b) form a chain complex C(X). We call it the singular chain complex of X.

Definition 6.8 (Singular homology). Let X be a topological space. For any p € Z, the p-th singular
homology group H,(X) is defined to be the p-th homology group H,(C(X)) := H,(C(X,K)) of the
singular chain complex C(X) of X. The corresponding Betti numbers are called the Betti numbers
of X and denoted by

by(X) :=by(X,K) = dimH,(X,K) €NU{so}.



60 Andreas Gathmann

Construction 6.9 (Pushforwards and the singular chain functor). In the same way as for simplicial
homology in Construction 2.9 and Notation 2.19, we can make the assignment of the singular chain
complex C(X) to a topological space X into a functor by constructing a singular pushforward map
f+ to any continuous map f: X — Y between two topological spaces X and Y. In fact, the idea
for its construction is the same as well, namely just a composition with f: For a singular simplex
o: |a] — X with a an ordered p-simplex, we set

fxo:=foo: |a| >7Y. (%)

It is clear that this can be extended to linear maps fi.: C,(X) — C,(Y) for all p € Z by linearity,
giving a morphism of chain complexes fi: C(X) — C(Y), and that this makes the construction of
singular chains into a functor Top — Ch. Composing with the homology functor of Lemma 2.17,
we thus see that taking the p-th singular homology group H,(X) of a topological space X is a
functor Top — Vect for all p € Z as well, i.e. that the pushforward is also well-defined as a map
f«: Hy(X) — H,(X) on homology. In particular, this means that homeomorphic topological spaces
indeed have naturally isomorphic singular homology groups — which was one of the goals of our
new homology theory.

Intuitively, the formula (x) just means that the pushforward is obtained by taking images under f.
Consider for example the radial projection f from the annulus X to its outer circle Y in the picture
below. In this case, the pushforward of the singular simplex ¢ € H;(X) describing a path around the
annulus is just a path f,6 € H;(Y) running once around the circle.

(o f«o

Remark 6.10 (First properties of singular homology). Let X be a topological space. The following
properties of simplicial homology carry over with essentially the same proof to the singular setting:

(a) If X has finitely many path-connected components Xi,...,X,, we have as in Lemma 2.21
Hp(X) = Hp(X1) X -+ X Hp(Xn)

since every singular simplex must lie in one component, and its boundary will then be in the
same component.

(b) A singular O-simplex in X is just a map from a geometric O-simplex (i.e. a point) to X,
which we can identify with its image point. As in Lemma 2.22, for X # 0 there is thus a
well-defined surjective degree map deg: Hyo(X) — K sending each such point in X to 1, and
this is an isomorphism if X is path-connected since then the difference of any two points is
the boundary of a path (i. e. of a singular 1-simplex), and hence zero in homology.

(c) Consequently, if X has finitely many path-connected components, their number is equal to
bo(X) as in Corollary 2.23. However, if X has infinitely many path-connected components
(such as e. g. for X = Z) then by(X) will be infinite — showing in contrast to the simplicial
situation that Betti numbers no longer need to be finite. This also means that we cannot
immediately write down Euler characteristic computations unless we know beforehand that
the numbers involved in it are finite.

(d) If X is the topological space with exactly one point, there is exactly one singular p-simplex
in X for any p € N, namely the constant map. Hence, the singular chain complex C(X) is
exactly the same as in Example 4.24, showing that the singular homology of X is trivial: We

have
1 if p=0,
bp(X) = .
0 if p#£0.
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As already mentioned, one of our main next goals is to show that, for any simplicial complex S, the
singular homology groups of |S| are indeed naturally isomorphic to the simplicial homology groups
for of § — as one would hope (see Proposition 8.1). We will need several preparations before we can
actually show this, but it is already obvious now that there is a natural map between the two theories
by reinterpreting an ordered simplex in a simplicial complex as a singular simplex in its topological
realization:

Construction 6.11 (Singular from simplicial homology). Let S be a simplicial complex with stan-
dard geometric realization |S|. Note that any ordered p-simplex « in S gives rise to a singular
p-simplex
pla): |o| — ]

in |S|, which is just the inclusion map. Extending by linearity, we thus obtain a linear map
p: Cgrd(S) — Cp(]S]), which commutes with the boundary maps since Definition 2.5 and Construc-
tion 6.5 are clearly compatible. Hence, p: C(S) — C(|S|) is a morphism of chain complexes;
we will call it the topological realization morphism. By Lemma 2.17 it gives rise to linear maps
H I‘,’rd (S) — H,(|S]) between the homology groups. As we have seen already in Proposition 4.25 that
ordered simplicial homology agrees with ordinary simplicial homology, we can also interpret this as
natural linear maps H,(S) — H,(|S|).

Moreover, it is checked immediately that this construction commutes with morphisms, i.e. that a
morphism f: S — T of simplicial complexes gives rise to a commutative diagram

HE'(S) —— Hy(IS])

| |

HY(T) —— Hy(|T)),

in which the vertical maps are the (ordered) simplicial and singular pushforwards by f and |f
respectively.

s

Note that the map p only uses the structure of | S| as a topological space, so that we can in fact use any
geometric realization r: V(S) — W as in Construction 1.13 to define it. Actually, the construction
even works for an arbitrary map r to give a morphism of chain complexes from C(S) to C(r(S)), or
to C(X) for any other topological space X that contains r(S). We will use this in the following for
prisms P(S) as in Definition 3.7 to consider p as a morphism from C(P(S)) to C(|S| x [0, 1]) instead
of to C(|P(S)]), choosing the map r that sends a vertex i to (e;,0) and i’ to (e;,1) for i € V(S). As
we had mentioned in Construction 3.6, this is in fact a geometric realization of the prism P(S), but
we did not bother to prove this since as remarked above the definition of p also works without this
assertion.

Construction 6.11 allows us already to carry over results from the simplicial to the singular world.
Let us do this for the homotopy theory of Chapter 3 to derive that homotopic continuous maps
between topological spaces induce the same maps on singular homology — using the corresponding
statement in the simplicial setting of Lemma 3.8.

A visualization of this situation is given in the picture below, where X = § ! is a circle, embedded as
the inner and outer boundary of an annulus Y by the two maps f,g: X — Y, respectively. Of course,
f and g are homotopic maps given by moving radially away from the center. Now let us consider
the singular 1-chain ¢ = 071 4+ 02 + 03 running once around the circle, made up from three singular
1-simplices defined on a geometric 1-simplex |a|.

Of course, due to f and g being homotopic the pushforwards f.c and g.c should now define the
same singular homology class in H;(Y). To prove this using our results from simplicial geometry,
we can proceed for each singular simplex o;: || — X in three steps:

e Consider the (simplicial) prism P(D%*) over D% (resp. over &) as in Construction 3.6 and
Definition 3.7. In the following picture, it is shown on the upper right.
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e Pass from the simplicial to the singular world by considering this prism as a topological
space rather than a simplicial complex, i. e. apply the map p from Construction 6.11.

e Map the prism (as a topological space) by the given homotopy between f and g continuously
to the space X, shown as the “curved prisms” on the bottom right of the picture.

You can see from the picture that the three curved prisms together form a singular 2-chain whose
boundary is g.c — fic, showing that the two pushforwards agree in homology.

In the following proof, the three steps above are clearly visible when constructing the required chain
homotopy between the singular homology groups.

— || | x [0, 1]
101762703 l
Ol
c g«C
03

Proposition 6.12 (Singular homotopies). Let f,g: X — Y be two homotopic maps between the topo-
logical spaces X and Y. Then the pushforwards f,. and g. from C(X) to C(Y) are chain homotopic.

In particular, by Proposition 3.3 these pushforwards induce the same map from H,(X) to H,(Y) for
all p € Z.

Proof. LetR: X x [0,1] — Y be a homotopy between f and g, so that R(-,0) = f and R(-,1) = g.
We will construct from this a chain homotopy #: C,(X) — Cp41(Y) between f; and g..

To do so, consider first for a fixed singular simplex 6: || — X and p € Z the composed linear map

. .
he: C(D%) — €3, (P(DY)) —E Cpra(la] x [0,1]) == Cpua(¥), (M

where £ is the simplicial prism map of Definition 3.7, p is the topological realization morphism of
the prism in | ¢t x [0, 1] as in Construction 6.11, and R? is the singular pushforward by the continuous
map R°: |o| x [0,1] = Y, (x,f) — R(o(x),t) as in Construction 6.9. We set h(0) := hs(0t), and
extend this by linearity to a linear map i: Cp(X) — Cpy1(Y).

Note that, if 8 is an ordered simplex with B C &, to construct (o |g) we can still use ¢ in the last
map of (1), i.e. we have i(c|g) = hs(B). This means that

h(d6) = h(0|se) = ho(d ). )
Now we know by (the ordered version of) Lemma 3.8 that / is a chain homotopy between f, and g.,
where f,g: D* — P(D%) are the inclusions of the bottom and top face, respectively, i. e. we have

doh+hod =g,—f. asmorphisms Co(D%) — Co(P(D%)).
Composing this with the morphisms p and R? (that commute with J) thus gives
dohg+hsod =R%°opog,—R%opof,

and applying this to « yields by (2) the desired relation

dh(o)+h(do) = g.0 — f.0. O
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Corollary 6.13 (Singular homology is a homotopy invariant). If f: X — Y is a homotopy equiva-
lence between two topological spaces X and Y, the pushforward f,: H,(X) — H,(Y) is an isomor-
phism for all p € Z.

Proof. Let g: Y — X be a homotopy inverse of f. Then go f: X — X and fog: Y — Y are homo-
topic to the identity, so (go f)x = g«o fi: C(X) = C(X) and (fog). = fuog«: C(Y) = C(Y) are
chain homotopic to the identity by 6.12. Hence, f.: C(X) — C(Y) is a chain homotopy equivalence,
and thus by Corollary 3.5 induces an isomorphism on homology. O

Example 6.14 (Singular homology of contractible spaces). By Corollary 6.13, any contractible
topological space X has the same Betti numbers as a one-pointed space, i. e. bo(X) = 1 with all other
Betti numbers being zero by Remark 6.10 (d).

For example, this applies to all star-shaped subsets X of R” for n € N, in particular to all geometric
simplices or to X = R" itself.

Exercise 6.15. Compute the singular homology of the following topological spaces:

(a) the rational numbers QQ (with the subspace topology of R);

(b) the space X,, of all positive definite symmetric real matrices of a given size n € Ny (with
the subspace topology of the space R™*" of all n x n-matrices).

Exercise 6.16. Let X C R” be a non-empty convex subspace with n € N. We have seen that there
is a linear degree map deg: Cy(X) — K mapping any singular O-simplex to 1 € K. Regarding K as
chain complex, where K is the only non-zero term and sits in degree 0, construct an explicit chain
homotopy showing that deg defines a chain homotopy equivalence C(X) — K.

Exercise 6.17 (Invariance of singular homology under reparametrizations). Let X be a topologi-
cal space. For all p € N and every singular simplex o: |[A”| — X we choose a homeomorphism
fo i |AP| — |AP| compatible with taking boundaries, i. e. such that the restriction of f to || for any

Show that the linear maps C,(X) — C,(X) for p € Z obtained by mapping any p-simplex o to &
induce isomorphisms in homology. This justifies that we usually only draw the image of singular
simplices in X when visualizing homology classes.

Exercise 6.18. In this exercise we will see why singular homology is constructed with simplices
and not with cubes.

A definition with cubes would be: For any topological space X and p € N, let CE (X) be the vector
space with basis given by all continuous maps o: [0, 1]? — X. We define a boundary map by

P
2:C,)(X)=>CL (X), 0~ Y (-1} (6ly=1 — Oly—0) forp>0,
i=1

where each face {x € [0,1]” : x; = a} for a € {0,1} is identified with [0, 1]?~!, keeping the order of
the remaining coordinates. Moreover, we construct a subdivision map

sd: CJ(X) = CH(X), o= Y olo,
0

where the sum is taken over all 27 subcubes Q C [0,1]? of side length % obtained by subdividing
each interval [0, 1] at its midpoint, and all these subcubes are rescaled to [0, 1]7, so that o|g € CE (X).

It is easy to check that this makes C™(X) into a chain complex and sd: CP(X) — C7(X) into a
morphism of chain complexes.

(a) Compute the “cubical homology of a point”, i.e. the Betti numbers of the chain complex
CP(X) for the topological space X with only one point.

(b) For an arbitrary non-empty topological space X and any ground field K, show that sd is never
chain homotopic to the identity.



64 Andreas Gathmann

7. The Mayer-Vietoris Sequence in Singular Homology

In simplicial geometry, one of the main tools both for computing and for proving general statements
on homology was clearly the Mayer-Vietoris sequence of Corollary 4.12. We therefore want to
investigate now if a corresponding result holds in singular homology as well, i. e. if for two subspaces
U and V of a topological space we have a long exact sequence

- — H,(UNV) — H,(U)x Hy(V) — H,(UUV) — H, ((UNV) — ---. (1)

As in simplicial geometry, we would expect this sequence to come from a short exact sequence of
singular chain complexes

0 —— C(UNV) — C(U)xC(V) — C(UUV) — 0, )

with morphisms constructed from the pushforwards by the various inclusions. However, there is a
big difference compared to the simplicial setting here: Whereas an abstract simplex in the union of
two simplicial complexes must always lie in one of these simplicial complexes, the corresponding
statement is no longer true in the singular setting as there will be singular simplices in U UV that
do not lie in U or V alone, such as ¢ in the picture below on the left. This means that the last map
C(U)xC(V)— C(UUYV) in (2) is no longer surjective. In other words, the sequence (2) fails to be
exact, so that we cannot use it to derive the long exact sequence (1) from it.

subdivide

Fortunately, it turns out however that the long exact sequence (1) still exists — we just have to adapt
our proof. The idea is that it should be possible — at least for open subsets U and V that overlap
a bit — to subdivide o fine enough so that each singular simplex in the subdivision lies in U or V,
restoring the exactness of (2). We have shown this situation on the right side of the picture, where
we took a double barycentric subdivision of ¢ and shaded the singular subsimplices of ¢ in dark or
light color depending on whether they lie in U or V.

It is the main goal of this chapter to prove these statements. Let us start by formalizing the observa-
tion that (2) would be exact — and hence we could derive the long exact sequence (1) from it — if we
could restrict our attention to singular simplices in U UV that lie completely in U or V.

Construction 7.1 (Singular chains on two open subsets). Let U and V be subsets of a topological
space X. For all p € Z we denote by C,,(U | V) the vector subspace generated by all singular simplices
o |a| = U UV whose image lies completely in U or in V. Note that the singular boundary map
sends C,(U|V) to C,—1(U|V), and hence we obtain a chain complex C(U |V) whose homology
groups we denote by H,(U | V). By construction, the sequence of chain complexes

0 —— CclUNV) — C(U)xC(V) —— C(U|V) —— 0
c —  (¢,—c¢)

(c,c) — c+c
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is then exact just as in Example 4.7, so that we obtain a long exact homology sequence
- — H,(UNV) — H,(U)xH,(V) — Hy(U|V) — H,_1(UNV) — -

by Proposition 4.8. Hence, to obtain the desired result we only have to show that the inclusion
morphism C(U | V) — C(U UV) induces an isomorphism in homology H,(U | V) — H,(U UV) for
all p € Z if U and V are open. As explained above, it is the main task of this chapter to prove this,
with an inverse morphism given by sufficiently fine subdivisions.

To study these singular subdivisions and show that they give rise to an isomorphism in homology,
let us first go back to simplicial geometry and construct a homotopy between a simplicial complex
and its barycentric subdivision. For this we need an alternative version of the prism of Construction
3.6.

Construction 7.2 (Subdivision prism construction). Let S be a simplicial complex. We want to
construct a simplicial complex Q(S) realizing the prism |S| x [0, 1] by taking S for the bottom face and
its barycentric subdivision Sd(S) for the top face. To do so, we connect every vertex ¢ € V(Sd(S))
to all subsets of & (considered as vertices of SA(S) in the top face) and all elements of & (considered
as vertices of S in the bottom face), i. e. we set

o(S) = {{i07...,ik,1,ak7...,ocp}:kgpand{io,...,ik,l}Cockc~--coc,,€S}.

The following picture on the left shows this construction for § = D{1:23},

As in our original prism construction, we do not need an exact proof that Q(S) realizes |S| x [0,1] as
we will just define the corresponding homotopy algebraically and thus also give an algebraic proof
that it works. For this we will proceed by induction on the dimension rather than writing down
an explicit formula as in Definition 3.7 (b) because Q(S) is a little more complicated than P(S) in
Construction 3.6. First define a “connecting to oo map” by, for any oriented simplex of Q(D%) by

ba[io,...,ik,l,ock,...,ocp] = [oc,io,...,ik,l,ak,...,ap],
extended to a linear map by : C,(Q(D%)) — Cp41(Q(D%)) for all p. Note that then
8ba[i0,...,ik_l,ab...,a,,} = [io,...,ik_l,ock,...,ocp] —ba(a[im...,ik_l,ock,...,oc,,])
by Definition 2.5 (a), so we have
dbg +bgd =id (1)

on C(Q(D%)). We can use this to define the subdivision map sd: C(S) — C(Sd(S)) (that intuitively
sends a simplex at the bottom of Q(S) to its subdivision at the top) inductively by sd([i]) := [{i}] for
a 0-simplex, and

sd(a) :=bg(sd(dax)) (2)
otherwise: To construct the subdivision of &, we subdivide its boundary and connect every simplex
in this subdivision of da to the barycenter. Let us also check inductively that sd is a morphism of

chain complexes, i.e. commutes with the boundary map: This is obvious in dimension 0, and for
o € Cy(S) with p > 0 we have

dsd(0t) 2 9bg (sd(da)) L sd(dar) — b (dsd(dar)) ™ sd(dr) — ba(sd(9%)) = sd(dax).  (3)

Finally, we have to construct our homotopy /: C,(S) — Cp,41(Q(S)) that assigns to every simplex
o € C(S) the prism over it. If you believe in the left picture above you may want to directly accept
the following Lemma 7.3 — which is just the algebraic version of the picture — without going through
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the following construction and computations. Otherwise, as shown in the other pictures above in the
case a = {1,2,3}, this prism can be assembled recursively from two components: a pyramid over
o with apex the vertex oo € V(Sd(S)) (as in the middle picture), and for every face of ¢ the prism
over it, connected again to o € V(Sd(S)) (as in the right picture). In formulas (and getting the signs
right) this means that we set i([i]) := [i,{i}] in dimension 0, and

h(a) := —bg(a+h(da)) 4
otherwise. Indeed, we can then check that / is a homotopy resp. prism map between the top and

bottom face, i.e. that dh(er) +h(dor) = sd(o) — a for all @ € C,(S): Again this is obvious for
p =0, and for p > 0 we have

oh(a) +h(da) L —dbg(a+h(da)) + h(dax)

D —h(da) +bo(do+Ih(da)) + h(dar)

= —a+bg(do+sd(da) —da — h(d*a)) (induction applied to dh(d o))
@ sd(a) — a.

Summarizing, we have thus shown the following statement analogous to Lemma 3.8:

Lemma 7.3 (Subdivision homotopy). Let S be a simplicial complex. With notations as in Construc-
tion 7.2, the prism map h is a homotopy between the top and bottom face maps of Q(S), i.e. we
have

doh+hod=g—f

as morphisms C(S) — C(Q(S)) of chain complexes, where f: C(S) — C(Q(S)), o+ o is the push-
forward by the bottom face inclusion and g: C(S) — C(Q(S)), o +— sd(a) subdivides a simplex and
embeds it in the top face.

As in Proposition 6.12, let us now push this homotopy to the singular setting by the topological real-
ization morphism, giving a homotopy between singular simplices and their barycentric subdivisions.
In fact, the proof of Proposition 7.5 below is almost identical to that of Proposition 6.12, just using
our new prism construction and forgetting about the given topological homotopy.

Construction 7.4 (Barycentric subdivision of singular simplices). Let 6: |@| — X be a singular
simplex in a topological space X, with & an ordered simplex as in Construction 6.4.

(a) As in Construction 6.5 (a), for every ordered simplex f in the barycentric subdivision of o
we have r(f3) C |a| for the barycentric realization r, and set &g := o|,g): r(B) — X. We

extend this by linearity to a restriction map Cgrd(Sd(DO‘)) —Cp(X), c— ol forall p € Z.
(b) We define the barycentric subdivision of ¢ to be sd(0) := Oly(q) as in (a), with sd()

defined in Construction 7.2. Again, by linearity we extend this to a singular subdivision map
sd: Cp(X) = C,(X) for all p € Z. Note that

6.5 (b) 2
95d(0) “=" 6ysu(@) = Olsaaa) =sd(90),

sosd: C(X) — C(X) is a morphism of chain complexes, and thus induces maps on homology
H,(X)— H,(X) by Lemma 2.17.

Proposition 7.5 (Singular subdivisions). For any topological space X, the subdivision morphism
sd: C(X) — C(X) of Construction 7.4 (b) is chain homotopic to the identity. In particular, by Propo-
sition 3.3 the corresponding maps sd: H,(X) — H,(X) on homology are the identity for all p € Z.

Proof. To construct a chain homotopy between sd and the identity, consider first for a fixed singular
simplex 6: |&| — X and p € Z the composed linear map

ot CUU(DY) —y €99, (0(D%) —2s il x [0,1]) =5 Cpn(Y), (D)
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where 7 is the ordered version of the simplicial homotopy of Construction 7.2, p is the topological
realization morphism of the prism in |a| % [0,1] as in Construction 6.11, and R? is the singular
pushforward by the continuous map R°: |e| x [0,1] — X, (x,¢) — &(x) as in Construction 6.9. We
set h(0) := hs () and extend this by linearity to a linear map i: C,(X) = Cpi1(X).

As in the proof of Proposition 6.12, if B is an ordered simplex with 8 C «, to construct i(c|g) we
can still use o in the last map of (1), i.e. we have h(c|g) = hs(B). Applying this to the boundary
faces of a;, we thus see that

h(dc) =h(0lsa) = hs(da). 2

Now we know by (the ordered version of) Lemma 7.3 that
doh+hod=g—f asmorphisms Co4(D%) — C(Q(D%)),

where f is the bottom face inclusion and § the top face subdivision map. Composing this with the
morphisms p and R? thus gives

dohs+hs0d =R°opog—Ropof,
and applying this to ¢ yields by (2) the desired equation
dh(c)+h(do) =g(o)— f(o). O

Remark 7.6. Assume that the topological space X in Proposition 7.5 is the union of two subspaces
U and V. Then the subdivision map sd as well as all other maps involved in (the proof of) the
proposition clearly map simplices in U or V again to simplices in U or V, respectively. Hence,
literally the same proof shows that sd is also chain homotopic to the identity as morphisms of chain
complexes C(U|V) — C(U |V), and thus induces the identity H,(U |V) — H,(U|V) for all p € Z
as well.

We have thus seen now that subdivisions of singular simplices do not affect homology. To carry
out our idea to establish the singular Mayer-Vietoris sequence, it therefore only remains to show that
sufficiently fine subdivisions of singular simplices in a union U UV of two open subsets U and V of a
topological space consist only of simplices in U or V. Again, let us start with a simplicial preparation
proving the geometrically obvious fact that repeated barycentric subdivisions of a geometric simplex
will lead to arbitrarily small subsimplices.

Lemma 7.7. Let S be a simplicial complex. For any € € R there is a number n € N such that every
edge of the n-fold barycentric subdivision Sd"(S) has length smaller than € (in its corresponding
barycentric subdivision, and with respect to any fixed norm).

Proof. For n € N and any vertex i € V(Sd"(S)) let us denote by r(i) € RV the position of this
vertex in its barycentric realization. Moreover, let

an :=max{||r(io) — r(i1)| : {io,i1} € SA"(S)}
the maximum length of an edge in Sd"(S) in this realization. To see what happens to this num-
ber when we pass from Sd”(S) to Sd"*!(S), consider any edge between two vertices of Sd"*! (),
which by Definition 1.20 we can write as {io,...,i;} and {io,...,i,} with 0 <1 < p for a p-simplex
{io,...,ip} € SA"(S). By Proposition 1.21 we then have
(o) +---+rlip) rlio)+---+r(i) & & rlin) =r(iy)

p—l—l [+1 j:()k:,+1m7

r({io, - ip}) — r({io, .. ir}) = -

and thus by taking norms

! 2 a —1 dimS

. . . . P p im
r(110,..-,1 —r(20,---,1 <§ E ! = a, < a, < — ay.
|| ({0 P}) ({0 l})” &5 l(l 1)( l) 1 n 1 n imsS 1 n

Hence, we obtain

dimS dimS \"
an+1 m , and thus by induction a, < <1m> aop.

< 2
= dims+1 = \dimS+1
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As this bound tends to O for n — oo, the result follows. O

Corollary 7.8. Let c € C,(U UV) be a singular p-chain for some p € N in the union of two open
subsets U and V of a topological space. Then for some n € N we have sd"(c) € C,(U|V), i.e. the
n-fold barycentric subdivision of ¢ contains only singular simplices lying entirely in U or V.

Proof. Tt suffices to consider a single singular simplex 6: || — U UV, since c¢ contains only finitely
many of such simplices, and we can take the maximum # needed for one of them.

Note that then the geometric simplex || is compact and covered by the two open subsets 6~ (U)
and o1 (V). It is a result from topology that in this situation there is an & € R (a so-called
Lebesgue number) such that any open e-ball in |¢t| (i.e. with any center point) lies entirely in
o' (U) or 671(V) [G3, Lemma 8.10]. By Lemma 7.7 applied to D% there is now a number n € N
such that the barycentric realization r(f3) C || of any simplex f in the n-fold subdivision of o has
all edge lengths smaller than €. Hence r(f) lies within a ball of radius less than €, and must therefore
be contained in 6~ (U) or 6~ (V); which means that &g lies in U or V. O

Corollary 7.9. Let U and V be open subsets of a topological space. Then for all p € 7 the
map H,(U|V) — H,(U UV) in homology induced by the inclusion morphism of chain complexes
C(U|V)— C(UUV) is an isomorphism.

Proof. We will show that the map is injective and surjective.

e Injectivity: Let ¢ € H,(U|V) with ¢ =0 € H,(UUYV), i.e. we have ¢ = d¢’ for a chain
¢ € Cp1(UUV). By Corollary 7.8 there is some n € N with sd"(¢’) € Cp41(U|V). Then
dsd"(¢’) = sd"(dc’) = sd"(c), so sd"(¢c) =0 € H,(U|V). By Remark 7.6 this means that
c=0eH,(U|V).

e Surjectivity: Let c € H,(UUYV), i.e. dc = 0. By Corollary 7.8 we have sd"(c) € H,(U | V).
It is mapped to sd"(c) € H,(U UV, which agrees with ¢ by Proposition 7.5. O

Corollary 7.10 (The singular Mayer-Vietoris homology sequence). For any two open subsets U and
V of a topological space, there is an exact Mayer-Vietoris sequence

- — H,(UNV) — H,(U)xH,(V) — H,(UUV) — H,_,(UNV) — ---.
Proof. This follows immediately by combining Construction 7.1 with Corollary 7.9. 0

Example 7.11 (Homology of a circle). As a simple concrete example, let us compute the singular
homology of a circle S! by writing it as S' = U UV as in the picture below, where U, V, and U NV
are drawn in black.

OO0

As U and V are contractible, their Betti numbers are

by(U) = by(V) = {1 rp =0

nv

0 ifp=#0

by Example 6.14. Moreover, U NV is a disjoint union of two two contractible spaces, hence by
Remark 6.10 (a) we have bo(UNV) =2 and b,(UNV) =0 for all p # 0. The Mayer-Vietoris
sequence of Corollary 7.10 thus splits for p > 1 as

Hy(U) x Hy(V) — Hy(S') — Hp. 1 (UNV),
—_——— —_———

=0 =0
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showing that in this case b,(S') = 0, and in its last part as
Hi(U) x H{(V) — Hi(S") — Hy(UNV) — Hy(U) x Ho(V) — Ho(S') — 0.
———— —— ————
=0 ~K?2 ~K?2

But S' is path-connected, so we have bo(S') = 1 by Remark 6.10 (b), and thus it also follows from
this sequence that b;(S') = 1 by Remark 4.5 (b).

Note that this is clearly what we would have expected from geometry: firstly, since S' is just the
topological realization of the simplicial 1-sphere §11.23} which has the same Betti numbers by
Example 2.26; and secondly, since S' has just one “one-dimensional hole”.

Remark 7.12. Due to the need for subdivisions to pass from C(U | V) to C(U UV) in Construction
7.1, the connecting map H,(UUV) — H,_;(UNYV) for p € Z in the singular Mayer-Vietoris ho-
mology sequence of Corollary 7.10 is a little more complicated than in the simplicial case: As in (1)
in the introduction to Chapter 4, the first step in this map is to write a closed chain ¢ € H,(U UV ) as
asum ¢ = ¢] + ¢ of two chains in U and V, respectively — but for singular chains, we will in general
need to apply a suitable subdivision first to make this splitting possible.

Clearly, we could go on now and use the Mayer-Vietoris sequence of Corollary 7.10 to compute
the singular homology of many other topological spaces. For example, it would be just as easy to
determine the singular homology of the other spheres S in the same way as well — to obtain the
same result as in the simplicial case in Example 3.13. However, our very next step will be to prove
that the simplicial homology of a simplicial complex always agrees with the singular homology of
its topological realization anyway. So let us not waste any time now with concrete examples and go
straight to the proof of this general statement in the next chapter, which will then immediately give
us the singular homology of most spaces we are interested in.

Exercise 7.13 (Relative homology). For any subset Y of a topological space X and p € N, let
Cp(X;Y) :==Cy(X)/Cp(Y). The boundary maps of C(X) descend to these quotients and make
C(X;Y) into a chain complex. The homology groups of this complex are called the relative ho-
mology groups of X and Y and denoted by H,(X;Y). Of course, by definition there is then a short
exact sequence of chain complexes

0—CY)—CX)—CX;Y)—0,
which induces a corresponding long exact sequence in homology.

Now let A C Y C X such that A is closed and Y is open in X. Show that the inclusion maps induce
isomorphisms on relative homology groups H,(X\A;Y\A) — H,(X;Y).

(Hint: It is useful to express C(X\A;Y\A) in terms of the complex C(U | V') for suitable U and V)

Exercise 7.14 (Local homology). Let X be a topological space and x € X such that {x} C X is
closed.

(a) Show that the relative homology groups H,(U;U\{x}) of Exercise 7.13, where U is any
open neighborhood of x, are independent of U. They are called the local homology groups
of X at x.

(b) Compute these local homology groups for the half-space X = {(xy,...,x,) € R" : x, > 0}
with n € Ny, and any x € X.
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8. Comparison of Simplicial and Singular Homology

Having introduced and studied both simplicial and singular homology, we are now ready to compare
these two theories. In this chapter, we will thus construct a way to pass from simplicial to singular
homology, and vice versa from singular to simplicial homology.

Going from the simplicial to the singular setting seems to be straightforward: Every simplicial com-
plex S has a topological realization |S| for which singular homology is defined, and we have already
seen in Construction 6.11 that there are natural topological realization morphisms H,(S) — H,(|S])
for all p € Z. We are going to show now that these maps are isomorphisms, i. e. that singular homol-
ogy agrees with simplicial homology in this sense. In fact, the idea behind this statement is quite
simple: We know already that both theories are trivial on simplicial disks and satisfy Mayer-Vietoris,
so they should just be the same by Mayer-Vietoris induction.

Unfortunately, as it happens quite often in topology, there are some technical complications with
this argument. Namely, the singular Mayer-Vietoris statement of Corollary 7.10 requires the two
subspaces to be open, but (the topological realizations of) simplicial subcomplexes are not. For
example, consider the picture below on the left, which is completely analogous to the situation in
the introduction to Chapter 7, but in which U and V are replaced by the topological realizations of
two simplicial complexes S and 7. In this case the topological realization of SN T is just a line, and
thus it is clear that no subdivision of a singular simplex covering both spaces can help us to make

each part of it lie in |S| or |T|.
"' Nrsur

J
Y

ISNT| Nsar/sur

standard m
7] neighborhoods v

N

From the picture, the obvious way around this problem seems to be to replace |S| and |T'| by open
neighborhoods, such as the standard neighborhoods Ng/sur and Nr/sur (see Proposition 1.24) in
the picture above on the right. However, we have to make sure of course that this does not change
the homology of these spaces, i.e. that |S| and |T'| are deformation retracts of these neighborhoods.
By Proposition 1.24 (b) this is guaranteed if all subcomplexes are full, which we can achieve by a
barycentric subdivision due to Lemma 1.23. Luckily, this barycentric subdivision changes neither
the simplicial nor the singular homology of our space, so that our argument finally works out. Let
us formulate this proof rigorously:

Proposition 8.1 (Singular homology of simplicial complexes). For any simplicial complex S, the
topological realization morphism of Construction 6.11 induces isomorphisms between the simplicial
homology H,(S) and the singular homology H,(|S|) for all p € Z.

Proof. We will prove the statement by Mayer- Vietoris induction as in Lemma 4.18. For a simplicial
disk D%, both homologies are trivial: the simplicial homology of D% by Example 3.12, and the
singular homology of [D%*| by Example 6.14.

For the induction step, let S and 7" be two simplicial complexes such that the statement of the propo-
sition holds for S, 7', and SN T. By replacing these simplicial complexes by their barycentric sub-
divisions (which changes neither their simplicial homology nor their topological realizations by
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Proposition 4.22 and Proposition 1.21), we can assume by Lemma 1.23 that SN T is a full subcom-
plex of S and T, and that S and T are full subcomplexes of SUT. On the singular homology side,
we can then replace ||, |T|, and |SNT| by their standard neighborhoods in [SUT| as in Proposition
1.24 as they are deformation retracts of these neighborhoods and thus have the same homology by
Corollary 6.13. Now consider the commutative diagram

0 —— CoY(SNT) ——— () x COYT) ———— Co4(SUT) ——— 0

l l l

0 —— C(Nsnr/sur) — C(Nssur) X C(Nyysur) — C(Ns/sur | Nrysur) — 0,
where the maps are as follows:

e The top row is just the simplicial short exact Mayer-Vietoris sequence of Example 4.7.

o The bottom row is the singular short exact Mayer-Vietoris sequence of Construction 7.1,
noting that Ng~r/sur = Ns/sur N Nr/sur by Exercise 1.26 (b).

o The columns are the topological realization morphisms of Construction 6.11, followed by the
pushforwards by the inclusions of |S|, |T|, and |[SNT| in their standard neighborhoods. On
the right side of the diagram, note that any ordered simplex in SUT actually maps to Ng/sur
or Ny /sur» s0 we can consider the vertical map as going to C(Ns/sur | Nr/sur) instead of

C(Ns/sur UNrsur)-

Let us now take the homology in this diagram as in Construction 4.10. In the top row we just get
the ordinary simplicial homology (strictly speaking in the ordered version, but this does not make
a difference by Proposition 4.25). In the bottom row we get the singular homology of the topo-
logical realizations (again, strictly speaking, in the right term we get H,(Ns/sur | Ny /sur) instead

of H,(Ns/sur UNr/sur) @ H,(|SUT]), but this does not make a difference by Corollary 7.9).

Hence, we obtain a commutative diagram with exact rows for all p € Z

Hy(SNT) —— Hy(S) x Hy(T) — H,(SUT) — H, |(SNT) —> H, |(S)x H, | (T)

l l l | l

Hp(ISNT]) — Hp(IS[) x Hp(IT|) — Hp(ISUT|) — Hp1(ISNT|) — Hp1(IS]) x Hp1(IT]).

As the outer four columns are isomorphisms are isomorphisms by the induction assumption, we
therefore conclude by the 5-Lemma 4.19 that the middle vertical map H,(SUT) — H,(|SUT|) is
an isomorphism as well. This finishes the induction step for the Mayer-Vietoris induction. g

Example 8.2.

(a) If Sand T are simplicial complexes with homeomorphic topological realizations |S| and |T|,
it follows from Proposition 8.1 that the simplicial homology groups H,(S) and H,(T) are
isomorphic for all p € Z. Note however that it is in general hard to write down an explicit
isomorphism without leaving the simplicial world.

(b) For an (n+ 1)-simplex «, the topological realization of the simplicial sphere S* is just the
topological n-sphere S". Our computation of the simplicial homology of §* in Example 3.13
thus tells us by Proposition 8.1 that the singular Betti numbers of the sphere S are

n 1 forp=0orp=n,
by (S )= .
0 otherwise.
Geometrically, this just means that $” has “one n-dimensional hole”.

(c) The complement R**!\ {0} of a point in R"*! is homotopy equivalent to S" for all n € N,
hence by (b) and Corollary 6.13 we also have

by(R™1\{0}) = {

1 forp=0orp=n,
0 otherwise.
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(d) By the calculation of Example 2.27, the non-zero singular Betti numbers of the torus S' x §'
are bo(S! x S') = by(S' x §') =1 and b1 (S' x S') = 2, with a basis of H;(S' x S') given by
circles in each of the two factors. Similarly, Example 2.28 gives the singular Betti numbers
of the real projective plane and shows that they depend on the chosen ground field.

Actually, to study some concrete examples with a little more interesting homology groups, let us
consider general projective spaces in more detail and start by quickly recalling their definition from
[G3, Construction 5.24] or [GS5, Definition 3.2]. Initially, this is a pure linear algebra construction
that works over any ground field, but to make projective spaces into topological spaces interesting
for our purposes we will consider them only over the real or complex numbers.

Construction 8.3 (Projective spaces). Let K=R or K= C, and let n € N. We define the projective

multiples of each other. In other words, we have
Py = (K" {0})/ ~
with the equivalence relation
(X0 -+, Xn) ~ (x0s---,X,) & x; = Ax} for some A € K* and all i.

The equivalence class of (xo,...,x,) in P} is usually denoted by (xo: ---:x,). We make P} into a

are:

(a) The subspaces U; := {(xo: ---:x,) € P} : x; # 0} for i = 0,...,n are homeomorphic to K"
by the map

X0 X Xn
U,‘—)K", (X()Z“'an)'—) < ey ,‘..,>,

Xi ’ Xi Xi
giving rise to an open cover P}, = UpU - - - UU, by n-dimensional K-vector spaces.

(b) Pk is compact, as it is the image of a compact sphere under the continuous map
{xe KO x| =1} = P, (x0,-.. %) = (x0% - 1X).

(c) Forn =1, we have Pﬁg =UpU{(0:1)}, so by (a) and (b) it is a compact space obtained from
K" by adding a single point. We can therefore think of IP’]%< as the one-point compactification
of K, adding a “point at infinity”. This makes P}, homeomorphic to RU {eo} = S! and P,
homeomorphic to C U {e0} = §2. It can be shown that Pﬂi is just the real projective plane
of Example 1.17 (d) [G5, Remark 3.6 (a)]; the other projective spaces for higher values
of n are new spaces that we have not met so far in this course. They do not come with a
natural embedding in a real vector space, but will be manifolds in the sense of Example
10.17 (a). To compute their homology, they could be written as topological realizations of
simplicial complexes, but this is not the easiest way to proceed. Instead, let us now use
singular Mayer-Vietoris for this purpose.

Example 8.4 (Homology of complex projective spaces). For projective spaces, the computation of
their singular homology is actually easier in the complex case than in the real case: Let us show

inductively that
1 for p=0,2,4,...,2n,
bp(Pe) = {

0 otherwise

for all n € N, with the case n = 0 being trivial since IP’?C is just a point. For the other cases, we will
use Mayer-Vietoris for the open subsets

U={(xp:-xy) €PE:x0#0} and V={(xo:-:x,) EPE: (x1,...,%,) #(0,...,0)},
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which clearly cover P{.. Note first that U is just C" by Construction 8.3 (a). In particular, U NV is
the complement of the origin in C" = R?", which deformation retracts to the sphere $>"~!. Finally,
by moving the 0-th coordinate to zero V deformation retracts to

{(0:xy:1xy) € PG 2 (21,-.0,2) # (0,...,0)} %]P’%_l,

for which we can assume the homology to be known by induction. In particular, all odd homology
of U and V vanishes, so the sequence of Corollary 7.10 splits into the parts

00— H2k+1 (P%) — Hgk(Szn_l) — sz((C") X sz(]P)%_l) — sz(P%) — Hgk_l (S2n—1) —0
for all k£ € N. From this we can get all the information we need:

e For k=0, the map Hy (S?"~') — Hy (C") x Hy(PE") is injective since $**~! is path-con-
nected. Hence, we must have by (P{.) = 0, and thus bo(P{.) = 1 by Remark 4.5 (b).

e For k > 0 we have Ho (5>~ 1) = 0 by Example 8.2 (b), so again looking at the beginning of
our exact sequence we see that in fact all odd homology of P¢, vanishes. Looking at the end,
we obtain the exact sequence

0 — Hy(PE 1) — Hy(PE) — Hyey (S7') — 0.

Now for k < n the first term has Betti number 1 by induction, for k = n the last term has Betti
number 1 by Example 8.2 (b), and all other outer Betti numbers are 0.

As we have claimed, this yields b, (P{.) = 1 for p =0,2,4,...,2n, and b, (IP{.) = 0 in all other cases.

Having seen how the simplicial homology of a simplicial complex can be reinterpreted as singular
homology, let us now go the other way around: start with the singular homology of an arbitrary
topological space and see if we can express it in terms of simplicial homology. This would e. g. be
very useful for calculations, as simplicial homology is algorithmically computable. However, due to
the notion of a topological space being extremely general, it should be clear that this will not work
without some assumptions. Let us start with an example showing the idea of these assumptions.

Example 8.5. Let X be a topological space with a given finite open cover (U;);c; such that all these
open subsets, as well as all their possible intersections, are contractible. An example of this situation
is shown in the picture below on the left, where X = U; U---UUs C R? is a union of ellipses. As in
the picture, note that the contractibility assumption is clearly always satisfied if all U; are convex sets
in some vector space, since convex sets are contractible and intersections of convex sets are again
convex.

In this situation, it should be geometrically clear that the homology of X — e. g. the hole in X in the
picture below — does not come from the individual subsets U; themselves, but only from the way they
are glued together globally. But this information can be encoded neatly in a simplicial complex: Let
us consider the simplicial complex N(X) (shown in the middle picture below) whose vertex set is I
and in which a subset {ip,...,i,} C I forms a simplex if the intersection U, N ---NU;, is non-empty.
It is called the nerve of X, and in the picture we can see that it can be viewed as some kind of
simplicial approximation of X, recovering e. g. the hole in X.

{4}

n A 5}
Uy (1.5} NG

Y % )
X B2 sawvx)

We want to show now that this is a general statement: Under the given assumptions, the simplicial
homology of the nerve N(X) is always isomorphic to the singular homology of X. To prove this, we
will first need a map in one direction, and the easiest way to set this up is to subdivide the nerve as
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in the picture above on the right. We can then place each vertex {i,...,i,} € V(SA(N(X))) = N(X)
at any point in the intersection U;, N---NU;,, and fill in the higher-dimensional simplices by the
contractibility assumption. Let us now carry out this construction rigorously.

Definition 8.6 (Nerves). Let X be a topological space with a fixed finite open cover (U;);c;. For any
non-empty & = {io,...,ip} CIwesetUy:=UjN---N Ui, and assume that all non-empty U, are
contractible — we will call this a contractible open cover. Then the abstract simplicial complex

NX):={aCI:0%0and Uy # 0}
is called the nerve of X (with respect to the given open cover).

Construction 8.7 (Mapping a nerve to its topological space). Let N(X) be the nerve of a topological
space with respect to some finite contractible open cover (U;);es as in Definition 8.6. We want
to construct a corresponding continuous map f: |[N(X)| — X. To do so, we can replace |[N(X)|
by |SA(N(X))| since these two spaces are homeomorphic by Proposition 1.21. We proceed by
induction on the dimension of the simplices in Sd(N(X)), mapping the geometric realization of
every p-simplex {Qp,...,,} € SA(N(X)) withop C --- C &t € N(X) to Uy, C X:

(a) For p =0, we pick an arbitrary point in Ug, for the image of f on the geometric 0-simplex
[{an}| (which is just a point).

(b) For p > 0, by induction we have already constructed f on the boundary of |{ap,...,,}|
(which is homeomorphic to SP—1), with image in Ug,. But Uy, is contractible by assumption,
so every continuous map to Uy, from a sphere SP~1 can be extended to a continuous map
from the disk D? by contracting to the center. Hence, we can extend f to all of |[{p, ..., ¢, }|,
again with image in Ug,; we do so in an arbitrary way.

Actually, part (b) of the construction simplifies if all U; are convex sets in some vector space: In this
case we can always pick the unique affine-linear extension; the convexity assumption then ensures
that this extension really lies in Ug,. The map f will then be affine-linear on each simplex of
Sd(N(X)), as e. g. in the right picture in Example 8.5. Note however that, in contrast to that picture,
the map f need not be a geometric realization of Sd(N (X)) in general (see e. g. Remark 8.9 (b)).

Proposition 8.8 (Nerve Theorem). Let X be a topological space with a finite contractible open
cover as in Definition 8.6. Then the simplicial homology of the nerve N(X) is isomorphic to the sin-
gular homology of X (with an isomorphism given by combining the topological realization morphism
of Construction 6.11 with the pushforward by the map |N(X)| — X of Construction 8.7).

Proof. For a fixed contractible open cover (U;);c; of a given space X, we will prove the statement
by a Mayer-Vietoris type induction argument on subspaces of X.

Namely, for all subsets A = {a,...,0,} C N(X) with n € N we set, as (3,4}
shown in the picture for A = {{2},{3,4}} in Example 8.5:
{2’374}
e Let X(A) C X be the union of all U, with a € A. Equivalently, 2.4}

this is the union of all Ug with a C B € N(X) for some a € A.

e Let S(A) C SA(N(X)) be the full subcomplex with vertices given
by all B with oo C B € N(X) for some o € A.

{2,3}
{12y {2}

We will show by induction on n that the topological realization morphism of Construction 6.11 with
the pushforward of Construction 8.7 induces isomorphisms H,,(S(A)) — H,(|S(A)|) — H,(X (A)) for
all p € Z and A as above. As X(A) =X and S(A) = SA(N(X)) for A = {{i} : i € I}, this shows that
H,(Sd(N(X))) = H,(X) in this way, thus proving the proposition since H,(N (X)) = H,(Sd(N(X)))
by Proposition 4.22.

The induction start for n = 1 is easy: For A = {a} we know that X (A) = Uy is contractible by

assumption, and the simplicial complex S(A) is star-shaped with respect to &. Both homologies are
therefore trivial (see Example 6.14 and Proposition 3.11).
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For the induction step let A = {a,...,0,} be a set with n > 1 elements. Note that by construction
we have for A| :={ay,...,0,_1} and Ay ;== {o U 0y,..., 01 Ut}

X(A)UX({o,}) =X(A) and S(A)USHa,}) =S(A),
as well as XANDNX{a,}) =X(A2) and S(A;)NS{a,}) =S(A2).

The simplicial and singular Mayer-Vietoris sequences of Example 4.7 and Construction 7.1 thus
give a morphism of short exact sequences of chain complexes

0 —— C(S(A;)) —— C(S(A})) x CN(S({0,})) —— Co4(S(A)) —— 0

| | |

0 —— C(X(A2)) —— C(X(A1)) x C(X({on})) —— C(X(A1)[X({on})) — O,

with the vertical maps given by topological realization and Construction 8.7. The proof now con-
tinues in the same way as in Proposition 8.1: With Proposition 4.25 and Corollary 7.9, this diagram
gives rise by Construction 4.10 to a commutative homology diagram with exact rows

(S(42)) — Hp(S(A1)) x Hp(S({an})) — Hp(S(A)) —> Hp-1(S(A2)) — Hp1(S(A1)) x Hp-1(S({e}))

1 | L |

Hl’
Hy(X(A2)) —> Hp(X(A1)) x Hy(X({0n})) —> Hp(X(A)) —> Hp-1(X(A2)) —> Hp1(X(A1)) x Hp1 (X({})).

As the outer four columns are isomorphisms by induction, the isomorphism H,(S(A)) = H,(X (A))
thus follows from the 5-Lemma 4.19. g

Remark 8.9.

(a) As we have already remarked in Example 8.5 and Construction 8.7, a common case of the
Nerve Theorem occurs if a topological space X is a union of finitely many convex open sets
in a real vector space: In this case, the contractibility condition is automatic, and the map
from |[N(X)| = |Sd(N(X))| to X inducing an isomorphism in homology can be obtained by
choosing arbitrary points for the vertices of Sd(N(X)) in their respective intersections and
affine-linear interpolation.

This situation occurs e. g. in topological data analysis in Remark 9.19 (a).

(b) Under some mild additional assumptions, it can be shown that the map of Construction 8.7
does not only preserve homology, but is actually also a homotopy equivalence [H, Corollary
4G.3]. Note however that it is clearly not a homeomorphism, as we can already see from
Example 8.5. In fact, the nerve N(X) can easily acquire higher dimension as expected or
desired: If we add another open subset Ug to Example 8.5 which is just equal to Us, this
would not change the topological space X at all, but it would make the nerve 3-dimensional
due to the intersection U, N Uz N Us N U now being non-empty — although X was given as a
subset of the plane.

To finish this chapter, let us quickly also introduce singular cohomology and compare it to the
simplicial setting. As you would probably expect from Chapter 5, not much is happening here
as we are just talking about dualizing all our vector spaces. We have already discussed the geometric
meaning of cohomology when discussing its simplicial version, so let us restrict ourselves now to its
construction and properties.

Construction 8.10 (Singular cohomology). Let X be a topological space. Analogously to Construc-
tion 5.3, the singular cochain complex of X is defined to be the dual cochain complex CV (X) of the
singular chain complex C(X) of Remark 6.7 (b) (see Construction 5.2), consisting of the singular
cochain groups C?(X) = (C»(X))" and singular coboundary maps d,,: C?(X) — CP*1(X) of X.
Elements of C?(X) are called singular p-cocycles or singular p-coboundaries of X if they are in
the kernel or image of the singular coboundary map, respectively.
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As in Construction 5.6, assigning to a topological space X its singular cochain complex CV(X) is a
contravariant functor, with the morphism C" (Y) — C"(X) associated to a continuous map f: X — Y
called the pullback f*.

Applying the cohomology functor to C¥(X) as in Construction 5.7, we obtain the singular coho-
mology H”(X,K) := H,(X) = kerd,/imd,_; of X for all p € Z. In particular, the pullback maps
for a continuous map f: X — Y pass to cohomology f*: HP(Y) — HP(X).

By Proposition 5.14, homology commutes with dualization (also for infinite-dimensional spaces,
which is important here!), so that we have natural isomorphisms H”(X) = (H,(X))" - telling us
that singular cohomology does not contain any new information compared to homology, and that
the dimensions of H”(X) are just the usual Betti numbers b,(X). As for our results on singular

homology, this means:

(a) Homotopic continuous maps induce with their pullbacks the same map on cohomology
(Proposition 6.12), and homotopy equivalent topological spaces have isomorphic singular
cohomology (Corollary 6.13).

(b) For any two open subsets U and V of X there is a long exact Mayer-Vietoris sequence
. — HP(UUV) — HP(U)xHP(V) — HP(UNV) — HPY (UUV) — -

obtained by dualizing Corollary 7.10.

(c) For any simplicial complex S, the simplicial cohomology H”(S) is naturally isomorphic to
the singular homology H?(|S|) for all p € Z by Proposition 8.1. For any contractible finite
open cover of a topological space X, the Nerve Theorem of Proposition 8.8 implies that
the simplicial cohomology H? (N (X)) is naturally isomorphic to the singular cohomology
HP(X).
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9. Applications of Homology

In this last chapter on the singular homology of topological spaces we now want to study some
interesting applications of our theory. Let us start with a few classical applications, some of which
are just higher-dimensional generalizations of statements that can be obtained using the fundamental
group [G3, Chapter 9], and some are new. As a first very simple statement, we will show that
topology is able to distinguish dimensions of real vector spaces in the following sense.

Proposition 9.1 (Invariance of dimension, see [G3, Example 8.18]). R™ is not homeomorphic to
R™ if m,n € N with m # n.

Proof. Let f: R™ — R" be a homeomorphism with m,n € N. Removing one point, we obtain from
this arestriction f|gm\ (o1 : R"\{0} — R"\{f(0)} that must be a homeomorphism as well. Hence the
source and target must have the same Betti numbers, which by Example 8.2 (¢) requires m =n. O

Remark 9.2. Note that Proposition 9.1 is local in the sense that the same statement also holds for
open balls: As any open ball in R” is homeomorphic to R" itself, two open balls in finite-dimensional
real vector spaces will be homeomorphic if and only if these vector spaces have the same dimension.

The following fixed point theorem can also be proven in low dimension using the fundamental group
already. In fact, the proof given below is almost the same, just replacing the fundamental group with
the appropriate homology group.

Proposition 9.3 (Brouwer’s Fixed Point Theorem, see [G3, Proposition 9.1]). Every continuous
map f: D" — D" for n € N has a fixed point.

Proof. Assume that f: D" — D" is a continuous map without a fixed point.

As in the picture on the right, we can then define a map g: D" — §"~! by sl
sending a point x € D" to the unique intersection point of the boundary
sphere §"~! with the ray from f(x) that passes through x. This is well-
defined since f(x) and x are not the same point, and of course the point
g(x) could be computed explicitly to see that g is actually a continuous
map. Moreover, as D" is convex we can move every point x on a straight
line to its image point g(x) in D", showing since g|¢-1 = id that g is
actually a deformation retraction from D" to §"~ 1. 8(x)

But this would imply by Corollary 6.13 that D" has the same Betti numbers as $"~!, which is not the
case by Example 8.2 (b) as D" is contractible. This contradiction shows that f cannot exist, i. e. that
every continuous map from a disk to itself must have a fixed point. 0

Example 9.4. Of course, the same fixed point theorem then holds for any topological space homeo-
morphic to D" for some n. A common reformulation of Proposition 9.3 in non-mathematical terms
is then that any geographic map of a city (which is assumed to be homeomorphic to D? here) placed
anywhere in this city contains at least one point that lies at the exact point that it represents.

Next, let us consider a construction that we will study in much more
detail later on when discussing analysis, namely that of so-called tan-
gent vector fields (see Construction 12.13). Currently, we will only
look at this situation for a (unit) sphere S” C R"*! as in the picture
on the right, when a tangent vector field is just a continuous map
f: 8" — R"™! such that for all x € S" the vector f(x) is orthogonal
to x (in the Euclidean norm), i. e. intuitively that f(x) is tangent to the
sphere at x We will show now that for even n such a vector field must
always have a zero — such as the north and south pole in the picture.
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Proposition 9.5 (Hairy Ball Theorem). Ifn € N is even, every continuous map f: S" — R" ! with
f(x) Lxforallx € S" has a zero.

Proof. Assume that there is a tangent vector field f: §” — R"*! without a zero. By normalizing,
we may then assume that || f(x)|| = 1 for all x € §”, i.e. that we have a continuous map f: S" — §"
with f(x) L x for all x € S". Now consider the continuous map

h: 8" x[0,1] = §", x — cos(mt) x+sin(mwe) f(x)

(note that its image actually lies in " since f(x) L x). It is a homotopy between %(-,0) = id and
h(-,1) = —id which moves each point x € S" to its opposite point —x along a half-circle in S” with
starting tangent direction f(x). By Proposition 6.12, this means that the map —id: S” — S" induces
the identity map H,(S") — H,(S") on homology, i. e. by Example 8.2 (b) the identity map K — K.

But changing the sign of one coordinate of §” C R"*! (i.e. a reflection at a hyperplane) induces
the negative identity on homology by our simplicial computation of Example 3.13, so the map
—id: §" — §" which changes the signs of all n+ 1 coordinates is a multiplication by (—1)"*! in
homology. As we have just seen that this map must be the identity on a non-zero vector space, we
conclude (by choosing a ground field in which —1 # 1) that n must be odd. g

Remark 9.6.

(a) The reason for the name “Hairy Ball Theorem* should readily be visible from the picture
above. The statement is also often quoted by saying that a hedgehog cannot be combed
without a bald spot.

(b) If n =2k + 1 is odd (with k € N) it is easy to write down a continuous map f: §"* — R"*+!
without zeros with f(x) L x forall x € §", e. g.

. +1
fo8" =R, (x1,%2,. 0 Xk 1, X0k42) > (—X2, X0, 0, —X0k42, X2k 1)

Our last classical application of singular homology is a proof of the seemingly obvious statement
that a closed non-self-intersecting curve in R? divides the plane into exactly two regions (an interior
and an exterior). Maybe this assertion seems so clear to you that you would not have expected that
it needs a proof at all, but recalling the existence of surface-filling Peano curves might change your
mind [G1, Chapter 24.D]. In fact, the proof of this statement is significantly harder than the three
previous ones, and clearly depends crucially on what we mean by a “closed non-self-intersecting
curve”.

To simplify the following proof a bit, let us actually consider curves in S? instead of R?> — which
does not make a difference since we can think of > as R?> compactified by a “point at infinity*“. We
will consider a so-called Jordan curve, which is just an injective continuous map f: S' — S2, and
show that the complement of its image f(S') has exactly two path-connected components, i. e. that
its zeroth Betti number equals 2. Note that this complement is clearly open since f(S') is compact
and thus closed, and that the requirement of f being injective already rules out many pathological
examples: For example, a surjective Peano curve f: S' — $? is no longer possible since it would then
be bijective and thus a homeomorphism by [G1, Proposition 24.32], in contradiction to Proposition
9.1 since taking away a point from f would then yield a homeomorphism between R and R?.

Proposition 9.7 (Jordan Curve Theorem).

(a) For any injective continuous map f: [0,1] — S? from the interval [0, 1] to the 2-sphere S* we
have by(S*\f([0,1])) = 1 and b (S*\ £([0,1])) = 0.

(b) For any injective continuous map f: S' — S> we have by(S*\ f(S')) = 2.
Proof.

(a) We have to show that the homology group H;(S?\ ([0, 1])) is zero, and that the degree map
deg: Ho(S*\ f([0,1])) — K is an isomorphism. We will prove this by contradiction, so let
us assume that for p = 0 or p = 1 there is a non-zero homology class ¢ € H,(S?\ £([0,1])),
with the additional condition degc =0 if p =0.
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Starting with the interval Iy := [0, 1], we will construct from this a descending sequence of
intervals Iy DIy D I, D -+ such that ¢ is non-zero in H,(S?\ f(1,)) for all n as well (where
we consider ¢ to be a homology class in $2\ f(I,) using the pushforward by the inclusion).
To do this, assume that I, is already constructed, and split it into two intervals [, = I, Ul
intersecting at the midpoint P,. The Mayer-Vietoris sequence of Corollary 7.10 for the open
cover of S2\{f(P,)} by S?\ f(I’) and S*\ f(I"') then gives as a part the exact sequence

Hp 1 (S\{f(P0)}) — Hy(S*\f(In)) — Hp(S*\f (1)) x Hp(S\f (1)),

of which the left term is zero since S*\{f(P,)} is homeomorphic to R?. Hence the second
map in the sequence is injective. As c is non-zero in H,(S\ f(1,)) we can therefore choose
Lit1 =1I, or I, = I/ such that c is non-zero in H,(S?\ f(L,+1)) > 0 as well. This completes
the construction of the sequence Iy DI} D D ---.

But if P € [0, 1] denotes the convergence point of this sequence of intervals, the class ¢ must
of course be zero in the homology of $Z\{f(P)} as this space is homeomorphic to R? again.
In other words, we have ¢ = d¢’ for some (p + 1)-chain ¢’ in S*\{f(P)}. But the image
of all singular simplices in ¢’ in S*\{f(P)} is a compact set, and this set is covered by the
open subsets S\ f(I,,) for n € N. As this is an increasing sequence of open sets, it follows by
compactness that ¢’ must be a singular simplex in some S?\ f(I,,) already. But this means that
¢ = d¢’ is trivial in the homology of $?\ f(I,) as well, in contradiction to our construction.

(b) We can obtain the circle S' by gluing two intervals / and J at their ends, giving rise to
gluing points P and Q. By (a) we have H;(S*\f(I)) x H1(S*\f(J)) = 0, so starting the
Mayer-Vietoris sequence for covering S?\ f({P,Q}) with S>\ f(I) and S*\f(J) at this term
we obtain the exact sequence

0— Hi (S \f({P,Q})) = Ho(S*\f(S")) = Ho(S*\ f(I)) x Ho(S*\f(J)) — Ho(S*\f({P,Q})) = 0.

From this we can now easily obtain the desired result by an Euler characteristic computa-
tion: The space $?\f({P,Q}) is homeomorphic to the punctured plane R?\{0} and thus
has Betti numbers bo(S?\ f({P,Q})) = b1 (S*>\ f({P,Q})) = 1 by Example 8.2 (c), and by
(a) we have bo(S?\ f(I)) = bo(S*\f(J)) = 1. Hence, by Remark 4.5 (b) it follows that
1 —bo(S?\f(S")) + (1 +1) — 1 = 0, which means that by(S?\ f(S')) = 2. O

Exercise 9.8. Prove for every n € N-:

(a) If f: §" — §" is a continuous map with n € N even, there is a point x € §" with f(x) = x or
£x) = —x.

(b) Every real matrix A € R"*" with positive entries has an eigenvector with positive entries.

Exercise 9.9. Let S be a connected graph (i. e. a 1-dimensional simplicial complex) with v vertices
and e edges. By an embedding of S into a topological space X we mean a continuous injective map
I8 —X.

(a) For any embedding of S into the sphere S2, show that by(S?\ f(|S])) = e —v+2.

(b) Now let S = {{i,j}:i,j € {1,2,3,4,5}} be the graph with five vertices and every possible
edge between them. Show that f cannot be embedded in S2, but that it can be embedded in
the torus ' x S'.

Exercise 9.10. Generalize the proof of Proposition 9.7 to show by induction on n € N>, that
bo(S™\ f(S5"~!)) = 2 for any injective continuous map f: §"~' — §™.

To conclude our algebraic study of topology, we now want to discuss a modern application of ho-
mology to a branch of mathematics called topological data analysis, whose goal is to analyze the
geometry of large point cloud data. Let us start with an example explaining the idea behind this
technique.
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Example 9.11 (Noisy annulus). You would probably agree that the pic-

ture on the right shows a noisy image of an annulus. But of course, in . R el
reality the picture just consists of a large number of discrete points — in - i

fact, we have generated it by plotting random points in the plane with dis- o

tance between 2 and 3 from the origin. So what does it mean exactly that . .
the points are arranged in the shape of an annulus, and how can we figure . v
this out? In other words, from an application point of view: If a computer
acquired the data of these points, how can it detect the underlying shape?

One possible idea is to replace the points by circles around them with increasing radius r, as shown in
the pictures below. Considering the unions of these circles, we obtain subspaces of R? of which we
can compute and compare the singular homology. As we can see in the pictures, there are sometimes
a few spurious holes such as (A) that do not represent an actual feature of the data and vanish again
for a slightly bigger radius. In contrast, the main hole (B) persists in a large range of the radius (at
least from r = 0.80 to r = 1.80), indicating that this is an important feature of the image.

r=0.15 r=0.3 r=04

20 35 ..... .: (B) .:.:-:..-- 38 o e % e A5

o e o s o e e . e e o e

r=08 r=138 r=22

To make such statements precise, we have to compare homology groups for different values of the
radius. More precisely, as in the picture above we will pick a sequence r; < --- < ry of radii, denote
by U the union of the circles of radius r; around the given points (i. e. the gray subspaces of R? in
the picture), and compute the homology groups H,(U") forall p € Z. AsU) cU® ¢ .. cU®,
the pushforwards by the inclusion maps will induce linear maps

Hy(U) — Hy(U®) — - — H,(UY),

and we want to study how long elements can survive in this sequence. To tackle such questions, let
us first consider sequences of vector spaces in general and show that they can always be decomposed
uniquely into simple parts, each corresponding to a single element that is created and destroyed at
specific stages of the sequence.

Construction 9.12.

(a) For a sequence of vector spaces C = ((C®))ez, (f®))rez), written with ascending upper
indices as

C— C(kfl) ﬂ C(k) & C(k+1) R
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we denote by f*4: CK) — W) for k,I € Z with k < I the composition of the given maps
starting at position k and ending at position /, i.e.

f(k-,l) :f(lfl) O...Of(kH) of(k)7

and set C&) .= im &0 c €. Note that f**) =id ) and f**D = f® for all k € Z; in
particular we have C (k) — k),

(b) Forany i, j € Z with i < j, the interval sequence I; ; is the sequence of vector spaces

N, NN QNG L NNy Ny QRN N
T T
i J
corresponding to a single basis element that lives from position i to position j. We call the
number j—i—+ 1 of its non-zero entries the length of the sequence. Clearly, in the notation
of (a) we have

dimz%D — 1 ifi<k<i<j,
Wi 0 otherwise.

Proposition 9.13 (Interval decomposition of sequences). Let C be a sequence of finite-dimensional
vector spaces with only finitely many non-zero entries. Then C is isomorphic to a product of finitely
many interval sequences. Moreover, for any i, j € Z with i < j the number of times I; j occurs in this
decomposition is uniquely determined by C.

Proof. We prove the existence by induction on dimC := )’ ,c7 dim CP), the case dimC = 0 being
trivial. For dimC > 0, let j € Z be the minimum such that f () is not injective, so that the sequence
starts with inclusions - -- ¢ CU=2) ¢ ¢=1) ¢ €U, Pick any non-zero x € ker f(/) ¢ C/), and denote
by i € Z the smallest integer with x € C(0).

We can then split off /; ; from C: Pick ascending bases - -- € BU=2) ¢ BU~1)  BU) of the correspond-
ing vector spaces in C, taking x into the bases starting at B If we now set C'®) to be the vector
space with basis B®)\ {x} for k € {i,..., j} and C'®) := C¥) otherwise, we obtain a subsequence C’
with C = C’ x I; j, where all non-zero vector spaces in ; ; are generated by x. As dimC’ < dimC, the
existence of a decomposition of C into interval sequences now follows by the induction assumption.

As for uniqueness, assume that we are given a decomposition of C into interval sequences, with [; ;
occurring in the decomposition exactly n; ; times for i < j. We will show by descending induction
on j—i that n; ; is uniquely determined by C: Clearly, n; ; must be zero for j — i large enough since
only finitely many vector spaces in C are non-zero. The induction step follows since by Construction
9.12 (b) we have

dimC<i’j) = Z gy =n;;j+ (terms Nyl withl —k > j— i),
k1 k<i<j<l
which determines #; ; in terms of dim C(J) and inductively known terms. O

Example 9.14 (Interval decomposition of chain complexes and exact sequences).

(a) One of the easiest cases of an interval decomposition is obtained for a chain complex. Ob-
viously, an interval sequence is a chain complex if and only if it has length at most 2, and
consequently a sequence C of vector spaces satisfying the finiteness conditions of Proposi-
tion 9.13 is a chain complex if and only if all interval sequences in its interval decomposition
have length at most 2. It is common to draw these interval sequences as actual intervals as
indicated in gray in the picture below, resulting in the so-called barcode of the sequence.
Note that for a general chain complex C each interval in this barcode can occur any number
of times (including zero), and that the vertical order of the intervals is chosen arbitrarily.
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s C(O) — C(l) — C(z) — C(3) —_— ...

by(C)
b1 (C)
b (C)
b3(C)

(b) Continuing this example, the interval sequences of length 2 are clearly exact, whereas the
ones /; ; of length 1 are not and have i-th Betti number equal to 1, with all others being zero.
Consequently, the barcode of a chain complex C will contain the interval of length 1 at i
exactly b;(C) times, as shown in the picture above. As a special case, C is an exact sequence
if and only if all its Betti numbers are zero, i.e. if and only if its barcode consists only of
intervals of length 2. This barcode can then also be interpreted by saying that each vector
space C?) in an exact sequence is made up from parts coming from ¢~V and ¢tV j.e.
from the immediate left and right — which we had already seen e. g. in Example 4.6.

Remark 9.15 (Decomposition of short exact sequences of chain complexes). In fact, a decomposi-
tion similar to Example 9.14 also exists for a short exact sequence 0 -+ A — B — C — 0 of chain
complexes, assuming again that all vector spaces in it are finite-dimensional and only finitely many
of them are non-zero. This situation is described by a 2-dimensional commutative diagram of vector
spaces as in Definition 4.1, with three non-zero columns and an arbitrary number of rows. As in
Proposition 9.13, one can show inductively that such a short exact sequence can be decomposed as
a product of simple building blocks, in which all non-zero vector spaces are just K and all non-zero
maps are the identity. However, these building blocks are now of course no longer intervals, but
rather two-dimensional shapes. By the argument of Example 9.14 it is easy to see which shapes
are allowed: The rows are exact, hence each allowed shape must have horizontal length exactly 2
in each occurring row. The columns are complexes, hence each allowed shape must have vertical
length at most 2 in each column. Moreover, squares as in the picture below on the right are generally
forbidden since they violate commutativity. This leaves exactly the five shapes (1) to (5) for the
building blocks, which might occur at any vertical position.

: : . : : : K > K — 0 0 - K — K 0 - K —»[K 1 1

KISIE) — 0 0 — K=K (] (R Tl 0= K
: : : : : : K—K—= 0 0 - K= K K— K — 0

. . . . . K — 0

: : : : : : : : : L

(D 2 3 “4) ) K = K

Note that this gives a visual proof, and thus an intuitive explanation, for the long exact homology
sequence of Proposition 4.8: As in Example 9.14, the homology of the complexes sees only the
vertical parts of length 1, i. e. the entries marked in dark gray. Hence, the building blocks above give
rise to a barcode of the sequence - -- — H,(A) — H,(B) — H,(C) — H,_1(A) — -- - consisting only
of intervals of length 2, i. e. an exact sequence — with shape (5) corresponding to the connecting map
H,(C) — Hp_1(A). The only drawback of this alternative proof besides the finiteness assumption is
that the maps in homology constructed in this way are not natural: Whereas the number of times a
certain building block occurs in the decomposition is uniquely determined, the actual decomposition
is not, corresponding to the choice of bases in the proof of Proposition 9.13.

But let us now apply Proposition 9.13 to sequences of homology groups, as already suggested in Ex-
ample 9.11. This will lead to longer intervals in our sequences, and it will in fact be the particularly
long ones that are important for our applications.

Construction 9.16 (Persistent homology). Let

®n) W
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be a sequence of chain complexes as in Definition 4.1. By Lemma 2.17, this gives rise to sequences
of vector spaces

fp(k—l)

i
L Hy(C®)

L — Hp(C(k_l)) LN Hp(C(k'H)) ... (%)

in homology for all p € Z. As in Construction 9.12 (a), denote by fl(,k’l) D Hy(CW) — H,(C")) the
composition of these maps from k to [ for k < /. Then the images im f,gk’l) are called the persistent

homology groups of the given sequence; their dimensions b;,k’l) =rk f[(,k’l) are referred to as its

persistent Betti numbers. In particular, the number bg,k’k) = b,(C)) is the ordinary p-th Betti

number of the chain complex ch.

Remark 9.17 (Visualization of persistent homology). Consider a sequence of chain complexes as
in Construction 9.16, and assume that all sequences (x) of its homology groups for p € Z consist of
finite-dimensional vector spaces, of which only finitely many are non-zero. According to Proposition
9.13, we can then visualize its persistent homology by the interval decompositions of the homology
sequences (x). More precisely, as in the proof of the proposition the persistent Betti number bf,,k’w
(which is by definition the dimension of the space of homology classes surviving at least from
position k to position / in the p-th homology sequence) is the same as the number of intervals in
the decomposition of the p-th homology sequence containing the interval from k to /. The interval
decomposition can then e. g. be drawn as a barcode as in Example 9.14.

In Example 9.11, our idea for persistent homology was to take the singular homology of unions of
circles with increasing radius. There is also another way to obtain very similar homology groups; let
us introduce both methods now and compare them.

Construction 9.18 (Cech and Vietoris-Rips complex). Let M be a finite subset of R” for some n € N,
and let r € R+.

(a) The Cech complex C(M, r) is defined to be the nerve of the union ey Uy (x) C R” of the
open balls with radius r and center points in M. By Definition 8.6, this is just the simplicial
complex with vertex set M that contains a subset {xo,...,x,} C M as a simplex if and only
if Up(x0) N ---NU(xp) # 0.

(b) The Vietoris-Rips complex VR(M,r) is the simplicial complex with vertex set M that
contains a subset {xo,...,x,} C M as a simplex if and only if ||x; —x;| < 2r for all

i,j€{0,...,p}.

For both constructions, increasing the radius will lead to a bigger simplicial complex, so by picking
a finite sequence of increasing radii we can produce a corresponding sequence of simplicial chain
complexes (with the morphisms induced by inclusions) and study its persistent homology.

Remark 9.19. Let M be a finite subset of R” as above, and let r € R.

(a) By the Nerve Theorem of Proposition 8.8 (together with Remark 8.9 (a)), the simplicial
homology of the Cech complex C(M, r) as in Construction 9.18 (a) is naturally isomorphic
to the singular homology of the union of balls J,c3 Ur(x) C R™. The picture below on the
left shows an example, where M consists of the five black points and it is clearly visible
that the simplicial complex and the union of balls have the same Betti numbers (namely 2 in
dimension 1 and 1 in dimension 0). Hence, studying the persistent simplicial homology of
C(M ,r) for a given sequence of radii is exactly what we have done in Example 9.11.

(b) The construction of the Vietoris-Rips complex follows a similar idea. In fact, the edges
of both complexes just agree since the conditions U, (xg) NUx(x1) # @ and ||xo — x1]| < 2r
are equivalent. Moreover, the Cech complex C(M,r) is clearly always a subcomplex of
VR(M,r) since Ur(x9) N---NUx(xp) # 0 requires ||x; —x;|| < 2r for all i, j € {0,...,p} by
the triangle inequality. However, the Vietoris-Rips complex only checks pairwise distances
of points in M and thus cannot detect the full geometry of the union of balls: In the picture
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below, the three balls on the right have a pairwise non-empty intersection but not a common
intersection point, hence the corresponding 2-simplex exists in the Vietoris-Rips complex,
but not in the Cech complex. Hence, the simplicial homology of VR(M,r) does not have
an immediate geometric interpretation, which might seem as a disadvantage. However, the
Vietoris-Rips complex also has two major advantages:

e [t is much faster to compute, as it is easier to check pairwise distances than to compute
intersection points of finitely many balls.

e The Vietoris-Rips complex can be defined in exactly the same way for any finite metric
space M, without referring to an embedding in R”.

“r % IF
™y
Cech complex C(M, r) Vietoris-Rips complex VR(M, r)

Moreover, from the point of view of persistent homology, it seems in the picture above that
the difference between the Cech and Vietoris-Rips complex should not matter much: The
hole in the middle of the three balls on the right is very small and will vanish fast when
we increase the radius of the balls, hence it will not contribute significantly to the persistent
homology. The following lemma and exercise give exact statements along these lines.

Lemma 9.20. Let M be a finite subset of R" for some n € N, and let r € R~g. Then
C(M,r) C VR(M,r) C C(M,2r).

Proof. We have already observed the first inclusion in Remark 9.19 (b). The second inclusion is
equally simple: If xg,...,x, € R" with ||x; —x;|| < 2r for all i,j € {0,...,p}, every ball Us,(x;)
clearly contains xo, so Uz (x0) N---NUar(xp) # 0. O

Exercise 9.21. Find the smallest constant ¢ € R~ such that C(M,r) C VR(M,r) C C(M, cr) for any
finite subset M of R? and r € Ry.

Example 9.22 (Noisy annulus revisited). The picture below shows the barcodes for the persistent
simplicial homology of the Cech and Vietoris-Rips complex for the noisy annulus of Example 9.11.
In contrast to this old example, we have picked many more values of the radius r, ranging from 0 to
about 2, to obtain a better resolution. The black bars are the intervals in the decomposition of the
homology in dimension 1, and the gray bars correspond to dimension 0. As usual, the vertical order
of the intervals in the barcode has been chosen arbitrarily.

Many features of these barcodes can in fact be explained by the pictures in Example 9.11:

(a) The most important feature of the barcodes is clearly the one very long interval in dimen-
sion 0 and 1 each, indicating that the original noisy point cloud looks connected (there is
exactly one long-lived homology class in dimension 0) and has one 1-dimensional hole (cor-
responding to the one long-lived class in dimension 1). This is the main information we are
interested in when studying persistent homology.

(b) Looking at the long interval in homology dimension 1 in the Cech barcode more closely, we
can see its bounds already from the pictures in Example 9.11 since the 1-dimensional big
hole is present from about » =~ 0.4 to r = 2. In homology dimension 0, the r = 0.3 picture in
Example 9.11 is still disconnected whereas the » = 0.4 picture is not — corresponding to the
second longest interval in the barcode vanishing between these values.
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(c) For small values of r the balls around the given points barely intersect, leading to very many
connected components. In the barcodes, this corresponds to many intervals in homology
dimension O vanishing very fast. In fact, we have cut off several of these intervals in the

picture below as they do not contain relevant information.
(d) The Vietoris-Rips barcode has far fewer short-lived intervals in homology dimension 1 than
the Cech barcode. This is due to the phenomenon as in the picture of Remark 9.19: Many
spurious 1-dimensional holes in the Cech complex are simplicial 1-spheres coming from
three balls that intersect pairwise but do not have a common intersection point. By construc-
tion, such holes can never appear in the Vietoris-Rips complex as they are always filled in by
a simplicial 2-disk. Hence, there are no corresponding intervals in the Vietoris-Rips barcode.

='E= H, ':i H,
r r

0 04 08 12 16 2 0 0.5 1 1.5

Vietoris-Rips barcode

Cech barcode
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Smooth Manifolds

10. Manifolds

Up to now in these notes we have studied the geometry of topological spaces using mainly algebraic
methods. As already announced in the introduction, let us now change our point of view entirely
and switch to analysis. We have already seen in Example 5.4 and Remark 5.5 that the simplicial
coboundary map can be interpreted as a discrete version of differentiation, and we now want to set
up an analytic theory of cohomology in which the coboundary map actually takes derivatives of
functions in the usual sense. The so-called de Rham cohomology obtained in this way will again
turn out to be compatible with our previous constructions, i.e. it will be naturally isomorphic to
singular cohomology whenever both are defined.

But before we can construct this analytic cohomology in Chapter 13, we have to face a fundamental
problem: Which geometric spaces do we want to consider? So far you probably only know how to
differentiate functions on open subsets of R", but this class of spaces looks very restrictive for our
purposes. On the other hand, arbitrary topological spaces (as in the singular theory) clearly do not
carry enough structure to allow a definition of derivatives. The key observation to solve this problem
is that differentiation is a local construction, and thus it should be fine to consider topological spaces
that locally look like R". Such spaces will be called manifolds, and we will introduce and study
them in the next three chapters — completely independently of (co-)homology, for the time being.

So what exactly does it mean to “locally look like R"*’? Does the L-shaped subspace
of R? shown in the picture on the right look like an interval, i. e. locally like R? It is
clearly homeomorphic to an interval, so from a topological point of view the answer
would be yes. However, from a differentiable point of view, the corner point seems
to make a difference. Hence it will not be sufficient for our purposes to define a
manifold to be just a topological space locally homeomorphic to R”, i. e. such that
every point has an open neighborhood homeomorphic to an open subset of R”.

However, the idea of homeomorphisms ¢: U — V from open subsets U of our topological space X
that we want to consider to open subsets V of R” is still useful: Choosing such a homeomorphism ¢
allows us to associate coordinates in R” to points of U, and thus to define e. g. the differentiability of
functions on U with respect to these coordinates. We will call ¢ a (coordinate) chart for that reason.
But these charts will be additional given data, and of course we will need several of them to cover all
points of X. Hence, we have to make sure that this definition of differentiability does not depend on
the chosen chart, i. e. that our given charts are compatible in a certain sense. Let us now say exactly
what we mean by this.

Notation 10.1 (Smooth maps and diffeomorphisms). Let ¢ : U — V be a map between open subsets
UCR"andV C R™ for m,n € N.

(a) We say that ¢ is smooth if it is infinitely differentiable. In the case V = R, the vector space
of all smooth functions from U to R will be written as Q°(U). (This corresponds to such
functions being “differential forms of degree 07, a concept to be introduced in Construction
13.1 (a)). Another standard notation in analysis for Q°(U) is clearly C*(U), but we will
avoid this notation here since the letter C is ubiquitous in (co-)homology theory already.)

In particular, for an arbitrary open subset V C R the map ¢ : U — V is smooth if and only
if all its component functions are smooth, i. e. lie in QO(U).
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(b) The map ¢ is called a diffeomorphism if it is bijective, and both ¢ and ¢! are smooth.
(Note that sometimes in the literature a diffeomorphism only requires ¢ and ¢! to be con-
tinuously differentiable once. Also note that a diffeomorphism clearly requires m = n as the
Jacobian matrices of ¢ and ¢! need to be inverses of each other.)

Definition 10.2 (Charts and atlases). Let X be a topological space, and let n € N.

(a) As in the picture below, an (n-dimensional coordinate) chart on X is a homeomorphism
¢: U — V from an open subset U C X to an open subset V C R". For a point x € U, we call
©(x) € R" the (local) coordinates of x in this chart.

(b) We say that two n-dimensional charts ¢ : U; — V| and ¢, : U, — V, are compatible if the
transition map

gozo(pfl o1 (U NU2) = (U NU,)
(such as between the dark circle segments in the picture) is a diffeomorphism.

(c) An (n-dimensional) atlas on X is a family (¢;);c; of pairwise compatible n-dimensional
charts @;: U; — V; covering X, i. e. with | J;c; U; = X.

;\/’/‘ ./’
v
P00
ViCcR? B - V, CR”
diffeomorphism
(where defined)

Remark 10.3.

(a) Note the subtle but crucial difference between homeomorphisms and diffeomorphisms in
Definition 10.2: A priori, X is only a topological space, so it would not make sense to
require the charts to be diffeomorphisms. Instead, as mentioned already in the introduc-
tion we will use these charts to define a notion of differentiability on X. In order for this
notion to be well-defined, we will need that the transition maps (between open subsets of
R™) are diffeomorphisms — homeomorphisms would not suffice here. In fact, the maps
Qo (pl_1 2 @1 (U NU2) = @2(U; NU,) in Definition 10.2 (b) are already homeomorphisms
by construction, so their smoothness is the only condition to be checked here.

(b) As you can see, our setup in these notes will be geared towards infinite differentiability
only. This will allow us to define derivatives of any order on X, and has the additional ad-
vantage that differentiation does not degrade the order of differentiability. However, one
could equally well fix a natural number k € N and require the transition functions in Remark
10.2 (b) to only be k-fold differentiable, or k-fold continuously differentiable, leading to dif-
ferent notions of compatibility, atlases, and finally manifolds, that might be useful for other
purposes. It would even be possible to choose k = 0, in which case condition (b) in Defi-
nition 10.2 is trivial as already remarked in (a), and we would obtain so-called topological
manifolds.

(c) If you know some complex analysis, another variant of Definition 10.2 would be to replace R
by C, and thus consider complex instead of real differentiability (i. e. transition functions that
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are holomorphic maps). The complex manifolds obtained in that way are clearly very im-
portant objects in mathematics, and share the same interesting flavor with one-dimensional
complex analysis that their initial definitions are identical to the real case, yet their behavior
very different. In these notes we will see a few complex examples such as e. g. the complex
projective spaces of Construction 8.3, but in order not to assume any complex analysis we
will always consider them over R, so that they will become real 2n-dimensional manifolds
instead of complex n-dimensional ones.

Example 10.4.

(a)

(b)

()

(d)

Every open subset X C R" admits a natural n-dimensional atlas with the identity map idy as
the only chart.

Consider the n-dimensional sphere S" = {(x,y) € R" x R : ||x||> +y* = 1} C R""!. Re-
moving the north pole N := (0, 1) or the south pole S := (0, —1), we clearly obtain two open
subsets homeomorphic to R” that cover $”. In fact, homeomorphisms ¢; : S"\{N} — R" and
@21 S"\{S} — R” can be obtained by projecting from N or S onto R” x {0}, respectively, as
shown in the picture below for n = 1. The explicit formulas for these maps are

P11 SVINE R, (3) = 1 and go: S{S} R, (x)

—_—
1+y

From this it is a straightforward calculation to obtain the inverse of e. g. ¢; as

_ 2x x||2—1>
1 n n
R —= S"\{N}, x— , )

and thus the transition map between the two charts as
- X
P00, L RN {0} — RN {0}, x e
This map is clearly smooth, so ¢; and ¢, form an n-dimensional atlas on S".

We have already seen in Construction 8.3 that the (real or complex) projective spaces Py
can be covered by the open subsets U; = {(xo: - :x,) : x; # 0} for i = 0,...,n, which admit
charts
Qi: U= K", (xp:-1x4) — <xo,..., al ,...,x">.
Xi Xi Xi

A simple computation shows again that the transition maps between these charts are smooth,

SO @, . .., @, form an atlas on P (of real dimension 7 or 2z in the cases K =R and K = C,
respectively).
The (non-differentiable) function
2 ifx>0
0:R—-R, x— * ?x_ ’
X ifx<0

is a homeomorphism, and thus it is a chart defining a 1-dimensional atlas on R — note that the
condition of Definition 10.2 (b) is empty for atlases containing only one chart. However, this
chart is incompatible with the natural identity chart of (a), so we will usually not consider it.
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(e) Both the interval X = [0,1] C R and the union ¥ = {(x1,x2) € R? : x; = 0 or x, = 0} of the
two coordinate axes in R? do not admit a 1-dimensional atlas: If we remove the zero point
from any connected open neighborhood of it, it will remain connected for X and separate into
four connected components for Y, whereas removing a point from a connected open subset
of R yields exactly two connected components. Hence, there can be no homeomorphism
between these spaces, i. . no chart containing the zero point.

However, X will be a 1-dimensional manifold with boundary, a concept that we will intro-
duce in Construction 14.3.

Let us now see how we can use atlases to define concepts of differentiability on topological spaces.
The setting here is similar to matrix computations in linear algebra: When considering linear maps
between vector spaces, computations are easily done in terms of matrices for maps K" — K™ with
m,n € N. To transfer these methods to a morphism f: V — W between arbitrary vector spaces with
dimV = n and dimW = m, one uses coordinate maps ¢: V — K" and y: W — K™ and studies the
linear map yo fo@~': K" — K™ instead that sends the coordinate vector of x € V to the coordinate
vector of f(x) € W. As this is now a morphism between K" — K™, one can use matrix techniques
again for computations. We will apply the same idea now to carry over notions of differentiability
from R” to topological spaces with atlases, using charts as coordinate maps:

Construction 10.5 (Smooth maps between topological spaces with atlases). Let X and Y be topo-
logical spaces with atlases (¢;)ic; and () je; of dimensions n and m, respectively. Moreover, let
f: X —Y be an arbitrary map.

(a) For a given pointa € X let ¢;: U; — V; with i € I be a chart with a € U, and let y;: U} — V]
with j € J be a chart with f(a) € U J' We can then form the composition

fij=wjofoq ViV
that locally around a sends the coordinates of a point x € Uj to the coordinates of f(x) € U j’ in
these charts and is a map between open subsets of R” and R, respectively. In this situation,
we call f smooth at the point a if f; ; is smooth at its coordinate point @;(a). Note that this
is well-defined by the chart compatibility condition of Definition 10.2: If we pick different
charts ¢; and y; containing a and f (a), respectively, we have

fij=viofoo ! =yoy; toyjofop  ogiop! (1)
—— T ——
(@) =Jij )

where defined. As the transition maps (2) are smooth, the smoothness of f; ; is therefore
equivalent to the smoothness of f; ; at the point under consideration.

Of course, we say that f is a smooth map if it is smooth at every point a € X: As expected
from analysis, smoothness is a pointwise condition.

(b) If f is smooth at @ € X, we define the rank rk, f of f at a to be the rank of the derivative

7 j((p,-(a)), i.e. the rank of the corresponding Jacobian matrix. Again, this is well-defined

by (1) since a different choice of charts will just multiply the Jacobian matrix of f; ; with an
invertible matrix from the left and right, which does not change its rank.

Remark 10.6. In a similar way, we could define what it means that a map between topological
spaces with atlases is k-fold (continuously) differentiable, but for our purposes we will not need
this. Note however that Construction 10.5 only defines what it means that a map is differentiable
(resp. smooth), but not what its derivative is in this case! In fact, constructing actual derivatives in a
well-defined way is a bit more involved; we will do this in Construction 12.13.

Example 10.7. Consider the circle S' C R? with the atlas of Example 10.4 (b). For simplicity,
we will restrict our attention to the chart ¢; on S'\{(0,1)} as the computations for ¢, are entirely
analogous. Recall from the example above that its inverse ;' : R — S'\{(0,1)} is given by

_ 2—2x? 4x T
o () = ( Z+1)2’ (x2+1)2)

2x  x—1
X241 3241

) with Jacobian matrix (¢ ')'(x) = <
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(a) The embedding f: S' — R? (with the natural atlas on R?) is smooth, since fo @, ' = ¢, ' is
clearly a smooth map from R to R2. It has rank 1 everywhere as (@, ')’(x) # 0 for all x € R.

(b) The vertical projection f: S' — R, (x,y) ~— x is also smooth as fo @, ! is just the second

. IR L _ o2

coordinate of @, ' in this case. Its derivative is (fo ;') (x) = %, so f has rank 1
everywhere except at the points (£1,0), where the rank is 0. Geometrically, this means
that the linear approximation of the vertical projection at these two points is a constant map,

whereas it is non-constant at all other points.

Exercise 10.8. Let f: X — Y be a continuous surjective map between two topological spaces with
the following property: For every a € Y there exists a open neighborhood U,, of a such that f~!(U,)
is a disjoint union of open subsets each homeomorphic to U, through f.

(a) If Y has an atlas, show that there is an atlas on X such that f is smooth.

(b) On the other hand, show by example that if X has an atlas there need not be an atlas on Y
such that f is smooth.

From the examples considered so far, it might be tempting to just define a manifold as a topological
space X with an atlas. However, there are two slight technical problems with this that we still
have to address. The first one is that we really use the atlas only to define what smoothness on X
means, and thus the exact form of the charts is just an irrelevant choice of coordinates. For example,
we could replace any chart ¢: U — V C R" with wo ¢@: U — V' for an arbitrary diffeomorphism
y: V — V' C R" without changing which maps on X are smooth. We could even keep the old
chart and add y o ¢ to the atlas as well, as these two charts are compatible. We could also throw
in restrictions of already existing charts, or remove charts if the remaining ones already cover X.
All these operations clearly change the atlas, but not the information we are actually interested in —
and thus we want to say that all these atlases determine the same manifold, which we would not do
if a manifold was just a topological space with an atlas. One way to achieve this is the following
construction.

Construction 10.9 (Smooth structures). An atlas (;);e; on a topological space X is called maximal
if every chart on X that is compatible with the charts in the atlas is already contained in the atlas,
i.e. if the atlas cannot be enlarged without breaking compatibility. This ensures by definition that
we cannot modify a maximal atlas in an irrelevant way by adding or removing compatible charts as
above. Hence, a maximal atlas exactly captures the idea of encoding which maps on X are smooth,
without any arbitrary choices. A maximal atlas on X is therefore also called a smooth structure on
X, and this is what we will require to be given for manifolds.

Yes, a maximal atlas is huge, and we will most definitely never write one down. But every atlas
clearly defines a unique maximal one (namely by adding all compatible charts to it), so it will be
okay to give an atlas on X as we did e. g. in Example 10.4 to determine a smooth structure on X. We
just have to remember that another atlas determines the same smooth structure if all charts in both
atlases together are compatible. (In fact, an equivalent definition would be that a smooth structure
is an equivalence class of atlases, where two atlases are called equivalent if their union is an atlas as
well.)

Remark 10.10 (Charts to open balls or R"). Assume that we have an n-dimensional smooth structure
on a topological space X. The flexibility in the coordinate charts can actually be used to choose
(non-maximal) atlases determining this smooth structure with additional properties, which might
sometimes be useful:

(a) We can take a chart ¢,: U, =V, with a € U, for every a € X, and restrict it to an open ball
around @, (a) € V, in the target. These new charts will then still cover X, and thus they suffice
to determine the smooth structure. In other words, we can assume that all charts have targets
which are open balls in R”. By composing with a scalar multiplication and a translation, we
might even assume that the target spaces of all charts are the open unit ball in R".
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(b) In fact, the open unit ball U; (0) C R” is diffeomorphic to all of R” by the smooth map

X o 1. n x
0:U(0) > R" x—» ——— withinverse ¢  :R"—U(0), x> ——,
11— |[x[|? VI [l
so by composing charts as in (a) with ¢ we might even assume that all charts in an atlas
determining the smooth structure are homeomorphisms whose target space is all of R”.

The second problem with defining a manifold as a topological space with a (maximal) atlas is sim-
ply that this would still allow some pathological examples that we rather do not want to admit. We
therefore need two more technical conditions from point-set topology to make our spaces well-be-
haved (see e. g. Proposition 11.13 and Proposition 11.16): the Hausdorff property and the second
countability axiom.

Remark 10.11 (Hausdorff spaces). Recall that a topological space X is called a Hausdorff space
if points can be separated by open sets, i.e. if for any two distinct points a,b € X there are open
neighborhoods U of a and V of b in X with U NV = 0. Almost by definition, the Hausdorff property
means that limits of sequences in X or functions to X are unique if they exist [G3, Remark 4.6]. It
is probably not hard to believe that analysis would break down badly without this property, so let us
just assume this.

A standard counterexample (that we thus do not want to consider) is the “real line with a doubled
origin” shown in the picture below on the right, which can be obtained by gluing two copies of R
along the open subset R\{0}. This space admits a smooth structure determined by the two charts
coming from the two copies of R, but it is not a Hausdorff space as any two neighborhoods of
the two origins intersect. Indeed, the sequence (%)ner in this space converges to both origins
simultaneously.

R °
A A A A A T A A A A 2

The main properties of Hausdorff spaces that we will need are the following:

(a) Every metric space (hence in particular every subset of R”) is a Hausdorff space, as well as
every subset of a Hausdorff space [G3, Example 4.3]. In fact, all topological spaces occur-
ring in these notes are easily seen to be Hausdorff spaces, so we will usually not mention
this in what follows.

(b) Every compact subset of a Hausdorff space is closed [G3, Proposition 4.12].
Exercise 10.12. Show for any connected Hausdorff space X with an atlas:

(a) X is path-connected.
(b) For any two points x,y € X there is a homeomorphism f: X — X with f(x) =y.

Definition 10.13 (Second countability). A topological space X is said to be second countable (or
to satisfy the second countability axiom) if it has a countable basis in the sense of [G3, Definition
1.12], i.e. if there is a countable family (U;);c; of open subsets of X such that every open subset of
X is of the form |J;; U; for some J C 1.

Example 10.14.

(a) R"is second countable for all n € N: It is easy to check that a countable basis is given by all
open balls Ug (x) for € € Q¢ and x € Q".

(b) Every subspace Y of a second countable topological space X is second countable: If (U;);¢; is
a countable basis for X, then by definition of the subspace topology (U;NY );¢; is a countable
basis for Y.

16
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(c) If a topological space X has a countable open cover by second countable spaces, then X
itself is second countable: We can just take the union of countable bases for each of the open
subsets to obtain a basis for the topology of X.

Taking (a), (b) and (c) together will readily imply that all topological spaces considered in
these notes are second countable, hence we will usually not mention this any more in the
future. However, it is also easy to come up with examples that do not satisfy this condition:

(d) R with the discrete topology is not second countable, since the only possible basis for this
topology is the family of all singletons {x} with x € R, which is not countable.

Remark 10.15 (First countability). In case you wonder why the condition of Definition 10.13 is
called second countable: There is also a weaker notion of a first countable topological space X only
requiring for any point a € X a countable family (U;);e; of open neighborhoods of a such that every
open neighborhood of a is of the form | J;c; U; for some J C 1. Hence, first countability only requires
locally that X is not “too big”, whereas second countability also requires this globally.

An example of a topological space that is not even first countable is the cocountable topology on
R, i.e. where a non-empty subset U C R is open if and only if it is the complement of a countable
set [G3, Example 1.5 (c)]: Assuming that this space had a countable family (U;);e; of open neigh-
borhoods of 0, their intersection (;c; U; would still be uncountable. So if we pick any non-zero
x € e Ui then R\{x} would be an open neighborhood of 0 that is not a union of open subsets in
the given family.

Finally, we are now ready to define manifolds, which will be our main objects of interest for the rest
of this class.

Definition 10.16 (Manifolds).

(a) Forn € N, an n-dimensional (smooth) manifold is a second countable Hausdorff space X # 0
together with a smooth n-dimensional structure (¢;);c;. We will denote it by (X, (¢;)ies), or
just by X if the smooth structure is clear from the context. Its dimension will be written as
dimX =n.

(b) A morphism between two manifolds X and Y is just a smooth map f: X — Y in the sense
of Construction 10.5.

This makes manifolds into a category, which we denote by Man.

Example 10.17.

(a) The topological spaces with atlases from Example 10.4 (a), (b), and (c) are manifolds: any
open subset of R", the sphere §" and the real projective space P}, are n-dimensional mani-
folds for all n € N, and the complex projective space P is a 2n-dimensional manifold.

In particular, we can see already that manifolds may or may not be compact, and they may
or may not come with a natural embedding in a real vector space.

(b) Any non-empty open subset U of an n-dimensional manifold X is again an n-dimensional
manifold, by restricting the charts ¢;: U; — V; to U; N U for all i € I. In the following, we
will always consider open subsets of a manifold as manifolds in this way.

(c) Manifolds form one of the categories in which bijective morphisms need not be isomor-
phisms: The morphism f: R — R, x + x* is bijective, but its inverse f~!: R — R, x> /x
is not differentiable, and thus not a morphism.

Remark 10.18.

(a) Let X be an n-dimensional manifold, and let ¢ : U — V be a chart with open subsets U C X
and V C R”. Reinterpreting this situation, we can then also consider ¢ as a diffeomorphism
between the manifolds U (in the sense of Example 10.17 (b)) and V (in the sense of Example
10.17 (a)): The statement to check here is just that @ o ¢ ~' = idy is a diffeomorphism, which
is obvious.
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In other words, we see that every n-dimensional manifold is locally isomorphic to an open
subset of R — which is the exact formulation of our original idea that a manifold should be
a space that “locally looks like R™”. In practice, this means that for any local property of a
manifold we may assume that we are talking about an open subset of R”. We will often use
this fact in the future to simplify our arguments.

(b) By definition, every manifold is a topological space, so there is a natural functor Man — Top
that just forgets the additional conditions and the smooth structure. In particular, every
manifold X has functorial singular homology and cohomology groups H,(X) resp. H?(X)
for all p € Z.

(c) Having defined manifolds, we should probably mention the famous Poincaré Conjecture,
which was one of the Millennium Problems with a one million dollar prize money, and
has been solved by Grigori Perelman in 2010 in the positive [C]. It states that the only
compact 3-dimensional topological manifold (in the sense of Remark 10.3 (b)) that is simply
connected (i. e. path-connected with trivial fundamental group) is the sphere $°.

Obviously, we are not going to prove this statement in these notes. For us, the Poincaré
Conjecture should just show that even seemingly simple questions about the geometric shape
of manifolds can be very hard and are still problems of current research.

Construction 10.19 (Disjoint unions and products of manifolds). Let (X, (¢;)ic;) with ¢;: U; — V;
and (Y, (y;) jes) with y;: U} — V| be two manifolds of dimensions n = dimX and m = dimY. The
following constructions then work without any problems:

(a) If m = n the disjoint union of X and Y is again an n-dimensional manifold: We can just take
the charts of both parts together, and there are no compatibility issues since charts on X and
Y will never intersect.

Note that this really requires m = n: By definition, a manifold does not have to be connected,
but all its charts must have the same dimension.

(b) Taking the product maps @; x y;: U; x U} — V; x V; C R for all pairs (i, j) € I x J, the
product X XY is a manifold of dimension n+ m in a natural way. In particular, the torus
S' x §! is a 2-dimensional manifold.
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11. Submanifolds

Similarly to most other categories, having defined manifolds we should now study submanifolds,
i.e. subsets of a manifold that are again manifolds in a natural way. Of course, one obvious case
here is any open subset of a manifold, which we have seen in Example 10.17 (b) to be a manifold
as well. But this situation is very special since both manifolds have the same dimension — one
could clearly also imagine cases in which a manifold contains a smaller-dimensional one, such as
the torus X containing the circle Y in the picture below on the left. Another example that you might
know already from first-year mathematics is the case of submanifolds of R"” [G1, Definition 27.18]:
Drawing the torus embedded in R? as below means that we have exhibited it as a submanifold of R.

2 o(ynu)

The idea to define such submanifolds is very similar to the definition of manifolds themselves: Just
as an n-dimensional manifold is a space that locally looks like R", a k-dimensional submanifold
of it is a space that locally looks like the standard embedding of R¥ in R” setting the last n — k
coordinates to zero. In the picture above, this means that the circle Y in the torus X is locally given
by the equation x, = 0 in a suitable chart ¢. Let us make this definition precise:

Definition 11.1 (Submanifolds). For k£ < n, a non-empty subset Y of an n-dimensional manifold X
is called a k-dimensional submanifold of X if for any point a € Y there is achart ¢: U -V C R”
for X with a € U such that @(UNY) ={x € V: xx41 = --- = x, = 0}. Such a chart will be called
adapted to Y. Clearly, by a translation in R” we might assume that ¢(a) = 0 if we wish.

Of course, the first thing to check is that submanifolds in this sense are actually manifolds them-
selves. Although this is expected from the geometric intuition, it is not obvious from the definition.

Construction 11.2 (Submanifolds as manifolds). Let Y be a k-dimensional submanifold of an n-di-
mensional manifold X. We will construct from this a natural k-dimensional atlas on Y by restricting
adapted chartson X to Y.

More precisely, forany a € Y let ¢ : U — V be a chart on X adapted to ¥ with a € U. By restricting
¢ to Y in the source and to the first k coordinates in the target, this defines a chart

(p: 0%‘77 X = (‘Pl(x)a~--7(Pk(x))

containing @ on Y, where U = UNY isopenin Y,V = {(x1,...,x) € R¥: (x1,...,x,0,...,0) € V}
is open in R¥, and @, ..., ¢y are first k component functions of ¢.

Note that these charts are compatible: For any two charts ¢, ¢ on X the transition map @, o ¢, Uis
Just a restriction of @, o @, !, and thus smooth. Hence the charts ¢ for all adapted charts ¢ form an
atlas on Y. As the second countability and Hausdorff conditions pass to arbitrary subsets, this makes
Y into a k-dimensional manifold.

Moreover, this manifold structure on Y has the property that it makes the embedding ¥ — X into
a morphism: Taking an adapted chart ¢ on X and the corresponding chart ¢ on Y, the inclusion is

given by (x1,...,x¢) = (x1,...,%,0,...,0), which is a smooth map between open subsets of R and
R™,
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We will see examples of submanifolds soon, but to simplify their study let us first discuss some gen-
eral methods to construct them. Thinking of other categories, one would probably expect that new
submanifolds can be obtained from old ones by taking inverse images or images under morphisms,
so let us investigate this strategy. Unfortunately, without any further restrictions this fails badly, as
the following examples show.

Example 11.3.

(a) Let f: R> — R, (x,y) ~ xy. Then the origin in R is clearly a O-dimensional submanifold,
but its inverse image f~'({0}) = {(x,y) € R? : xy = 0} is not by Example 10.4 (e). Note that
the derivative of f is f/ = (y,x), so the rank of f is O at the origin, whereas it is 1 everywhere
else.

(b) Consider the vertical projection f: S' — R, (x,y) + x. Then S' is clearly a manifold, but its
image f(S') = [~1,1] C R is not, again by Example 10.4 (e). In this case as well, note by
Example 10.7 (b) that f has rank 0 at the points (£1,0) (which map to the critical boundary
points of [—1,1]), whereas it has rank 1 everywhere else.

Hence, it seems that a rank condition on a morphism f: X — Y could solve our problems. In fact,
we will show now that with such a rank condition one can bring f in suitable coordinates in a normal
form which plays well with adapted charts. For simplicity, we will do this here only in the cases
when the rank of f is maximal in the sense that it is either dimY (in which the derivative f in given
charts is surjective at any point) or dimX (in which f” is injective), leading to good behavior with
respect to inverse images or images of submanifolds, respectively. The key input to pass from the
derivative f’ to an actual local behavior of f is the inverse function theorem, which we briefly recall.

Remark 11.4 (Inverse function theorem). In the following, we will need the inverse function theo-
rem from analysis [G1, Proposition 27.6]: Any smooth map f: U — V with f(0) = 0 and invertible
Jacobian matrix f/(0) between two open neighborhoods U and V of 0 in R” is a local diffeomor-
phism, i.e. after possibly shrinking U and V to smaller neighborhoods of the origin the map f
will be bijective with a smooth inverse f~!. Actually, this theorem is usually proven for contin-
uously differentiable instead of smooth maps, but in fact it holds for smooth maps as well: As
(fFY'(x) = (f'(f'(x)))~' [G1, Remark 27.3], any order of differentiability that holds for f’ and
£~ " also holds for (f~!)’, hence by induction if f is smooth then sois f~!.

Lemma 11.5 (Local normal form of smooth maps). Let U C R" and V C R"™ be open neighborhoods
of the origin, and let f: U — V be a smooth map with f(0) = 0.

(a) Ifrko f = m (so in particular m < n), after possibly shrinking U and V there is a diffeomor-
phism @: U — W (i. e. a coordinate change) to an open neighborhood W of 0 in R" such
that (0) =0and fo ™'t W — Visthe map s: (x1,...,%,) = (X1, ., Xm)-

b) If kg f = n (so in particular n < m), after possibly shrinking U and V there is a diffeo-
morphism @:V — W to an open neighborhood W of 0 in R™ such that ¢(0) = 0 and
Qof:U—Wisthemapi: (xi,...,%,) — (x1,...,%,,0,...,0).

Proof.

(a) By a permutation of the coordinates in R” (which can be absorbed into ¢) we may assume
without loss of generality that A := a(xlaif(O) is invertible. We construct the auxiliary

function

F:U—=VXR"™ x= (f(x),Xmt1,-..,Xn) with F/(O):(?) ;)

As F'(0) is then invertible as well, the inverse function theorem of Remark 11.4 tells us that
F is a local diffeomorphism of R” around 0. As f = so F, we then have fo ¢! = s with
¢:=F.
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(b) This time we can permute the coordinates of R™ to assume that A := W (0) is invert-

ible, where fi,..., fi, are the component functions of f. We now construct the auxiliary
function

F:UXR™ 5 R"=R"xR™™ (x,y)— f(x)+(0,y) with F(0)= < /: 2 )

Again, F'(0) is invertible as well, so F is a local diffeomorphism of R™ around 0 by Remark
11.4. As f = F oi, we thus obtain ¢ o f =i with ¢ := F~!. a

Exercise 11.6. As a generalization of Lemma 11.5, let U C R" and V C R™ again be open neigh-
borhoods of the origin, and let f: U — V be a smooth map with f(0) = 0 such that r :=rk, f is
constant fora € U.

(a) Show that after possibly shrinking U and V there are diffeomorphisms ¢@: U — U’ and
y: V — V' to open neighborhoods U’ and V' of the origin in R” and R™, respectively, such
that yo fo@~': U’ — V'is the map (x1,...,%,) — (x1,...,%.,0,...,0).

(b) Deduce the two parts of Lemma 11.5 directly as special cases of (a).

Let us now pass from this local the global setting.
Definition 11.7 (Submersions and immersions). Let f: X — Y be a morphism of manifolds.

(a) The morphism f is called a submersion if rk, f = dimY for all a € X.
(b) The morphism f is called an immersion if rk, f = dimX for all a € X.

Example 11.8. By the normal form of Lemma 11.5, any submersion is a locally surjective, and
any immersion is locally injective. However, it is important to understand that the conditions of
Definition 11.7 are not equivalent to local surjectivity or injectivity (intuitively since they require
that surjectivity or injectivity are visible already on linear approximations, i. e. that we have “local
linear surjectivity or injectivity”), and that they clearly do not imply global surjectivity or injectivity:

(a) The morphism f: R — R, x — x> of Example 10.17 (c) is globally and thus also locally
bijective, but neither a submersion nor an immersion since its rank at the origin is 0.

(b) The inclusion f: U — X of any non-empty proper open subset U in a manifold X is a
submersion and an immersion, but not surjective.

(c) The morphism f: R — R?, t — (cost,sint) that covers the circle ' C R? infinitely often by
the real line is an immersion, but not injective.

Proposition 11.9 (Inverse images and images of submanifolds). Let f: X — Y be a morphism of
manifolds with n :== dimX and m := dimY.

(a) If f is a submersion and Z is a k-dimensional submanifold of Y, then f~ (Z) is a submanifold
of X of dimension k+n —m if it is non-empty.

(b) If f is an immersion and Z is a k-dimensional submanifold of X such that f|7: Z — f(Z) is
a homeomorphism onto its image, then f(Z) is a submanifold of Y of dimension k, and this
restriction f|z is an isomorphism between Z and f(Z).

Proof.

(a) The submanifold condition is local, so we can restrict f to open neighborhoods U C X of a
pointa € f~1(Z) and V C Y of f(a) in the following way:
e By Remark 10.18 (a) we may assume that U C R” and V C R™, and that a and f(a)
are the origin.
e On the target V C Y, we can pick adapted coordinates x1,..., X, as in Definition 11.1
so that Z is given by the equations x;, | = --- = x,, = 0.

e On the source U C X, we can then pick coordinates as in Lemma 11.5 (a) such that f
is given by (x1,...,%) = (X1,...,Xm)-
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Then f~1(Z)NU is given by the equations x;; | = --- = x,, = 0 again (with the coordinates
XlyeeosXisXmt1,- - - X being unrestricted), hence it is a submanifold of dimension k +n — m.

Now let a € Z. We use the same strategy as in (a) to find open neighborhood charts U of
a=0in R" and V of f(a) =0 in R™ such that Z is given by x4 =--- =x, =0, and f
is given by (xi,...,x,) — (x1,...,%,0,...,0), this time using Lemma 11.5 (b). As f|zis a
homeomorphism onto its image, the open set ZNU in Z is mapped to an open set f(ZNU)
in f(Z) contained in f(Z) NV, so by shrinking V we may assume that f(Z)NV = f(ZNU).
Now the proof continues analogously to (a): The set f(Z) NV is given by the equations

Xkr] =" =Xp =Xpt1 = - = X, = 0, so it is a submanifold of dimension k.

Finally, note that the homeomorphism f|z: Z — f(Z) is given in these adapted coordinates

by (x1,...,X¢) = (X1,...,%,0,...,0), so it is clearly an isomorphism onto its image. O
Remark 11.10.

(a)

(b)

As one can see from the proof, the statement of Proposition 11.9 also holds under the weaker
assumption that the rank of f is equal to dimY only at all points of f~!(Z) in part (a), and
equal to dimX only at all points of Z in part (b).

Recall that any bijective continuous map from a compact space to a Hausdorff space is
already a homeomorphism [G3, Corollary 4.14], so for a compact submanifold Z C X the
homeomorphism assumption for f|z in Proposition 11.9 (b) can be weakened to injectivity.
Without the compactness condition this is not possible however, as we will see in Example
11.11 (c).

Example 11.11.

(a)

(b)

(©

The most common example of Proposition 11.9 (a) is clearly a submersion f: R" — R¥ and
the 0-dimensional submanifold Z = {0} of R¥, leading to an (n — k)-dimensional submani-
fold f~1(Z) = {x e R": f(x) =0} of R” (if it is non-empty). By Remark 11.10 (a) it suffices
for this that rk, f = k at all points a € R" with f(a) = 0, leading to the standard definition of
a submanifold of R” [G1, Definition 27.18].

For example, the sphere §” = {x € R"*! : ||x|| = 1} is an n-dimensional submanifold of R"*!
as it is the inverse image of the origin under the morphism

FRT SR x| —1=xf 4+ +x2, 1,
which clearly has rank 1 at all points of the sphere.

As a non-trivial example of Proposition 11.9 (b) we can take the morphism

2 ’-1
f:R"%R"“IR"xR,xH( B Ll )
[Pl 41 2 -1

which we had seen already in Example 10.4 (b) as the inverse of the chart
01 SNNY S R, (3) o 1

on §" C R"! = R" x R obtained by projection from the north pole N = (0,1). As ¢o f
is the identity on R", the rank of f must be n everywhere, i.e. f is an immersion. More-
over, we know that f is a homeomorphism onto its image S"\{N} since ¢ is a chart for
S". Hence, Proposition 11.9 (b) applies and shows that R” is actually isomorphic to S"\{N},
i. e. (together with the corresponding statement for the other chart leaving out the south pole)
that the manifold structure defined in Example 10.4 (b) is the same as the one obtained by
Construction 11.2 for the submanifold $” of R**!.

The picture below shows the morphism

3
f:X= (O’Zﬂ) — R?, 1+ (sin2ssinz, sin2r cost).
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\/
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Without even looking at the formula, one can see from the picture already why the condition
of f being a homeomorphism between Z and f(Z) in Proposition 11.9 (b) can in general
not be replaced by the weaker assumption of injectivity: The map f is an immersion and
injective, but its image f(X) is not a 1-dimensional submanifold of R? as there is no local
chart to R around the origin for the same reason as in Example 10.4 (e).

Having introduced submanifolds, let us now pursue Example 11.11 (a) a little further: Probably,
when visualizing manifolds you would want to think of them as submanifolds of R" for some n € N,
even if they have not been defined that way originally — such as e. g. for the Mdbius strip or the torus
in Example 1.17 where we have drawn pictures in 3-space to show their topology. In addition to
visualization, this also has the advantage that it gives us a way to assign global and not just local
coordinates to the points on a manifold. So let us ask the question: Can any manifold be embedded
in some R”, i.e. is it always isomorphic to a submanifold of R"? It turns out that the answer to
this question is yes, but given that the definition of a manifold contains almost no global conditions
at all it should not come as a surprise that this statement is quite deep and requires some technical
preparation.

In fact, the only global requirements for manifolds are the sec-
ond countability and the Hausdorff axiom, so let us start by
studying their implications. We want to show first that these

conditions ensure that a manifold X is not too big in the sense /,/_’_Z’—‘———-\i}l‘\, V2
that it has an “onion structure” as in the picture on the right: i VO/,' y
There is a sequence Vy CVy CV; C V) CV, C --- covering X

with each V; open and V, compact, so in particular X can be
exhausted by countably many compact subspaces.

Lemma 11.12. Let X be a manifold.

(a) Every point of X has a compact neighborhood.
(b) There is a countable basis (B;)ic; for the topology of X such that every closure B; C X for
i €1is compact.
Proof.

(a) Let a € X be any point. As the statement is local, we may assume that X C R” is an open
subset. Then Ug(a) C X for some € > 0, and thus Uy »(a) is a compact neighborhood of a.

(b) As X is second countable, there is a countable basis (B;) jes for the topology of X. We set
[ :={i € J:B; is compact} and claim that (B;);e/ is a basis as well.
To prove this, we show that any B; for j € J\I can already be covered by suitable basis
elements B; for i € I and thus can be dropped from the basis. Consider an arbitrary point
a € Bj, and pick a compact neighborhood K of it by (a). Then a lies in the open set B; N K,
hence there is a basis element B;, fori, € J witha € B;, C B; NK. In fact, we even have i,el:
Taking closures, we see that B;, C K = K since K is closed by Remark 10.11 (b), hence B;,
is compact as a closed subset of a compact space [G3, Proposition 4.10 (b)]. Taking these
open sets for all a € B; together, we obtain B; = {J,¢ B B;, as claimed. U

Proposition 11.13 (Onion structure of manifolds). For any manifold X, there is a sequence (Vi) ren
of open subsets of X with

VoCcWCVicViCVaC---
such that each Vi is compact and ey Vi = X.
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Proof. By Lemma 11.12 (b) we can pick a countable basis (B;);cn for the topology of X such that
every closure B; is compact. We now construct the sequence (Vj)ren recursively, starting with
V() =0.

For the induction step, assume that V; has already been constructed for some k € N. As V; is compact,
there is a finite set [, C N with V, C Uier, Bi» for which we may assume that {0,...,k} C I. Set
Vir1 7= Uiey, Bi- Then Vi C Viy1 by construction, Vi is open and Vi g1 = Uje, Bi as a finite union of
compact spaces compact, and the condition {0,...,k} C I; ensures that ey Vi = UjenBi =X. O

Example 11.14.

(a) Of course, for a compact manifold X the statement of Proposition 11.13 is trivial since we
can just take Vy = X for all k € N.

(b) For X = R", a possible choice of onion structure would be to take open balls V; = Ui (0) for
all k € N. For X = R"\ {0}, we could take Vo =0 and V;, = {x € R" : { < ||x|| <k} fork > 0.

Onion structures serve several purposes; they will e. g. allow us to establish a manifold version of
Mayer-Vietoris induction once we have studied de Rham cohomology (see Lemma 15.6). For the
moment, we just need some part of the Mayer-Vietoris picture of Chapter 7, namely a dual analytic
version of subdivisions. Recall that to study the singular homology of a union U UV of open subsets
in a topological space we had to subdivide singular simplices in U NV fine enough so that each part
of the subdivision lies in U or V. Let us now establish an analogous statement for functions: Roughly
speaking, given a smooth function f: U UV — R on a union of two open subsets of a manifold, we
want to write it as f = fy + fy, where fy and fy are zero away from U and V, respectively. Of
course, both fiy and fy should still be smooth on U UV, so a naive solution along the lines of

o) = {f(x) eU e {f(x) ifxeV\U,

0 otherwise 0 otherwise

is not what we are looking for. Instead, we need to construct a function f that interpolates smoothly
between f on U\V and 0 on V\U, and similarly for fy, so that their sum still equals . Note that it
is sufficient to do this for the constant function 1, as for the general case we can then just multiply
our interpolating functions with f. Such a decomposition of the constant function 1 into parts that
are non-zero only at specific places is called a partition of unity, a crucial concept in manifold theory
that we will introduce now — in fact, not just for unions of two subsets, but for arbitrary open covers.
Its construction is based on the following so-called bump functions.

Construction 11.15 (Bump functions and functions with compact support). Recall from analysis
that there are non-zero smooth functions f: R — R that are identically zero outside a given range
[G1, Exercise 11.12], such as e. g.

1 .
fTR-R x— exp(x2_1> it <1, f(x)
0 if |x| > 1
as shown in the picture on the right. In other words, this func-
tion approaches the horizontal axes infinitely flat to any order at
the points x = =£1. It is usually given as an example for a non- | X
analytic function, i. e. a function that cannot be represented by —1 1
its Taylor series.

It is easy to extend this construction to manifolds. First of all, for a real-valued function f: X — R
on a manifold X we call

supp f 1= f~H(R\{0}) CX
the support of f. Note that we are taking the closure of the set of all points with non-zero values
here, so e. g. the function above has support supp f = [—1, 1]. The special feature of this function is
that its support is actually compact — most “interesting” functions f: R — R that you would think
of will probably have supp f = R and thus non-compact support.
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However, modeled on the function above we can easily construct smooth functions with compact
support on arbitrary manifolds: Let X be an n-dimensional manifold, and let a € X be an arbitrary
point with a given open neighborhood U C X. By a bump function for ¢ in U we will mean a
smooth function f: X — Rx¢ with f(a) > 0 and compact support supp f C U. To obtain such a
bump function, we can shrink U to a smaller open neighborhood of a such that there is a chart
¢@: U — V with V an open ball in R"; by a coordinate transformation on R” we can furthermore
assume that V = U,(0) is the ball around the origin with radius 2. Extending the function in the
picture above to the multidimensional case and pulling it back by the chart ¢ then gives us a bump
function

1
exp| ———5—— if x € U with x)|| <1,
P (jpmr=1) le

0 otherwise

[ X—=>R x—

as desired: It is smooth (first on U in the same way as the bump function in the picture above, and
then also by extension by zero on all of X), and its support is ¢ ' (K;(0)), which is compact and
contained in ¢~ (U,(0)) = U.

Note again that taking the closure is important in this construction: The function f in the picture
above is a bump function for 0 in (—2,2), but not for 0 in (—1,1) since its support [—1,1] is not
contained in (—1,1). Intuitively, for a bump function for a € U it is not sufficient that f is zero
outside U, it must in fact already be identically zero in a neighborhood of the boundary of U.

Proposition 11.16 (Partitions of unity). Let (U;)icr be an open cover of a manifold X. Then there
exists a (not necessarily finite) family (f;) jes of smooth functions fj: X — Rxq such that:

(a) The support of every function f; for j € J is compact and contained in one of the open subsets
U..

(b) Every point a € X has an open neighborhood on which almost all f; are identically zero —
this ensures that the sum Y jc; fj: X — R is locally finite, i. e. there are no convergence
issues when studying local properties of this sum.

© Yjesfi=1
Such a family (f;) jer is called a partition of unity subordinate to the open cover (U;)icr.

Proof. First of all note that we can replace (c) by the weaker condition that the sum g :=} ;c; f; is
nowhere zero, i. e. that at least one f; is non-zero at any point of X: We can then just normalize all

functions by replacing each f; by %

To construct the family (fj)jcs, pick an onion structure

(Vi)ken as in Proposition 11.13, setting V, = 0 for k < 0.

For a fixed k € N and any a in the compact set Vi 1\Vk \
(shown in dark gray in the picture on the right), pick i € 1
with a € U;, and choose a bump function f, for a in the open
set U;N (Viy2\Vi_1) as in Construction 11.15. We denote by
W, = f;1(R\{0}) the open set on which it is non-zero, con-
tained in the dark and light gray region in the picture.

Vier /. Vi Viwa/

Note that these open sets W, cover the compact set Vj11\V, so we can pick a finite set J;, C Vi1 \Vk
such that Vi 1\Vi C U,e), Wa- Finally, set J = Ugen J-

Then (f,)qes satisfies the condition of the proposition: Property (a) holds for every f, by construc-
tion. The sum Y, f, is locally finite as required by (b) since every x € X is contained in some open
set Vi1 2\ Vi, and only the functions f, with a in the finite set J;_ 1 UJ; UJi; 1 UJy12 can have non-zero
values there. Finally, every x € X is contained in some compact set Vi, 1\V;, and by definition there
will then be some a € J; with f,(x) > 0, showing (c) as remarked at the beginning of the proof. [

In fact, if one does not care about the support of the individual functions being compact, there is also
a simpler version of partitions of unity that needs only one function for each open set in the given
cover.
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Corollary 11.17 (Alternative version of partitions of unity). Again let (U;);c; be an open cover of a
manifold X. Then there exists a family (f;)icr of smooth functions f;: X — R labeled by the same
index set I such that:

(a) The support of every function f; for i € I is contained in U; (however not necessarily com-
pact).
(b) Every point a € X has an open neighborhood on which almost all f; are identically zero.
(©) Yierfi=1
Again, such a family (f;)ic; will be called a partition of unity subordinate to (U;)ic;.

Proof. Take a partition of unity (g;);cs as in Proposition 11.16, pick for each j € J an index i; € I
with suppg; C U;;, and set fi ==} ;e Jij=i8j for all i € I. (Note that there might and generally will be
infinitely many j contributing to this sum, but not locally by Proposition 11.16 (b) — hence the local
conditions (b) and (c) of the proposition carry over to the new family (f;);c;, whereas compactness
of the support does not.) d

Example 11.18. Let X = (0,3) C R, and consider the open cover of X by the two open subsets
U, =(0,2) and U, = (1,3).

(a) A partition of unity for X subordinate to the given cover
in the sense of Corollary 11.17, i. e. consisting of two non-

negative smooth functions f; and f> with f; + f, =1, and !

having their support in U; and U,, respectively, is easy to

find without going through the construction in the proof;a | . S U El
graphical visualization is shown in the picture on the right. 0 1 2 3

(b) Note however that the functions of (a) do not have compact support due to the interval
X being open. If we insist on a partition of unity consisting of functions with compact
support as in Proposition 11.16, we have to replace e. g. f| by countably many functions —
for example, by functions f, with n € N-o having support in the overlapping intervals
[ﬁ, %] for a suitable ¢ € (1,2), normalized so that their (locally finite) sum is 1.

Remark 11.19. Of course, dealing with infinite partitions of unity as in Example 11.18 (b) is much
more uncomfortable than with finite ones as in (a). Note however that for compact manifolds we can
achieve the best of both worlds: Even in Corollary 11.17 the supports of the functions f; will then
be compact since they are closed subsets of the compact space X [G3, Proposition 4.10 (b)].

Exercise 11.20. Let U; := {(x1,x2) € R?:x; >0} C R? fori € {1,2}.

Find an explicit partition of unity (fi, f>) for the submanifold X := U; UU, of R? subordinate to the
open cover (U, U;) in the sense of Corollary 11.17.

We are now ready to use partitions of unity to prove our final result of this chapter:

Proposition 11.21 (Whitney embedding). Every compact manifold is isomorphic to a submanifold
of RN for some N € N.

Proof. Let X be a compact n-dimensional manifold. Due to the compactness, we can cover X by
finitely man charts ¢;: U; — V; for i = 1,... k. Moreover, we pick a partition of unity subordinate
to this cover in the sense of Corollary 11.17, given by the smooth functions f;: X — V; C R” with
support in U;.

Now consider the map F: X — RK+1) = R+ ... 5 R"+! with the component functions

(fix) i(x), filx))  ifxe U,

Fi X 5 R =R R, x (£(0) @), i) 1= {0 .
otherwise

fori=1,... k. Note that despite their piecewise definition all F; are smooth since they are identically
zero in the open neighborhood X\ supp f; of dU;.
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We claim that F is an isomorphism onto its image F(X) as a submanifold of RV := RK**1) By
Proposition 11.9 (b) and Remark 11.10 (b), it suffices to prove that F' is an injective immersion:

(a)

(b)

F is injective: Let x,y € X with F(x) = F(y); in particular, we then have f;(x) = f;(y) for all
i=1,...,k. As (f;); is a partition of unity, this number must be non-zero for at least one i
(which also requires x,y € U;). But for this i we then have fi(x) ¢;(x) = fi(y) @:(y) as well,
i.e. 9;(x) = ¢;(y). As ¢;: U; — V; is an isomorphism, this means that x = y.

F is an immersion: Let x € X, and again pick i € {1,...,k} with f;(x) > 0, implying x € U;.
Then with respect to the chart ¢; we have
Fog 't Vi» Ry (in)y. fiy)) with f:=fog ",

which has Jacobian matrix

(Fop™!)(y)= (

fi/(y)y“‘fi(y)E € R+ xn
5
at y = ¢;(x). By row transformations we can bring this into the form
fiy)E c RO+ xn
fi()

which has rank n since f;(y) = fi(x) > 0. Hence, F; and thus also F has rank n at x, i.e. F is
an immersion as required. g

Remark 11.22.

(a)

(b)

©)

The Whitney embedding ensures that compact manifolds such as projective spaces that do
not naturally come as submanifolds of some RY can nevertheless be written in that way —
which is helpful for our further study of compact manifolds since being able to assume an
embedding in RV will often simplify arguments (see e.g. Construction 12.13). However,
the explicit construction of this embedding in the proof of Proposition 11.21 is rarely useful
since it uses partitions of unity and a rather high-dimensional ambient space.

Actually, the Whitney embedding statement is more general than what we have shown in
Proposition 11.21. In addition, one can prove [B, Theorem I1.10.8]:

e The statement also holds without the compactness assumption, i. e. any manifold can
be embedded as a submanifold of R (in fact, even as a closed submanifold).

o There is a bound on the necessary ambient dimension in the sense that every manifold
can be embedded in RN with N < 2dimX (see Exercise 1.35 for a simplicial version).

For us, Proposition 11.21 will suffice however, so we will not prove these generalizations.

Even if it is not the topic of this class, let us quickly mention that some very interesting
phenomena occur when considering the analogous situation over the complex numbers. Re-
call from Remark 10.3 (c) that complex manifolds could be defined in exactly the same way
as real manifolds, replacing real by complex differentiability. In many aspects, they also
behave in the same way: One could literally copy the definition of morphisms, ranks of
maps, and submanifolds, and also Proposition 11.9 regarding inverse images and images of
submanifolds under submersions and immersions, respectively, holds without change (basi-
cally because the inverse function theorem, which was the main ingredient for this statement,
holds over C as well). However, as you might know from complex analysis, bump functions
as in Construction 11.15 simply do not exist in the complex world since every holomorphic
function is analytic [G4, Proposition 7.10]. For the same reason, partitions of unity are im-
possible over C, and in fact, the Whitney embedding statement of 11.21 is false for complex
manifolds. More drastically, a compact complex manifold (of positive dimension) can never
be embedded into CV! A compelling reason for this if you know some basic complex analy-
sis is the Maximum Modulus Principle [G4, Proposition 6.14], which also has a multivariate
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version: The coordinate functions of an embedding f: X — CV of a compact complex man-
ifold X into CN would clearly be bounded holomorphic functions due to the compactness of
X, hence would have to have a local maximum somewhere — which is impossible unless f is
constant, i. e. not an embedding.

Exercise 11.23.

(a) Let (fu)nen be a family of smooth functions f,: R — R>( with compact support. Show
that there are constants ¢, € R for n € N such that the sum f:=Y" qc,fy: R = R
converges and is a smooth function as well.

(Hint: It is known from standard analysis that a sequence g,: R — R of differentiable
functions converges to a differentiable function with derivative lim g/, if both (g,),en and
n—oo

(g))nen converge uniformly.)

(b) Show that every closed subset A C R is the zero locus of a smooth function, i. e. that there is
a smooth function f: R - RwithA ={x e R: f(x) =0}.

(Hint: Use second countability and suitable bump functions for the complement R\A.)
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12. Vector Bundles

In this chapter we want to study so-called vector bundles, a certain kind of manifolds with an extra
structure that often occurs in practice. The main motivation probably comes from the study of
tangent vectors and tangent vector fields that we considered already in the Hairy Ball Theorem in
Proposition 9.5: First of all, given an n-dimensional submanifold X of R™, we want to define the
tangent space Tx , to X at any point a € X as the n-dimensional linear subspace of R™ which,
when shifted to a, approximates X best around a. We then also want to consider tangent vector
fields, i.e. maps that associate to any a € X a tangent vector at this point in a smooth way. Note
that to be able to define what smoothness means in this situation, it is not sufficient to construct
a tangent space separately at each point — instead, in Construction 12.13 we will make the union
Tx = Ugex ({a} X Tx,a) of all tangent spaces into a global 2n-dimensional manifold called the
tangent bundle, so that a tangent vector field on X can be defined as a smooth map from X to Ty that
assigns to every a € X a point in Ty 4.

It might be less geometrically obvious, but we will see later in Example 12.25 that linear approxima-
tions of a manifold and hence the tangent bundle can in fact also be defined abstractly for arbitrary
manifolds, i. e. not only for submanifolds of R™. In fact, our setting of assigning smoothly varying
tangent spaces to points of a manifold is just a special case of a very general concept called a vector
bundle, which assigns to every point of a manifold a smoothly varying vector space.

Example 12.1 (The Mobius strip as a vector bundle). To consider a completely different and easier
example illustrating this concept, let E be the Mobius strip shown in the top left of the picture below.
In contrast to Example 1.17 (c), let us remove its boundary points to make it into a 2-dimensional
manifold, and let us consider the dark vertical lines to be the real line R instead of a bounded interval
(which does not make a topological difference since these spaces are homeomorphic). The Mobius
strip E then comes with a natural projection map 7: E — X to its center line X = §', and the inverse
image E, := n~'({a}) of every point a € X is a 1-dimensional vector space (namely one of the

vertical lines).
U, xR
Pa
S

X

E

a
——
U,

Note that this assignment of a 1-dimensional vector space E, to every a € X is locally trivial in
the sense that for every such point a there is an open neighborhood U, (shown in dark gray in the
picture) such that 77!(U,) just looks like U, x R, i.e. like a non-varying vector space R sitting at
every point of U,. It is only the global structure of E that is different, since running around the circle
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X will exchange the positive and negative part of £, = R. We will see a precise definition of this
bundle in Construction 12.15.

Actually, the same phenomenon occurs e. g. for the tangent bundle of the 2-sphere S? in the Hairy
Ball Theorem of Proposition 9.5: Locally, we could flatten out the sphere so that its tangent spaces
are the same at every point, but globally the tangent planes will wrap around the sphere and thus
form a non-trivial varying family of 2-dimensional vector spaces. Let us now describe this situation
formally, using the notations from the picture above.

Construction 12.2 (Vector bundles). Let X be an n-dimensional manifold. A (real) vector bundle
E of rank tk E = r € Non X is a manifold E of dimension n + r together with a morphism 7: E — X
and a real vector space structure on the fiber E, := 77! ({x}) C E for every x € X, satisfying the
following condition:

Any point a € X admits an open neighborhood U, C X and an isomorphism of manifolds

@.: 7Y (U,) — U, x R” such that the following two properties hold.

(a) On 77:_1(Ua) we have © = po ¢,, where p: U, x R" — U, is the projection onto the first
factor (i. e. the diagram in the picture above commutes). In other words, ¢, maps the fiber
E, C E to the fiber {x} x R" C U, x R”, which is often expressed by saying that ¢, is a
morphism over U, and written as @, |z, : Ex — R”, identifying {x} x R” with R". Of course,
as @, is an isomorphism, @, |, is bijective.

(b) This bijection @,|g, : Ex — R” is linear, i. e. an isomorphism of vector spaces, for all x € U,,.

Instead of saying that E is a vector bundle on X with the data given above, one also often says that
the morphism 7: E — X is a vector bundle, and that X is the base of the bundle.

Example 12.3 (Trivial bundles). For any manifold X and r € N, the manifold E = X x R" together
with the morphism 7: E — X, (x,v) — x and the identity maps @,: X x R" — X x R” for any a € X
is a vector bundle of rank r over X. It is called the trivial vector bundle of rank r over X since it
corresponds to a non-varying vector space R” sitting at every point of X.

With this notation, one could say intuitively that the isomorphisms ¢,: 77! (U,) — U, x R" certify
that E is locally isomorphic to the trivial vector bundle of rank r around each point @ € X. In fact,
the maps ¢, are called local trivializations of E for this reason. Let us now make this into a precise
statement by defining restrictions and morphisms of vector bundles in the expected way.

Construction 12.4 (Restrictions and morphisms of vector bundles). Let w: E — X be a vector
bundle with dimX = n and rkE =r.

(a) Let Y C X be a submanifold. Note that the map 7 is a submersion: This can be checked
locally, so by Remark 10.18 (a) we may assume for any a € X that we have a local trivializa-
tion @, : x! (Uy) — U, x R” for an open subset U, C R”, which we can then take as a chart
for E. But in this chart, the map 7o ¢, ! is just given by U, x R" — U,, (x,v) + x, which
clearly has rank n = dimX.

Hence, by Proposition 11.9 (a) the inverse image E|y := 7~ !(Y) is a submanifold of E.
Note that the projection 7 restricts to a morphism 7|z, : E|ly — Y whose fiber over a € Y
is just the vector space E,. Moreover, for a € Y we can restrict the local trivialization maps
@, 71 (U,) = Uy x R” of E to local trivializations 77! (U, NY) — (U, NY) x R" of Ely,
making Ey into a vector bundle of rank r on Y. We call it the restriction of E to Y.

(b) A morphism of E to another vector bundle y: F — X over the same base X is a morphism
of manifolds f: E — F over X (i.e. with yo f = ¢, such that f maps the fiber E, to the
fiber F; for all x € X) such that all maps f|g, : Ex — F; are linear for the given vector space
structures on the fibers. We denote the set of all such morphisms by Homy (E, F), or just
Hom(E, F) if X is clear from the context.

In particular, this makes vector bundles over X into a category, and defines the notion of
isomorphisms of vector bundles over X. Combining this with (a), Construction 12.2 just

19
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says that a vector bundle is a morphism 7: E — X, with a given vector space structure in
each fiber, and the requirement that it is locally isomorphic to a trivial bundle.

Combining this with Remark 10.18 (a), this means in practice that for any purposes local
on X we can always assume that a vector bundle is just the projection 7: U x R" — U of a
trivial vector bundle of rank r over an open subset U C R".

Remark 12.5.

()

(b)

The definition of a vector bundle is very similar to that of a covering space in [G3, Chapter
8], with the only difference being that the fibers of a covering space are discrete topological
spaces, whereas the fibers of a vector bundle are real vector spaces. Note that this vector
space structure is actually important here, i.e. we do not only consider a vector bundle £
over a base X as a topological space or manifold. In fact, from a purely topological point of
view vector bundles are not very interesting: By linearly moving every point to the origin in
each fiber, the base X is always a deformation retract of E, so that the singular homology of
E is naturally isomorphic to that of X.

Note that the vector space structure on the fibers of a vector bundle 7: E — X of rank r
is part of the fixed data that needs to be given to define a vector bundle, whereas the local
trivializations @,: 7~ !(U,) — U, x R are not — they just need to exist to guarantee that the
vector space structure of the fibers varies smoothly, but similarly to charts of manifolds and
bases of vector spaces they are not uniquely determined. The following construction shows
what this means exactly.

Construction 12.6 (Hom(E, F) as a vector space). Let 7: E — X and y: F — X be vector bundles
of rank r and k, respectively, on an n-dimensional manifold X.

(a)

(b)

©

Clearly, for any two morphisms f,g € Hom(E,F) and A € R there are linear pointwise
addition and scalar multiplication maps in the fibers

E.— Fo, v flg,(v)+glg(v) and Ey— F, v Af|g. (v)

that can be combined for all x € X into set-theoretic maps f+g: E — F and Af: E - F
over X. It now follows from the local triviality condition that these two maps are in fact
smooth, hence also morphisms between E and F, and thus make Hom(E,F) into a real
vector space: As smoothness is a local condition, we may assume by Construction 12.4 (b)
that the bundles 7: U x R” — U and y: U x R — U are trivial with U C R” open. The two
morphisms of vector bundles are then given by f: U x R" — U x R¥, (x,v) > (x, f(x,v))
and g: U xR — U x R, (x,v) — (x,&(x,v)) for smooth functions f,g: U x R” — RX, But
then

f+8 UXR = UxXRY, (x,v) = (x, f(x,v) +(x,v))
and  Af:UxR —UxRF (x,v) = (x, ALf(x,v))

are also smooth since smooth R¥-valued functions on open subsets of R” x R” form a vector
space. This is exactly what it means that “the vector space structure in a bundle varies
smoothly with the point”.

Expanding the idea of (a), the map f: U x R” — RF is smooth and linear in the second
component, and thus by linear algebra must be of the form

FrUXR =R (x,v) —A(x)-v

for a unique smooth matrix-valued map A: U — R¥*" x — A(x). In other words, in given
local trivializations a morphism E — F of vector bundles is just the same as a morphism
of manifolds with target space R**”. In particular, a morphism between the trivial bundles
X x R” and X x R is globally the same as a morphism X — R¥*",

A consequence of this is that — as for vector spaces, but unlike the case of manifolds — any
bijective morphism of vector bundles is an isomorphism: If f is bijective then the matrix
A(x) of (b) must be invertible at any point, hence we must have k = r and obtain an inverse



12.  Vector Bundles 107

morphism A~': U — R™ x ++ A(x)~! (which is smooth by the formula for the inverse
matrix in [G1, Proposition 18.21]), showing that the inverse map f~': F — E is in fact a
morphism of vector bundles.

Note that this shows again that vector bundles can be thought of as vector spaces varying smoothly
with the point on a manifold: For (finite-dimensional) vector spaces, a linear map is given by a matrix
after a choice of bases. For vector bundles, a morphism is given by a matrices varying smoothly with
the point on a manifold after a choice of local trivializations.

Consequently, we would also expect that we can apply standard constructions for linear maps to
morphisms of vector bundles fiber-by-fiber, e. g. taking their images and kernels to obtain new vector
bundles that are subsets of old ones. There is a slight complication here however since vector bundles
must have constant rank, i. e. we can only hope for a matrix-valued function to determine image and
kernel vector bundles if all matrices have the same rank. As vector bundles are not the main focus
of this class, let us not go into details here, but just consider injective morphisms leading to image
subbundles of the target bundle in the following sense.

Definition 12.7 (Subbundles). A (vector) subbundle of a vector bundle 7: E — X is a vector bundle
of the form 7| : F — X for a submanifold F C E, with the vector space structure of F, taken from
E, (so in particular, F, has to be a vector subspace of F, for all a € X).

Lemma 12.8 (Image subbundles). Let X be an n-dimensional manifold, and consider a morphism
A X — R x5 A(x) for k,r € Nxg with tkA(x) = r for all x € X. Then the image subbundle

imA := U ({x} ximA(x)) = {(x,A(x) v) :x€X,veR} CXxR

xeX

is a subbundle of the trivial bundle X x R which is isomorphic to the trivial bundle X x R’

Proof. As rkA(x) = r the matrix A(x)TA(x) € R™" is invertible for all x € X, and thus we can
construct the morphism

B: X 5 R x (A TA®R) AT
(note that the explicit formula for the inverse matrix [G1, Proposition 18.21] shows that B is in fact

smooth); it is a left inverse for A in the sense that B(x)A(x) = E for all x € X. Now consider the
corresponding morphisms of trivial vector bundles

fiX xR =X xRX (x,v) = (x,A(x)-v) and g: X xRF = X xR, (x,v) — (x,B(x)-v)

as in Construction 12.6 (b). Clearly, the map f has image imA, and as g is a left inverse we see that
f: X xR" — imA must be a homeomorphism (with inverse g|ima). Moreover, g o f = id requires
the rank of f in the sense of Construction 10.5 (b) to be n+r, so f is an immersion, and thus
f: X xR" — imA is an isomorphism of manifolds by Proposition 11.9 (b). Finally, both f and g
are linear in v, so g is a global trivialization of imA and thus makes it into a subbundle of X x R¥
isomorphic to X x R”. 0

Remark 12.9 (Local image subbundles).

(a) The important point of Lemma 12.8 is not that imA is trivial, but that the smoothness of
the morphism A ensures that the vector subspaces of the fibers determined by imA vary
smoothly, making imA into a subbundle. Actually, being a subbundle is a local condition on
the base, so if 7: E — X is a vector bundle then any subset F C E will also be a subbundle
if there is an open cover (U;);c; of X on which E is trivial and such that 7= (U;) N F is an
image subbundle of 7~ (U;) over U; as in Lemma 12.8 in suitable local trivializations for all
i € I — and due to the gluing process by the cover and the local trivializations the subbundle
F of E obtained in this way will then in general be non-trivial.

(b) In particular, this situation occurs if we have an injective morphism f: F — E of vector
bundles over a manifold X. Then the maps f|g, : Ex — Fy in the fibers over any x € X are
injective as well, so in local trivializations of E and F over a cover (U;);¢; the morphism f
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is given by functions U; — R**" mapping into the space of matrices of rank r. Hence, the
image of f is a subbundle of E (which can be thought of as a relative version of lemma 12.8.

Clearly, this applies if F C E is already known to be a subbundle in the first place and f is
the inclusion; hence we also see conversely that any subbundle of a vector bundle is always
locally an image subbundle in the sense of Lemma 12.8.

Exercise 12.10 (Kernel subbundle). Let f: E — F be a morphism between two vector bundles
w: E— X and y: F — X over a manifold X. We denote by ker f := [J,cx ker(f|g,) C E the union
of the kernels of the linear maps in the fibers given by f.

(a) Show that ker f is a subbundle of E if and only if the dimension of the vector spaces ker(f|g,)
for x € X is constant.

(b) Give an example of a morphism f for which ker f is not a subbundle of E.

Exercise 12.11 (Pullbacks of bundles). Let f: X — Y be a morphism of manifolds, andlet7: £ —Y
a vector bundle on Y of rank r. We set

fYE)={(x,v) EXXE: f(x)=n(v)} CXXE.

(a) Show that f*(E) is a submanifold of X X E, and that the natural projection ©: f*(E) — X
onto the first factor is a smooth map with 7! ({x}) = Ey(,) for all x € X.

(b) Show that 7: f*(E) — X is a rank-r vector bundle. It is called the pullback bundle of E by
I

Exercise 12.12. Show that every vector bundle on a compact manifold is a subbundle of a trivial
bundle.

We can now use the idea of Remark 12.9 to give many interesting vector bundle constructions. Let
us start with the tangent bundle already mentioned at the beginning of this chapter.

Construction 12.13 (Tangent bundles and derivatives of morphisms). Let X be a k-dimensional
manifold. For simplicity, let us assume for the moment that it comes as a submanifold X C R" for
some n € N. Recall that by the Whitney embedding of Proposition 11.21 and Remark 11.22 (b) this
is not a restriction except that it makes a possibly unnatural choice. We will study how to avoid this
choice in Example 12.25.

(a) For any x € X we have a chart ¢: U — V C R¥ around x, whose inverse ¢~!: V — U C R”
we can consider as a local parametrization for X. The linearization of this map is its Jacobian
matrix Ay (x) := (¢71)(@(x)) € R™*, hence we define the tangent space of X at x to be
the k-dimensional vector space

Ty :=imAy(x) CR".
Note that this is independent of the chart ¢: A different choice would just precompose the
Jacobian matrix Ay (x) with the (invertible) Jacobian matrix of the transition map, which
does not change its image. We now collect these tangent spaces in a global object
Ty = J({x} x Txx) CXxR"
xeX

Locally on a chart ¢: U — V, this is just the image subbundle imA, of Lemma 12.8, so
Remark 12.9 (a) shows that Tx is a subbundle of rank k of X x R" with fibers Tx . We call
it the tangent bundle of X.

(b) Tangent spaces can be used to construct well-defined derivatives of a morphism f: X — Y
between manifolds for any submanifold Y C R™: For a point x € X, choose charts ¢: U —V
and y: U’ — V' with f(U) C U’ around x and y := f(x), respectively, and consider the linear
map

F0): Tex = Try, (971 (@) v (oo™ ) (9(x) v,
Note that:
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e Every vector in Ty, is of the form (¢~ !)'(¢(x))-v for a unique v € R¥, so f'(x)
is defined at every point of Tx,. Moreover, the definition is independent of the
choice of chart ¢ since a different choice would multiply both (¢~!)(¢(x)) and

(fo@~1Y(¢(x)) with the same Jacobian matrix of the transition map.

o The definition is visibly independent of the chart y. However, note that the image of

Tx x actually lies in Ty, since

(foo Y (e() v=(y)(w©) (wofoe 1 (p(x)) veTy,.

We can think of f(x) as the linearization of f around x, mapping the linearization Tx  of
X to the linearization Ty, of Y. It is called the derivative of f at x. Varying the point, we
can also consider it as a morphism of manifolds f': Ty — Ty (that sends a point in the fiber
over x to the fiber over f(x)). In the rest of these notes, we will not need this construction
however as we will mainly be interested in derivatives of real-valued functions (see Chapter

13).

We have also mentioned already in the introduction to this chapter that one often wants to consider
functions on a manifold X that assign to any point x € X a vector in the fiber E, of a vector bundle
w: E — X, such as e. g. tangent vector fields. Such functions are called sections of the vector bundle,

and they are closely related to morphisms of vector bundles as in the following construction.

Construction 12.14 (Sections of vector bundles). For a vector

bundle w: E — X, a smooth map s: X — E with wos = idy il //
is called a section of E; we can think of it as a smooth assign- ,W//// 7 /
ment of a vector in the fiber E, for any point x € X. Hence, for /

example, the picture on the right shows a section of the M&bius | I
strip vector bundle of Example 12.1 (where the image of s is

the bold curve in E), and a section of the tangent bundle Ty can Rl | l I ,
be thought of as a tangent vector field as in the Hairy Ball The-

orem of Proposition 9.5. For any submanifold Y of X, the set of T l Ns
all sections of the restriction E|y of Construction 12.4 (a) will

be denoted by E(Y). As in Construction 11.15, the support of

a section s € E(Y) is defined to be the closure in ¥ of the set of

all x € Y with s(x) # 0 in E,.

There are a few important properties of sections that follow directly from the definitions:

(a) Any section s: X — E determines an isomorphism between X and its image s(X): It is clear
that the morphism s: X — s(X) is bijective, and 7|yx): s(X) — X is an inverse morphism.

In particular, there is always the zero section sending each point x € X to the origin in E,,
which allows us to consider X as being naturally embedded in E — given e. g. by the center

line of the Mobius strip in the picture above.

(b) A section s: X — E is the same as a morphism of vector bundles f: X x R — E from the
trivial rank-1 vector bundle on X to E: Given a section s: X — E, there is an associated
morphism of vector bundles f: X xR — E, (x,A) — As(x) (with the scalar multiplication
in the fiber E,), and for any morphism f: X x R — E of vector bundles we can construct a
section s = f(-,1): X — E. It is clear that these two constructions are inverse to each other.
In particular, by Construction 12.6 (a) the spaces of sections E(Y) for any submanifold Y C X

are vector spaces by pointwise addition and scalar multiplication in the fibers.

(c) A vector bundle m: E — X of rank 1 is isomorphic to a trivial bundle if and only if it has
a section which is nowhere zero: Of course, any trivial bundle w: X x R" — X of rank
r > 0 has a section which is nowhere zero by taking s: x — (x,v) for an arbitrary constant
vector v € R"™\{0}. Conversely, if E has rank 1 and s: X — E is nowhere zero, then the
corresponding morphism of vector bundles f: X x R — E from (b) is bijective, hence an

isomorphism by Construction 12.6 (c).
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As an example, it seems intuitive that the rank-1 Mobius strip vector bundle of the picture
above is non-trivial, and that in fact any section of it must cross the middle line of the strip.
In order to be able to phrase this rigorously, let us now give an explicit construction of this
vector bundle; it is a special case of the so-called tautological bundle of projective spaces.

Construction 12.15 (Tautological subbundles of projective spaces). For n € N and K € {R,C},
consider the subset

E={((x0: %), (v0,...,va)) € PL x K" : (x0,...,x,) and (vy,...,v,) are linearly dependent }

of Py x K™ together with the projection 7: E — Pk onto its first component. Note that on the

open subset Uy = {(xo: -~ :x,) : xo # 0} of P with coordinates ;‘—(‘), ey ;‘—g, it is the image subbundle
for the matrix-valued function
-
A:U0—>]K(”“)Xl,(xoz---:x,,)»—><l,)ﬂ,...7ﬁ) . (%)
X0 X0

The same holds over the other open subsets U; = {(xp: - - 1x,) : x; # 0}, so E is a subbundle of the
trivial bundle Py x K™ on Pk by Lemma 12.8 and Remark 12.9 (a). By construction, its fiber over
apoint (xo: --- :x,) € P (which by definition is a 1-dimensional subspace of K"*1) is precisely this
1-dimensional subspace; hence it is called the tautological subbundle of Pf. As its fibers are all
isomorphic to K, it has rank 1 if K =R and rank 2 if K = C.

In fact, we claim that the tautological subbundle of ]P’ﬂ{ = S! is just the M&bius strip bundle from the
introduction to this chapter. To see this, consider first the open subset Uy = R (on which E is trivial
by Lemma 12.8), with the nowhere-zero section obtained by normalizing (%), i.e.

A T
s:Up— Up xR, x+— <x7(x)> - (x’(xg,xl))

A1 fa1a

Now we go to the point at infinity e = (0:1) € PL\Up, where correspondingly the fiber of E is
Lin((0,1)T). We can approach this point from both sides by letting % 20 to +oo, obtaining
lim s(x)=((0:1),(0,1)7) and  lim s(x)=((0:1),(0,—1)T).
0

X1 /Xg—eo X1 /x0—

—o0

Hence, the two ends of the strip over Uy are glued at this point at infinity in opposite directions,
meaning that £ over Pﬁ% is topologically the Mdbius strip (and that s: Uy — Uy x R? does not extend
to a smooth section of E over P}).

The last example of a vector bundle that we want to consider in this chapter is the normal bundle of
a submanifold Y of a manifold X. It is a subbundle of Y x R" whose fiber at a point x € Y is the space
of all tangent vectors in Ty , orthogonal to Ty, and it can be obtained analogously to Construction
12.13.

Construction 12.16 (Normal bundles). Let Y be an r-dimensional submanifold of a k-dimensional
manifold X C R” (again we will see how to avoid a choice of embedding in R” in Remark 12.29).
At any point x € Y, we define the normal space of Y in X at x to be

NY/X,x = {V € TX,X CR":v L TY,x}7 and set Ny/x = U ({X} X NY/X,X) CY xR
xeY
To see that Ny x is a vector bundle on Y, note first by Definition 11.1 that around any x € ¥ we have
an adapted chart ¢: U — V C R¥ in which Y is given by the vanishing of the last k — r coordinates.
Hence, if we form the Jacobian matrix Ay (x) := (¢~ !)'(¢(x)) € R"** exactly as in Construction
12.13, its first » columns will span 7y, whereas all its columns span T ,.

Now recall the Gram-Schmidt orthonormalization process from linear algebra [G1, Remark 21.27 (¢)
and Proposition 21.31]: Given any k linearly independent vectors, it exhibits an explicit algorithm
(in terms of smooth functions) to add to each of the vectors a certain linear combination of the
previous ones so that the new vectors are orthonormal. In terms of matrices, this means that we can
write Ag(x) = Qg (x)Rg (x) where Qg (x) € R™* and Ry (x) € R¥*¥ vary smoothly with x, the matrix
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Q¢ (x) has orthogonal columns, and Ry (x) is upper triangular and invertible. As the first r resp. all
columns of Qg (x) still span Ty, resp. Tx x, this means that in the given chart Ny /x 18 just the image
subbundle im Q(p, where Q~q, (x) € R™ =) consists of the last k — r columns of Qo (x). Hence, by
Lemma 12.8 and Remark 12.9 (a) we see that Ny x is a vector bundle of rank k —r on Y. It is called
the normal bundle of Y in X.

Example 12.17. For the sphere ¥ = §" in X = R"*! with n € N,
the normal bundle N, jga+1 is a vector bundle of rank 1 on $". The
picture on the right shows this situation in the case n = 1, where
as before we have drawn the radial fibers Ngi g2  as bounded and

Nsl/RZ

attached to the corresponding point x € S' (which gives a diffeo-
morphic manifold). Note that Ngu p+1 has a nowhere vanishing
section by mapping any point x € S" to itself in the fiber R"*!, so
the normal bundle Ng, R+ is in fact (isomorphic to) a trivial bun-
dle by Construction 12.14 (c), although its embedding in S" X RrH!
is non-trivial.

By construction, note that we have 7y ® Ny x , = Tx x for any point x € Y if ¥ C X C R" are
submanifolds. As expected, we can make this into an equation of vector bundles by taking this
equation fiber-by-fiber:

Construction 12.18 (Direct sums of subbundles). Let F; and F, be two subbundles of a vector
bundle 7: E — X, and assume that their fibers Fi , and F> , form a direct sum in E, for all x € X,
i.e. that F| ,NF, = {0}. Then we can form their fiberwise direct sum

FoF:=JF. ok,
xeX
which is again a vector subbundle of E on X, of rank rk Fj 4+ rkF>: By Remark 12.9 (b) we may
assume that 7] and F, are image subbundles given by two matrix-valued functions with linearly
independent columns at every point, and F; @ F3 is then just the image subbundle given by joining
these columns into one matrix.

Example 12.19.

(a) By construction, we have Ty ® Ny /x = Tx|y as bundles on Y for any submanifold Y of a
manifold X C R".

(b) As aconcrete case, consider Y = S in X = R3, and note that Ty |y =¥ x R? is trivial. Hence,

by (a) we have
Ty EBNS2/R3 =85> xR>.

But N2 /s is trivial as well by Example 12.17, whereas T is not: By the Hairy Ball The-
orem of Proposition 9.5, it does not have a nowhere vanishing section, and thus cannot be
trivial by Construction 12.14 (c). Hence, a direct sum of a non-trivial and a trivial bundle
can in fact be trivial — which might be counterintuitive, but it is of course the non-trivial
embedding of Ny /g in §% x R? that makes this work.

Exercise 12.20.
(a) Show that the tangent bundle of the sphere S is trivial.

(b) Note that the tangent bundle of S? is not trivial by the Hairy Ball Theorem of Proposition
9.5.

Is the tangent bundle of §? trivial?

An important application of the normal bundle Ny /x of a submanifold ¥ of a manifold X can already
be seen from the picture in Example 12.17: Considered as a manifold itself, it seems that we can
think of Ny /x as a homotopy equivalent open neighborhood of Y in X. Let us prove this statement
now, which is usually called the Tubular Neighborhood Theorem since in the case dimY = 1 and
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dimX = 3 the (bounded) normal bundle Ny x has 2-dimensional disks as fibers and thus looks like
a tube around the 1-dimensional manifold Y.

Proposition 12.21 (Tubular Neighborhood Theorem). For any compact submanifold X of R",
there is an € > 0 such that the €-neighborhood of the zero section of the normal bundle
Ny gn 3= {(x,v) € Ny/gn : V]| <€}  CXxR"
is mapped isomorphically by
fiNg e = R, (x,v) > x+v
onto an open neighborhood of X in R".

Proof. Let us first consider the map f: Ny g — R", (x,v) — x+ v on the whole normal bundle and
show that it is a local isomorphism around any point (x,0) on the zero section. This is just a straight-
forward application of the inverse function theorem of Remark 11.4: Setting k = dim X, consider a
chart ¢: U — V C R for X around x and write Ny Jre on this chart as an image subbundle im Qq,
with O (x) € R™ ("% a matrix with orthonormal columns obtained by Gram-Schmidt normaliza-
tion as in Construction 12.16. In the coordinates (y,u) € V x R"~% C R" of the chart ¢ and the local
trivialization of Ny /g», the map f is then given by

FrVXR"™F SR (yu) — @ (y) +Q¢(‘P71()’))'u-

Its Jacobian matrix at a point (y,0) is (¢ ')’ (y) | Op(¢ ' (y))) € R"™*", which is invertible since the
first k columns span the tangent space and the last n — k columns the normal space of X at that point.
Hence, the map f is a local isomorphism around any point on the zero section of Ny /gn.

Hence, for any x € X we can choose an open neighborhood U, C X of x and & > 0 such that f is

a local isomorphism on Nf]’; /R But X is compact, so finitely many U,,, ..., Uy, suffice to cover X.
Choosing any € < min(&,,...,&,), the map f is thus an isomorphism from Ng /n ONEO an open
neighborhood of X.

It just remains to be shown that f is also a global isomorphism onto its image, i. e. that it is injective.
We will do this by contradiction: Assume that this was false for any &, then we can choose sequences
(x,-7v,-),~eN>0 and (iiaﬁi)i€N>0 with f(x;,v;) = f(&;, V), i.e. x; +v; = & + ¥, and ||V,|| < % as well as
|[9i]] < 1 for all i. For i — o we clearly have v; — 0 and ¥ — 0, and as X is compact we may assume
after taking a subsequence that x; — x and &; — X converge in X. But since x+v = ¥+ 7, this requires
x = X. Hence, the map f is actually also locally not injective around (x,0), which is a contradiction
to our construction. 0

Remark 12.22.

(a) Note that the map f of the proof of Proposition 12.21 is just what we did in the picture of
Example 12.17: We attached the normal spaces to their base point, i.e. moved Ny gn , s0
that its origin is at x € X.

(b) Rescaling the fibers as in Remark 10.10 (b), we see that in fact the normal bundle Ny jg»
itself is isomorphic to an open neighborhood of X in R". Moreover, by Remark 12.5 (a) the
submanifold X is a deformation retract of this neighborhood and thus has the same homol-
ogy. We can thus think of the normal bundle Ny /g« as a manifold analogue of the simplicial
standard neighborhoods of Proposition 1.24.

(c) Asyou might expect, there are more general versions of the Tubular Neighborhood Theorem:

e The analogous statement also holds for a compact submanifold ¥ of a manifold
X C R% i.e. Y has a open neighborhood in X that is isomorphic to the nor-
mal bundle Ny/,x. The main change in the proof is then needed since the map
ft Ny;x = R", (x,v) = x+v does not map to X, but only to R". The solution to
this problem is to use the Tubular Neighborhood Theorem for X /R" as well to locally
identify R" with the normal bundle Ny g», hence we can consider f as locally map-
ping to Nx /g», compose it with the bundle projection 7: Ny gs — X to map to X, and
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then apply an analogous proof as above to the map wo f: Ny,x — X [B, Theorem
I1.11.14].

e Actually, there is also way to state and prove the theorem without using any embed-
dings in R"; we will briefly discuss this in Remark 12.29.

e The submanifold X does not have to be compact; in this case however one cannot
choose a global € but needs a neighborhood of the zero section in the normal bundle
whose size varies with the point on the base.

Let us finish this chapter with an alternative construction of vector bundles. Note that all bundles on
a manifold X that we have considered so far were subbundles of a trivial bundle X x R" for some
n € N — but this is clearly not required by definition, similarly to manifolds that are not required a
priori to be submanifolds of some R”. In particular, considering only subbundles of X x R" allowed
us to construct tangent and normal bundles only for submanifolds of R” so far. The following
construction using transition maps overcomes this problem and allows us to obtain more general
vector bundles by a gluing process.

Construction 12.23 (Vector bundles from transition maps).

(a) Let m: E — X be a vector bundle of rank r, and let (U;);c; be an open cover of X over which
7 is trivial, i. e. such that there are local trivialization isomorphisms

@ (U) = U xR
over U; for all i € I. Similarly to manifolds, for any i, j € I there are then transition maps
@jop ' (UinU;)) xR — (U;NU;) x R”
which are isomorphisms of trivial vector bundles over U; NU;, and thus by Construction 12.6
must be of the form
@jop ' (UiNU;)) xR — (U;NU;) xR, (x,v) > (x,4; j(x) - v)

for smooth matrix-valued maps A; ;: U;NU; — GL(r,R), that by abuse of notation are also
sometimes called the transition maps of the bundle. Note that for any i, j,k € I we clearly

have @; o (pl._l =id and ¢, o (pi_1 = (@ o (pj‘l) o(@jo q)i_l) where defined, and thus there are
compatibility relations between these maps

Aij=E and A;;= Aj,k ~A,',j3 uinU;NnUy — GL(V,R) (%)

(b) The construction of (a) can actually be reversed: Let (U;);c; be an open cover of a manifold

X, and assume that for some r € N we are given smooth maps A; ;: U;NU; — GL(r,R) for

all i, j € I satisfying the compatibility relations (x) for all i, j,k € I. Then we can construct

from these data a vector bundle E of rank r on X having these transition maps by taking the
disjoint union of U; x R” for all i € I modulo the equivalence relation

(x,v) eUixR" ~ (%v)eU;xR & x=FXand V=A4; ;(x)-v,

giving the resulting space the quotient topology (note that this is actually an equivalence
relation by (x)).

Exercise 12.24. Let (U;);c; be an open cover of a manifold X, and let A; ;,B; j: UiNU; — GL(r,R)
for i, j € I be two sets of transition maps for vector bundles, i. e. such that

Aii=Bii=E, Aix=Ajir-Aij, Bix=Bji Bij
(where defined) for all i, j,k € I. Show that the vector bundle with transition maps A; ; as in Con-

struction 12.23 (b) is isomorphic to the vector bundle with transition maps B; ; if and only if there
exist smooth maps A;: U; — GL(r,R) with

A,'JZAJ'-B,'J'-A;I onU;NU;
foralli,jel.

Example 12.25 (Tangent bundles revisited). Let X be a k-dimensional manifold.
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(a) Assume first that X is embedded as a submanifold of R” for some n, with smooth structure
(¢;)icr of X for @;: U; = V; C R¥. Recall by Lemma 12.8 and Construction 12.13 (a) that on
U; alocal trivialization y; of the tangent bundle : Tx — X is given by

v TN (U) = Ui RY, (2, (0 (@i0)) v) o ().
Forming the composition y; o l//l.’l on (U;NUj) x R¥ for another j € I, we thus first send
(x,v) by y; ! to
(x, (071 (@i(x)) -v) = (x,(0; 1) (@5 (x)) - (@007 1) (@i(x) -v),

which is then sent by y; to (x,(@; 0 ¢ ') (¢:(x))-v). Hence, the transition maps for the
tangent bundle are given by the matrix-valued functions

Aijt UinUj = GL(KR), x = Ay j(x) = (970071 (gi(x)), ()
i. e. by the Jacobian matrices of the transition maps of the manifold.

(b) Using Construction 12.23 (b), we can now define the tangent bundle 7x of an arbitrary
manifold X with smooth structure (¢;);e; so that it coincides with our old definition by (a):
It is simply the vector bundle of rank k on X given by the transition maps (x). Note that if
X does not have a natural embedding in R” then Tx does not have a natural embedding in
X x R" either, but it is still a natural vector bundle on X that can be defined without making
any choices and has the usual geometric interpretation as collecting local linearizations of
X.

Exercise 12.26. Let f: X — Y be a morphism of manifolds such that X is connected and
f(x): Txx— Ty, f(x) 1s the zero map for all x € X. Show that f is a constant map.

Exercise 12.27. Let X C R” be a submanifold.
(a) Show that A := {(x,x) : x € X} is a submanifold of X x X, and that
0: X = A x— (x,x)
is an isomorphism.

(b) Show that the pullback bundle 6*Ny /xxx as in Exercise 12.11 is isomorphic to the tangent
bundle Tx.

Exercise 12.28. In this exercise we want to see an alternative construction of tangent spaces and
tangent bundles that does not use embeddings in RY. Let X be an n-dimensional manifold, and
let @: U — V C R" be a chart. Recall that Q°(U) denotes the vector space of smooth real-valued
functions on U.

(a) Show that the maps

9 of ._d(foe™!)
:QUU) - QUU), frs == =T 2o
5g LW QW) o S0 =T D og
for 1 <i < n define linear homomorphisms verifying the Leibniz rule, i. e. such that
d(fg) _ df dg 0
= . -=—— forall Q°(U).
do ag 8T g forallfisc )
(b) Forallx € U and i € {1,...,n}, consider the linear map
d d
(X)) SR, £ il (x).
i lx I¢;
Show that ( aa_ ) is a basis of the vector space D, of all linear maps v: Q°(X) — R
Pilx/ 1<i<n

satisfying v(fg) = v(/) - g(x) + £(x) -(g) for all f,g € QU(X).
(c) Show that the vector spaces Dy for x € X form a vector bundle over X isomorphic to the
tangent bundle Ty.
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Remark 12.29 (Outlook on Riemannian Manifolds). In this chapter, we have often considered man-
ifolds X embedded in R", or vector bundles on a manifold X embedded as subbundles in the trivial
bundle X x R".

Sometimes, the reason for this was just convenience: For example, we have a geometric intuition
what tangent spaces to a submanifold X of R” should be, and thus we initially defined the tangent
bundle in this way in Construction 12.13. However, we now saw in Example 12.25 that this assump-
tion of an embedding is not essential; we can define the tangent bundle of a manifold just as easily
without it using transition maps.

In some of our constructions however the situation was more subtle: If Y is a submanifold of X, to
define the normal subspace Ny x , of Tx  in Construction 12.16 we needed a notion of tangent vec-
tors being orthogonal — which we obtained from the standard scalar product on R” as the assumption
X C R” ensured that Ty , C R" as well. In the Tubular Neighborhood Theorem of Proposition 12.21
we used the metric induced by this scalar product again to restrict the normal bundle to a well-de-
fined e€-neighborhood of its zero section, and more importantly to construct the map f that “adds
a small normal vector to a point in the submanifold” to obtain a point in the ambient manifold —
which only works well if the ambient manifold is R". All these constructions relied essentially on
our manifolds (or at least the fibers of our vector bundles) to live in a globally fixed R"; there is no
analogous construction for arbitrary manifolds and vector bundles without such an embedding.

Actually, this is not quite true: While it is clearly correct that the constructions mentioned above
do not work for arbitrary manifolds, we do not really need an embedding in R” for them, but just
some notion of scalar product resp. metric. This is provided by a so-called Riemannian manifold,
which is defined to be a smooth manifold X together with a scalar product on each tangent space
that varies smoothly with the point (in a sense that we could easily make precise with our current
methods: Every point a € X must have a neighborhood U on which Ty is trivial, i. e. isomorphic to
U x R¥ with k = dim X, such that the scalar product on the tangent spaces over U is given in this
local trivialization by a smooth function U — R¥*¥ into the space of all positive definite symmetric
matrices). A smooth manifold embedded in R”" just inherits this scalar product from its ambient
space, hence it is automatically a Riemannian manifold.

By construction, a Riemannian manifold enables us to define lengths and angles for tangent vectors
at every point, in particular orthogonality. But in fact it allows much more: Recall from analysis
that the length of a (smooth) path in R" can be computed as the integral over the lengths of its
tangent vectors, hence we can also define this notion on a Riemannian manifold. This makes every
Riemannian manifold into a metric space by taking the shortest-path metric. Such shortest paths
(also called geodesics) are roughly equivalent to straight lines in R”, and they allow us to define e. g.
what it means to start from a point and move “in a straight way” into a certain tangent or normal
direction for a certain length — which is needed for the map f in the Tubular Neighborhood Theorem
of Proposition 12.21. Moreover, it can be seen that Riemannian manifolds also admit to measure the
size of higher-dimensional submanifolds, to talk about curvature, and many other things.

The study of Riemannian manifolds is part of a field of mathematics called differential geometry.
As you might expect, it would be easy to fill at least a one-semester course with only this. In these
notes however we do not want to consider this topic any further as our goal is the topological and
not the metric study of manifolds. For us, for example, the plane R?, an open disk in R? of any size,
an open ellipse in R?, and the open upper half sphere of S? are all the same smooth manifold, but
they all have different size and curvature properties and thus are completely different Riemannian
manifolds.

However, some statements on manifolds are purely topological, yet their most natural proof is done
by making them into Riemannian manifolds in an arbitrary way (e. g. by using a Whitney embedding
as in Proposition 11.21 or Remark 11.22 (b)) and applying techniques from differential geometry.
Our current example for this is the Tubular Neighborhood Theorem as in Remark 12.22 (c): If Y
is any submanifold of a manifold X, not embedded in any R”, one can in fact define its normal
bundle Ny x abstractly (i.e. without embedding it in Tx|y or a trivial bundle and without using
orthogonality) as a quotient bundle Tx|y /7y, making the varying quotient vector spaces Tx /Ty
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for x € Y into a vector bundle on Y. It is then a purely topological statement that this bundle is
isomorphic to an open neighborhood of Y in X — but to prove it one has to use metric techniques as

we did in Proposition 12.21.
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De Rham Cohomology
13. Differential Forms and De Rham Cohomology

In the last part of these notes, we now want to study algebraic topology for manifolds, using analytic
methods. With the idea of singular homology in mind, where elements of the p-th homology group
of a topological space can be thought of as being represented by “closed p-dimensional objects” in
this space, it might seem that the best starting point for an analytic version of the p-th homology
of a manifold X would be to consider compact p-dimensional submanifolds of X. However, we
had seen in Chapter 5 already that the more natural approach in analysis is to start with the dual
notion of cohomology, in which we study functions on X and the coboundary operator is some kind
of differentiation. This is the idea of the so-called de Rham cohomology of X that we are going
to introduce in this chapter. Note that this does not mean that the idea of analytic homology being
represented by compact submanifolds is wrong — actually, we will see in Example 16.9 that certain
p-dimensional submanifolds of X do in fact determine “analytic p-dimensional homology classes”
in X, it is just not the easiest way to start our journey.

It might look strange at first to try to use a differentiation operator as the coboundary operator for
a cohomology theory: After all, we know that such a coboundary operator d must satisfy d> = 0,
whereas second derivatives clearly do not vanish in general. However, we know that higher partial
derivatives commute, i. . that d;d; f = d;d; f forall i, j € {1,...,n} and smooth functions f: U — R
on an open subset U of R*. Hence, if we build some antisymmetry into the theory that allows us
to count 9;0;f with a different sign than J;d;f in second derivatives (similarly to the factor (—1)*
in Definition 2.5 for the simplicial boundary operator 9, leading to d> = 0 in Lemma 2.12), we can
make the equation d> = 0 work. This is achieved by the notion of differential forms, which we want
to introduce first. We will start with their construction on open subsets of R”, and then carry them
over to manifolds using the charts of an atlas.

Construction 13.1 (Differential forms on R"). Let U C R” be an open subset with n € N.

(a) For p € N with p < n, a differential form of degree p or simply p-form on U is a family
i U—Rwith1 <ip <--- <ip, <n. We will

..........

write it as
o= Z fih----ip dx;, /\"'/\dxip

I<ij<o<ip<n
for formal symbols dx;; A---Adx;,. The vector space of all p-forms on U (with component-
wise addition and scalar multiplication) will be denoted by Q”(U), where we understand
Q%(U) to be the space of smooth functions on U as in Notation 10.1 (a). Moreover, as a
notational convention, we set Q7 (U) := {0} for all p € Z with p <O or p > n.

We want to consider the formal expression dx;; A --- Adx; , as alternating in the coordinates,
i.e. we set

o dxjy ) N Ndxiy = sign(x) - dxi, A - Adxi, € QP(U) for all iy < -+ </ip and

permutations 7 of {1,...,p}, and
o dxjy \---Ndx;, :=0€ QP(U)ifiy,...,i, are not pairwise distinct.

In this way, expressions of the form fdx; A---Adx;, € QP (U) are defined for all smooth
functions f: U — R and iy,...,i, € {1,...,n}, and they generate Q”(U) as a real vector
space.
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As a vector space, note that QP(U) is just the (Z) -fold product of Q°(U) with itself. How-
ever, differential forms also admit a natural bilinear product called the wedge product

QP(U) x QI(U) — QPH(U), (0,m) = @A
for all ¢ € N with g < n, defined on generators by
(fdxiy N+ Ndxi,) N(gdxjy N+ Ndxj,) i= fgdxiy N+ Ndxi, Ndxj N+ Ndx;,
for all f,g € Q°(U) and fyeenslps J1y-ey g €{1,... 0}
It is obvious that this product is well-defined in the sense that it is compatible with the

definition of dx; A--- /\dx,-p and dxj, A--- N\ dx.,-q in the case of indices that are not strictly
increasing.

Remark 13.2.

(a)

(b)

(©)

Clearly, the wedge product of Construction 13.1 (b) is associative. Moreover, the formal
symbols dx;, A---Adx;, € QP(U) of Construction 13.1 (a) can actually be interpreted as the
wedge products of dx;,,...,dx;, € Q).

If you know this construction from commutative algebra, you will probably realize that
QP(U) is the so-called alternating tensor product of a free rank-n module Q! (U) over the
ring Q°(U), where the basis elements of this module are written as dx,...,dx,. The wedge
product then makes the direct sum of all Q”(U) into an associative algebra over Q°(U),
which is called the exterior algebra over Q!'(U). In what follows, we will not use this
terminology however.

The wedge product is commutative up to sign in the following sense: Note that
(dxil AREE /\dx,-p) A (dle AREE /\d)qu) = (—I)Pq(dle ARER /\dqu) A (dxl-l ARER /\dx,»p)
since we can transform the ordering on the left to the ordering on the right by moving each

dxi,,...,dx; by g positions to the right, leading to pg transpositions and thus to a sign of
(—1)P4. Hence, we have

oA =(-1)nAe foralloeQP(U)andn € QI(U)
with U C R" open.

The formal symbols dx; for i = 1,...,n in Construction 13.1 are usually called differentials.
They can be interpreted geometrically as an “infinitesimally small change in the variable x;”,
similarly to standard analysis when you write a one-dimensional integral as [ f(x) dx rather
than [ f (in fact we will see in Chapter 14 that well-defined integrals over one-dimensional
objects require 1-forms and not functions), or when you just plainly write the derivative of a
function f: R - Ras f' = %. In fact, let us now define the derivative of differential forms
in this spirit. It is usually called the exterior derivative since its values lie in an exterior
algebra in the sense of (a).

Definition 13.3 (Exterior derivative). Let U C R" be an open subset with n € N.

(a)

(b)

For a smooth function f € Q°(U) we define
n
df ==Y of -dx; €Q'(U).
i=1

For a p-form fdx;, A---Adx;, with f € QO(U) we set
d(fdxi A+ Adx;,) ==df ANdx;, A+~ Adx;, € QPTI(U)
with df as in (a), and extend this by linearity to a map d: QP (U) — QP (U).

For all p € N, the map d: QP (U) — QPT1(U) is called the (exterior) derivative.

Lemma 13.4 (Properties of the exterior derivative). For any open subset U C R", @ € QP(U), and
n € Q4(U) we have



13. Differential Forms and De Rham Cohomology 119

(a) d*w=0;

) dloAn)=doAn+(—1)PoAdn.
Proof. By linearity, it suffices to check both equations on generators @ = fdx; A---Adx;, and
N =gdxj N---Ndx;j,.

(a) We have

d%o:d( 8,-f-dx,-/\dxil/\---/\dx,-p) = Y 0;0if -dx; Ndxi Adxi N+ Ndxi,,
=1

i=1
which vanishes since d;d;f = 9;d; f [G1, Proposition 26.6] and dx; A dx; = —dx; N dx;.

(b) By the usual product rule for (multivariate) derivatives [G1, Proposition 25.29 (c)] we obtain

1

n
dlownn) = (Z&if~g+f-8,~g> dx; \Ndx;, /\---/\dx,-pAdle /\---/\dxh
i=1

n
= Z&iﬁdx,-/\dxil /\m/\dx,-p Agdle /\"'/\deq
i=1

+(=1)PY fdxi A--- Ndxi, Ndig-dxi Ndxj, A--- Ndx;,
=1

=doAn+ (-1’ oAdn,

where the factor (—1)” arises from shifting dx; by p positions to the right in the second
sum. 0

Example 13.5.

(a) Note that the name dx; for the formal symbols in Construction 13.1 plays well with the
notation d for the exterior derivative, since dx; is actually the exterior derivative of the i-th

coordinate function x — x; fori=1,...,n.
(b) For the smooth function f: R? — R, x ~ xx, we have df = xydx; +x1 dx; € Q' (R?), and
consequently

d’f = d(xadx) +x1dxy) = dxy Ndx) +dx; Adx, =0 € Q*(R?)
in accordance with Lemma 13.4 (a).

(c) On an open subset U of R3, the exterior derivative reproduces the standard differential oper-
ators of vector analysis:

e For a smooth function f € Q°(U) we have
df =01f -dx; + oo f -dxy+ o3 f -dxs € QY (U),

so written as a triple as in Construction 13.1 (a) this is just (d; f, 02 f, s f), i.e. the
gradient grad f of f.

e If we consider a given vector field f = (fi,f2,/3): U — R? in the same way as a
I-form f = fidx| + fodxs + f3dx3 € Q' (U), we have

df = (81f2 — 82f1)dx1 Ndxy + (82f3 — (93f2)d)62 ANdxz + ((93f1 — (91f3)d)€3 Ndxy

in Q%(U). Note that 2-forms in R® have three component functions as well. Written
again as a triple df = g1 dxo ANdx3z + godxz Adx| + g3 dx| N\dx;, the vector field

g=(dofs—dsf2,03f1 — O f3, 0 fr—f1): U =R’
is called the curl of f as in Remark 5.5 (a), denoted by curl f.

e Finally, if we write a given vector field f = (fi, /2, f3): U — R3 as above as 2-form
f = fidxy Ndx3+ fodx3 Adx) + f3dx; Adxy, its exterior derivative is

df = (01 fi + hfo+ 03 f3)dxi Ndxy Ndxs € Q3 (U),
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which is a 3-form whose only component d; f1 + 0> f> + d3 f3 is called the divergence
div f of f asin Remark 5.5 (b).

Note that the equation d’@ = 0 of Lemma 13.4 (a) thus means that curl grad = 0 (when ap-
plied to O-forms) and div curl = 0 (when applied to 1-forms), which are well-known relations
in vector analysis.

Of course, this relation d’@ = 0 for @ € QP (U) with U C R” would already allow us to construct
analytic cohomology groups for such open subsets U of R”. But let us first transfer our definitions
to general manifolds, where differential forms will become sections of suitable vector bundles. We
will set up these vector bundles using transition maps as in Construction 12.23, so we need to study
how differential forms behave under coordinate transformations. In fact, differential forms will be a
contravariant functor, with their pullback being given by the following definition.

Definition 13.6 (Pullback of differential forms). Let f: U — V be a smooth map between open
subsets U C R" and V C R™ with component functions fi,..., f;,,. Then we define a pullback map
[ QP (V) — QP(U) for all p by linear extension of
[ (gdxiy Ao Ndxiy) = (go f)-dfiy oo Ndfi,

for all g € Q°(V) and iy..yip €{1,...,m}.
Lemma 13.7 (Properties of pullbacks). Let f: U — V be a smooth map between open subsets
UCR"andV CR™, and let ® € QP(V) be a p-formonV.

(a) Forany g-formn € Q4(V) we have f*(wAN) = f*o A f*n.

(b) df*o = f*(dw).

(¢) Ifg: W — U is another smooth map from an open subset W C R then g*(f*®) = (fog)*®

(d) Ifm=nthen f*(dx; A\---Ndx,) =detf -dx; A--- Adx;,.

Proof. By linearity, it suffices to take @ = hdx;; A--- Adx;, for a smooth function h € Q%(V) and
il,...,ip S {1,...,m}.
(a) This follows directly from the definition.

(b) First, inthe case p=0,i.e.foro=h¢e QO(V) a smooth function, we have by the multivari-
ate chain rule [G1, Proposition 25.30]

dfth=d(hof)=Y di(hof)dx;=Y Y (dhof)-difidxi=Y (djho f)-df;
i=1

i=1 j=1 Jj=1
—f*(Z&,h-dxj) = f*(dh).
j=1

Now for arbitrary p, when computing df*® =d((ho f)-dfiy A---Adfi,) we see by Lemma
13.4 that we can split the exterior derivative onto the factors, and leave out d> Jirs-- ,d? Jip
Hence, we obtain

df*o=d(hof)Ndfy A---Adfi, = [*(d) A frdxi, A--- A frdxy, L [ (do).

(c) By (a) and (b), the pullbacks f* and g* commute with the wedge product and the exterior
derivative. Hence, to check the statement for any @ = hdx; A--- A dxip it suffices to check

it for the functions h,x;,...,x;, € QO(V), where it is obvious.
(d) By (a), we have

f*(dx1/\---/\dx,,):dfl/\n-/\dfn— Z i fi- - Oy fudxiy N+ Ndxi,.
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But dx;; A--- Adx;, is sign(m) - dxi A--- Adx, if (i1,...,i,) is a permutation 7 of (1,...,n)
and zero otherwise, so we obtain

FH(dxy A Adxy) =Y sign(m) - i) fi- -+ - OuyfudXi A+~ Ay,
T
with the sum taken over all these permutations. By [G1, Remark 18.14], this is just the same
as det f/-dx; A+ Ndxy,. O
Example 13.8. Consider the map

2 x2—1
‘R — R? = =——, ——

with image S'\{(0,1)} that we saw already in Example 10.4 (b) as the inverse of a chart for S'. Let
us denote the coordinates in the target R? by y = (y1,2).

(a) The pullback by f of the 1-form @ = y; dy, on R? is obtained as expected by the usual rules
of substitution:

ffo=

2x <x2 -1 > 2x 4x 8x2
= dx.

. — ) dx —
21 N2 TR @2 T @)

(b) The pullback by f of any 2-form on R? is clearly zero since there are non non-trivial 2-forms
on R!.

We are now ready to carry over differential forms to corresponding vector bundles on manifolds.

Construction 13.9 (Differential forms on manifolds). Let (X,(¢;);ics) be an n-dimensional mani-
fold.

(a) For simplicity, let us first construct 1-forms on X. The idea is that on any chart ¢;: U; — V;
with i € I we will just see a 1-form on V; C R” in the sense of Construction 13.1 (a), i.e. an
expression of the form

;= (fin °¢i71)dx1 +"'+(fi,n°(Pi7])dxn € Ql(vi)

for a smooth vector-valued map f; = (fi1,...,fin): Ui = R", i.e. a section of the trivial
bundle U; x R" over U;. Now if @;: U; — V; is another chart with j € I, we have a similar
representation of @; € Q! (Vi)by f;: Uj— R” and as @; and ®; are supposed to be different
coordinate representations of the same 1-form on Uj; N U; C X, they should be related by
the transition map ¢; o (p]’1 using the pullback of Definition 13.6. We thus require that

w;= (@0 (P;I )* ; on the common intersection, which means in terms of f; and f; that

Zf]kO(P, )dxi = (@0 0; ") (Zleofpl dXI)

[v]:

(firoo; d(@iop; ")

N
<
S =

(firo@; ) A((pio@; ' )r) dxy.

1

>~

A

Comparing the dx;-coefficients and precomposing with ¢;, this means that f; = A; ; - f; for
the matrix-valued function

Aij: UiNUj = GL(n,R), x = (d((@i0 97 )1)(9;(x),; = (o9 )T (@(x). (0
It is checked immediately that these functions satisfy the compatibility conditions A;; = E
and A;; =Aj - A;; of Construction 12.23 where defined for all i, j,k € I, so as in Example
12.25 they define a vector bundle Q)l( of rank n on X that has these transition maps. Note that

the matrices A; j(x) for x € U; N U; appearing here are just the transposed inverse matrices of
the ones for the tangent bundle Tx in Example 12.25 (b). One can show that this means that
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Ql is the dual bundle of T, obtained by making the dual vector spaces Ty, of the tangent
spaces Tx . for x € X into a new vector bundle. We will not need this notion of dual bundles
and therefore not go into details here, but just use this observation as a motivation why Q}(
is usually called the cotangent bundle of X.

The construction of general p-forms for p € N with p < n is completely analogous. Again,
a p-form on X will be given by a collection of p-forms @; € QP(V;) for all i € I, satisfying
the compatibility condition that ®; = (¢; o (pj’l )*@; where defined for all i, j € I. The only
difference is that we now need (;) instead of n coordinate functions to describe these forms,
and hence that the transition maps will be more complicated when expressed in terms of
matrix functions. Fortunately however, we do not need to know what they look like — the
compatibility of pullbacks with wedge products of Lemma 13.7 (a) ensures that everything
works out, and for actual computations we will just use the equation ®; = (¢; o (pj.‘l)*a),-.

In this way we obtain vector bundles Q§ of p-forms on X, of rank (:’7) Of course, for p =0
we just get the trivial bundle Q% = X x R of smooth functions on X, and for p < 0 or p > n
we set QF to be the trivial vector bundle of rank 0.

Having constructed the vector bundles Q§ for all p € Z, a differential form of degree p (or
p-form) on X is just defined to be a section of Q over X. For simplicity, we will denote the
vector space of all such p-forms on X by Q”(X) instead of Q% (X).

By (b), elements of Q”(X) can be given by choosing an atlas (¢;);c; for X and specifying
differential forms @; € QP (V;) for all charts ¢;: U; — V; C R”" such that the compatibility
condition ®; = (¢; 0 (pj’l )*@; holds for all i, j € I. In particular, if X is an open subset of R”
(for which only one chart is needed) our new definition of QP (X) coincides with the old one
from Construction 13.1 (a).

Finally, note that wedge products and exterior derivatives commute with pullbacks by
Lemma 13.7, and thus with the compatibility condition w; = (¢; o (pj’l)*a),-. Hence, we ob-
tain well-defined bilinear wedge products QF (X) x Q4(X) — QPT4(X) and exterior deriva-
tives d: QP (X) — QPF1(X) for all p,q € Z on any manifold X, given on coordinate charts
by Construction 13.1 (b) and Definition 13.3.

Remark 13.10.

(a)

(b)

©)

Clearly, the properties of the exterior derivative in Lemma 13.4 carry over to differential
forms on manifolds since they can be checked locally on coordinate charts.

Similarly to Remark 13.2 (a), there is actually a general construction of alternating tensor
products for vector bundles, and in this sense QF is just the p-th alternating tensor product of
the cotangent bundle Q)l(. But again, we will not use this general construction or terminology
in these notes.

Note that the exterior derivative is a map on sections d: Q7 (X) — QP*!(X) for any manifold
X, but clearly not a morphism of vector bundles Q% — QQH : By definition, such a morphism
would have to be a linear map in each fiber, but differentiation is not even defined in fibers
as the value of a derivative f/(x) at a point x € X does not only depend on f(x), but on the
values of f in a neighborhood of x.

However, as a map on sections the exterior derivative is even a contravariant functor:

Construction 13.11 (Differential forms are functorial). Let f: (X,(@i)ics) = (¥,(¥;)jecs) be a
morphism of manifolds. Then for any differential form @ € QP(Y) we can construct a pull-
back f*w € QP(X) using Definition 13.6 on coordinate charts: For any charts ¢;: U; — V; and
yj: U — V] with f(U;) C U; the form o is given in coordinates on V; by some ®; € Q7 (V}), and
we assign to it the pullback (y;o fo (pi’l )*@; € QP (V) in the sense of Definition 13.6. It is checked
immediately using Lemma 13.7 (c) that this is compatible with coordinate changes in the source and
target, hence gives rise to a well-defined differential form f*w € Q”(X).
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Moreover, Lemma 13.7 (c) confirms that this assignment X — QP (X) is functorial for morphisms
of manifolds for all p, making it into a contravariant functor Q”: Man — Vect. By Lemma 13.7 (a)
and (b), it commutes with wedge products and the exterior derivative.

Note that the pullback f*: QP(Y) — QP (X) is particularly easy to construct for embeddings X — Y
of submanifolds: In this case, it is just obtained by restricting sections of the vector bundle Q’Y’ to X
as in Construction 12.4 (a). Hence, in this case we will often write a pullback f*® as w|x, or even
just @ if it is clear that we are considering the form only on X.

Example 13.12. Consider the manifold X = S' C R? with the charts ¢;: U; =X\{(0,1)} - V; =R
and @2: U =X \{(0,—1)} — V, =R as in Example 10.4 (b). Moreover, let S! be embedded as usual
in the plane R?, whose coordinates we denote by y = (y1,y2).

(a) The restriction @ := y; dyz|q1 of the form y; dy, € Q'(R?) is a well-defined 1-form on S'.
In the local coordinate x; on V| = R it is given by

2
s 138 8x
W = d = —————dx.
1= (9 ) (0 dy2) EENIE 1
Similarly, one can compute its representation in the local coordinate x, on V, = R to be
I
n = _W dx2.

(b) Conversely, we could define the same form @ € Q'(S') without referring to the ambient R?
by only giving the two explicit formulas above for @; and @, on V| and V», respectively,
noting that these two local representations are compatible since the transition map is given
by @20, VI\{0} = V,\{0}, x| = x2 = xil by Example 10.4 (b), and

8(L)? 812
ooy Vo =——72d() = . dx = .
(902 (pl ) (($)2+1)3 (xl) ((xll )2+1)3 x12
Exercise 13.13. Let f: R” — R be a submersion of manifolds, and let X := f~'({0}) be the sub-
manifold given as the vanishing set of f. Foralli=1,...,n we set

8x,-

where © means that the corresponding term has been omitted.

AN -
a),»:(l)"1<f> dxi A Adxp A+~ Ndxy,

(a) Foralli,j=1,...,n, show that @; = ®; at the points of X where both forms are defined.

(b) Use (a) to check directly that there is a nowhere-zero (n — 1)-form on X.

As announced, we can now use Construction 13.9 to set up an analytic version of cohomology.
Construction 13.14 (De Rham cohomology). Let X be a manifold.

(a) By Lemma 13.4 (a) and Remark 13.10 (a) there is a cochain complex
L orl(x) —4 r(x) —4 Qrtl(x) — -

of differential forms on X. It is called the de Rham cochain complex of X and denoted by
Q(X). By Construction 13.11, the assignment X — Q(X) is a contravariant functor from
Man to Ch", hence we call it the de Rham cochain functor.

(b) As for general cochain complexes, differential forms in the kernel of d will be called closed
or cocycles, and forms in the image of d will be called coboundaries. In de Rham theory, it
is also common to call such coboundaries exact differential forms.

(c) The cohomology groups of the de Rham cochain complex

Hi (X) := HP (Q(X))
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are called the de Rham cohomology groups of X; hence in the wording of (b) the ele-
ments of H (X) are closed p-forms modulo exact p-forms on X. As usual, the dimensions
bR (X) = dimH}; (X) € NU{eo} are called the de Rham Betti numbers of X.

As the composition of the de Rham cochain functor with the cohomology functor, the assign-
ment X — HJ (X) is clearly a contravariant functor Man — Vect. We will see in Proposition
15.10 that Hly (X) is naturally isomorphic to the singular cohomology group H” (X) for the
ground field R (so that in particular we obtain the same Betti numbers b/ (X) = b,(X) as in
the singular setting) — but as long as we have not shown this we will use the index “dR” to
distinguish between the two groups and Betti numbers.

Example 13.15.

(a)

(b)

©

(d)

If a manifold X has finitely many connected components Xi,...,X,, we clearly have
QP (X) = QP (X)) x -+ x QP(X,) for all p € Z as giving a p-form on X is the same
as giving a p-form independently on each component. Also, the exterior differential
d: QP(X) — QPF(X) is just the product of the exterior differentials on the components,
and thus we see that Hl (X) = HiR (X1) x -+ < HiR (Xa).

A smooth function f € Q°(X) on a manifold X satisfies df =0 € Q!(X) if and only if it is
locally constant: As this is a local statement we may assume that X C R” is an open subset,
in which case

!
df =i fdx;++dufdx,=0
is equivalent to f’ = 0, which exactly means that f is locally constant. In particular, if X is
connected then the closed O-forms are just the constant functions. As O-forms can never be
exact, we conclude that H, (X) 2 R in this case, i. e. that bJ, (X) = 1. If X is not necessarily
connected, then by (a) the Betti number bgR (X) is the number of connected components of
X.

Of course, this just corresponds to the analogous statement for singular (co-)homology in
Remark 6.10. In case you are surprised about connected instead of path-connected com-
ponents showing up here: Connected components of X are the natural setting for functions
from X to R (which we have here — such a function is locally constant if and only if it is
constant on each connected component of X), whereas path-connected components are the
natural setting for functions from R to X (which are needed in singular homology). For
manifolds however, this does not make a difference by Exercise 10.12 (a).

Let X = (a,b) C R be an open interval in R. Clearly, we have b/ (X) = 0 for p < 0 or
p > 1,and b%; (X) = 1 by (b). To compute bl (X), note that every @ € Q!(X) is of the form
fdx for a smooth function f, and by integrating f we can clearly find a smooth function
FeQd (X) such that dF = F'dx = fdx. Hence, every 1-form on X is exact, which means
that bl (X) = 0 (as expected from topology).

Recalling the initial motivating example from the introduction to these notes, the “derivative
of the angle in polar coordinates”

X2 X2 X1 1 2
® = darctan — = — dx; + dx € Q (R“\{0
x| o (R\{0h)

is closed since d> = 0, but not exact: Assume for a contradiction that there is a smooth
function f € Q°(R?\{0}) with df = @. Then on (R\{0}) x R, where the angle function
g x+— arctan% is well-defined, we have dg = @ as well, and thus d(f —g) = 0. As in
(b) this means that f — g is locally constant, i.e. up to an additive constant f must be the
angle function on R~y x R and R.¢ x R — but there is no continuous way to make this into
a function on all of R?\{0}.

Hence, we see that @ is a non-zero element in H; (R*\{0}), showing that b, (R?\{0}) > 1.
Of course, this is just the differential form corresponding to the non-zero simplicial cocycle
in the annulus in Example 5.11, and once we know that de Rham cohomology coincides
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with singular cohomology it will be clear that bl (R*\{0}) = 1, detecting the one hole in
the punctured plane.

Remark 13.16 (Ring structure on de Rham cohomology). Note that the wedge product of Construc-
tion 13.1 (b) passes to a well-defined product
Hip (X) x Hip (X) = Hig !(X), (@,m) = @ A7
on any manifold X: If @ € QP(X) and n € Q9(X) are closed then
dlwrn)=dorn+(-1)’oAdn =0
is closed as well by Lemma 13.4 (b), and if in addition e. g. @ = d¢ is exact then by the same lemma
oA =dpAn =deAn+(-1)"""gAdn=d(pAn)

is also exact. This makes the product of all Hé’R (X) for p € Z into a (graded, associative, but
non-commutative) ring. Note that this product resp. ring structure on de Rham cohomology appears
very naturally, in contrast to simplicial cohomology (where a corresponding structure could also be

defined, but with much more effort). We will see the geometric meaning of this ring structure in
Proposition 16.11.
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14. Integration of Differential Forms

In the last chapter, we have introduced the concept of the de Rham cohomology groups H” (X) of
a smooth manifold X. Recall that H”(X) describes differential forms @ € Q(X) that are closed
but not exact, i.e. that satisfy dw = 0 but cannot be written as @ = dn for some n € QP~!(X).
Hence, we are facing an “inverse differentiation problem”: Given a (closed) p-form w, is there a
(p—1)-form n whose exterior derivative is @ = dn? From standard analysis, we would clearly
expect that such a question is related to integration, so let us study in this chapter how to define and
compute integrals of differential forms.

Just a side remark to start with: From standard analysis you would probably also expect that integrals
are related to computing volumes under graphs of functions. But manifolds do not carry any kind
of natural metric — for example, any two spheres of the same dimension but different radii are iso-
morphic — so it might seem strange that there is a well-defined notion of integration on such spaces.
Actually, it is for exactly that reason why it is not possible to integrate functions on a manifold:
The integral e. g. over the constant function 1 would have to give the “volume” of the manifold,
which is ill-defined. Such integrals over functions can only be constructed for Riemannian mani-
folds as in Remark 12.29, which do carry a natural metric, but are not in the scope of these notes.
However, it turns out that integrals over differential forms can be defined on manifolds without
referring to a metric. For example, already the standard notation | f(x)dx for one-dimensional in-
tegrals over (a subset of) the real line R suggests that we rather do not integrate a function f but a
I-form f(x)dx. In fact, a coordinate change to a new variable y with x = ¢@(y) will transform this
1-form into f(@(y))do(y) = f(@(y)) @' (y) dy by Definition 13.3, which then has the same integral
as f(x)dx due to the integration rule of substitution. For several variables, the transformation rule
for multivariate integrals will do the same trick.

Before we can define such integrals on manifolds however, we have to
quickly discuss two straightforward extensions of the notion of mani-
folds. The first one is motivated by the observation that the spaces we
want to integrate over are often not quite manifolds due to “boundary
points”, such as closed intervals in R as in Example 10.4 (e). To allow
this, let us introduce so-called manifolds with boundary. Their defini-
tion is entirely analogous to that of ordinary manifolds, except that they
do not locally look like R”, but like a closed half-space in R” in the H?
sense of the following notation, and as shown in the picture on the right.

X2

X1

Notation 14.1 (Half-spaces). For n € N+, we call
H" :={(x1,...,%,) ER": x1 <0}
the (standard closed) half-space in R”.

Construction 14.2 (Smooth functions on half-spaces). A priori, as in Notation 10.1 smooth maps
and diffeomorphisms are only defined in analysis for amap ¢: U — V between open subsets U C R"
and V C R™ for m,n € N, in order to be able to define limits for x — a € U with x coming from any
direction. To be able to apply these notions to half-spaces (which are not of this form) let us define
amap ¢: A — B for arbitrary subsets A C R" and B C R™ to be smooth if it can be extended to a
smooth map from an open neighborhood of A to R™. As before, we call ¢ a diffeomorphism if it is
bijective, and both ¢ and ¢! are smooth.

Note that such maps do not have well-defined derivatives in general since the limits needed to con-
struct them may depend on the chosen extensions: For example, if A is a single point in R” with
n > 0 there is clearly no meaningful way to define the derivative of a map ¢: A — R"™. However,
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we will compute derivatives of smooth maps in our new sense only on open subsets of H", where
they can be defined without using extensions at all, just with limits x — a € H" being one-sided for
x1 <0ifa; =0.

Construction 14.3 (Manifolds with boundary). Let X be a topological space, and let n € N+.

(a) As in Definition 10.2, an (n-dimensional coordinate) chart for manifolds with boundary on
X is a homeomorphism ¢: U — V from an open subset U C X to an open subset V C H".
Two such coordinate charts ¢;: U — V| and ¢,: U, — V, are called compatible if their
transition map ¢ o (pf1 @ (UNUp) — @(UrNU,) is a diffeomorphism in the sense of
Construction 14.2. An (n-dimensional) atlas for manifolds with boundary on X is a family
of pairwise compatible n-dimensional charts for manifolds with boundary covering X. As in
Construction 10.9, an n-dimensional smooth structure for a manifold with boundary on X is
a maximal atlas for manifolds with boundary on X.

(b) An (n-dimensional) manifold with boundary is a second countable Hausdorff space X # 0
together with an n-dimensional smooth structure in the sense of (a). A morphism of mani-
folds with boundary is just a smooth map as in Construction 10.5, with smoothness defined
as in Construction 14.2.

(c) Note that a transition map ¢, 0 ¢, !as in (a) necessarily sends any point x € H" with x; < 0 to
a point @2 (¢, ' (x)) with negative first coordinate as well since ¢, 0 ¢, ! is then defined on an
open neighborhood of x in R”, which must be mapped to a neighborhood of > (¢, ! (x))CR"
by the Inverse Function Theorem of Remark 11.4 — but this image neighborhood also has to
be contained in H", which is only possible if ¢>(¢; ' (x)) is not on the boundary of H".

Hence, there is a well-defined subset dX C X of all points whose first coordinate in an
arbitrary chart is zero; we call it the boundary of X. Restricting the charts for X to these
points, making them into charts to open subsets of R”~! by dropping the first coordinate,
the boundary dX is an (n— 1)-dimensional manifold (without boundary) contained in X as a
closed subset if it is non-empty. Clearly, the complement X\ X is an open subset of X that
is an n-dimensional manifold without boundary, with charts given by restricting the charts
for X to the open subsets with negative first coordinate.

As a visual example, the picture below shows a half-sphere X as a 2-dimensional manifold with
boundary; its boundary dX is a 1-dimensional circle. We will consider this space rigorously in
Example 14.5 (c). Note that a chart ¢: U — V may or may not touch the boundary dX of X, resp.
the boundary {x € R" : x; = 0} of H".

01 () V2

Vi

Remark 14.4. Most properties of manifolds that we have seen so far carry over to manifolds with
boundary in the expected way. For example, submanifolds, vector bundles, and differential forms
can be introduced and studied for manifolds with boundary in the same way as for regular manifolds.
Most of these extensions are straightforward and only more complicated notationally, and we will
not need them for what follows. Hence, let us not go into details here, but only list a few example
constructions that will be enough for these notes. The only property of manifolds with boundary that
we will actually use is a partition of unity, but it is easy to see that the preparing results of Lemma
11.12 and Proposition 11.13, as well as the final statements of Proposition 11.16 and Corollary 11.17
hold literally in the same way, with (almost) the same proofs.

24
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Example 14.5.

(a) Clearly, any manifold X with dimX > O in the usual sense of Definition 10.16 is also a
manifold with boundary, just with dX = 0.

(b) A general example that covers most use cases is the following: Let f: X — R be a smooth
function on an n-dimensional manifold X with n > 0. Assume that f is a submersion, or —
to obtain a more general case — that the rank of f is 1 on f~!({0}). We then have seen
already in Proposition 11.9 (a) and Remark 11.10 (a) that the inverse image Z := f~'({0})
is an (n — 1)-dimensional submanifold of X if it is non-empty. In fact, the very same proof
shows that ¥ := f~!(R<¢) C X is an n-dimensional manifold with boundary Z: By the local
normal form of Lemma 11.5, the map f is just given by (x1,...,x,) — x; in suitable local
coordinates around a point in the boundary, hence restricting these coordinates to x; < 0
will precisely give charts for Y as an n-dimensional manifold with boundary Z. On the other
hand, the points not on the boundary just form the open subset £~ (R_¢) of X, and thus have
charts as well by Example 10.17 (b).

(c) As a concrete example of (b), consider for n € N+ the half-sphere
Yi={xes"cR"!:x <0}

as in the picture of Construction 14.3. By the multivariate version of Example 10.7 (b), the
rank of f: 8" — R, (x1,...,%,41) = x1 is 1 at all points except (+1,0,...,0) ¢ f~1({0}).
Hence, we conclude by (b) again that ¥ = f’l(RSO) is an n-dimensional manifold with
boundary dY = {x € §" : x; =0} = "L

(d) In the standard smooth structure of R?, the quadrant Rzgo is not a manifold with boundary
since its boundary (R<o x {0}) U ({0} x R<) is not a submanifold of R?. Instead, RZ, is a
so-called manifold with corners — which is defined analogously to a manifold with boundary,

except that it does not look locally like R” or H", but like {x € R" : x; <0 for all i}.

The second extension of the notion of manifolds that we will need for integration stems from ori-
entation issues. Recall from the introduction to this chapter that the integration rule of substitution
[G1, Proposition 12.31], resp. the transformation rule for multivariate integrals [G1, Proposition
30.8] will eventually make our construction of integrals over differential forms coordinate-indepen-
dent, and thus well-defined on manifolds. However, both these rules are sensitive to a change of
orientation, i.e. to space reflections: A one-dimensional integral changes its sign on swapping its
lower and upper bound, and the transformation rule for multivariate integrals visibly contains the
absolute value of the determinant of the Jacobian matrix of the coordinate change in the integral,
whereas differential forms are multiplied just with this determinant regardless of its sign by Lemma
13.7 (d). Hence, in order to obtain full coordinate independence we have to remember whether we
think of a coordinate chart as containing a space reflection or not, and adjust the sign of the integral
accordingly. This leads to the following notation of oriented manifolds.

Construction 14.6 (Oriented manifolds). Let (X, (¢;);c;) be an n-dimensional manifold (with or
without boundary), with charts ¢;: U; — V; for i € I. Recall that the transition maps

¢ij =900 " (UinU)) = ¢;(U;NU;)
are diffeomorphisms for all i, j € I by Definition 10.2, so the determinants of their Jacobian matrices

are nowhere zero. An orientation on X is a collection (6;);e; of smooth (i. e. locally constant) sign
functions o;: V; — {£1} such that

ci(x)- oj( @i j(x)) ~det((p,»’_’j(x)) >0 forallxe ¢;(UiNU;),

0i(x) - 0j(@i j(x)) - det(@; ;(x)) = |det(¢; ;(x))| forall x € ¢;(U;NU;).
We say that the manifold is orientable if it admits such an orientation; in this case the manifold
together with an orientation is called an oriented manifold.
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Remark 14.7. There are several equivalent definitions of an oriented manifold X, which are all a
little more technical than desired. The one of Construction 14.6 will be the most convenient for us,
so let us look at its meaning and implications in a bit more detail.

(a)

(b)

()

(d)

Construction 14.6 corresponds to the intuitive notion of being able to define a consistent
orientation on X, where similarly to all our simplicial pictures in Chapter 2 an orientation
can be visualized e.g. on a 1-dimensional manifold by specifying a forward or backward
direction, and on a 2-dimensional manifold by a circular arrow choosing a clockwise or
counterclockwise direction of rotation. Consequently, for example, spheres and the torus are
orientable, whereas the Mdbius strip and the real projective plane are not (which we will
show in Example 16.6 (b)). In the same way as for manifolds with boundary, we do not need
to go into details here, but we will consider a few rigorous constructions in Example 14.8
that will be sufficient for our purposes.

It is easy to verify that it suffices to specify sign functions on an arbitrary atlas of X; the
condition of Construction 14.6 then ensures that there is always a unique way to extend
these functions to all charts of the maximal atlas.

Geometrically, the sign function o;: V; — {£1} for a chart ¢;: U; — V; specifies whether
the chart transfers the orientation on X to the standard one on R” (if the sign is 1) or the
opposite one (if the sign is —1). If the chart is connected (which clearly almost all charts are
that we use to construct manifolds), this is just a constant, but if U; and hence also V; consists
of several components it might be that ¢; is orientation-preserving on some components and
orientation-reversing on others.

Although the full maximal atlas of an oriented manifold will usually contain charts with both
signs, another consequence of (b) is that we can almost always construct oriented manifolds
by using charts for which all sign functions are 1: Instead of using a chart with sign function
—1 we could equally well just replace one of its coordinates by its negative (i.e. do a space
reflection) and use the sign function 1 instead. We can then construct an oriented manifold
without specifying any sign functions at all (since they are all 1 anyway), only by Construc-
tion 14.6 requiring that all determinants of the Jacobian matrices of the transition maps are
positive.

In fact, this would clearly be an easier method of construction resp. definition of oriented
manifolds — except that this fails in exactly two cases, unfortunately:

e A point (as a O-dimensional manifold) has two orientations, given by the two possible
signs +1, but this cannot be absorbed into replacing a coordinate by its negative since
there is no coordinate.

e Similarly, for a 1-dimensional manifold with boundary such as e. g. the interval [0, 1]
any chart around the left endpoint would have to map it to the right endpoint O of
H', hence it is necessarily decreasing and cannot reflect the natural orientation of the
interval unless we set its sign function to —1.

Example 14.8.

()

(b)

()

Every open subset X C R” (or X C H") is naturally an n-dimensional oriented manifold (with
boundary) with the one trivial identity chart and sign function 1, since there are no transition
maps to check. We will take this as the standard orientation in this case.

Expanding Example 14.5 (b), let now f: X — R be a smooth function on an n-dimen-
sional oriented manifold X. Assume again that the rank of f is 1 on f~'({0}), so that
Y := f~!(R<p) C X is an n-dimensional manifold with boundary. Then Y has a natural ori-
entation as well, obtained by taking only charts which lie in the interior of Y or for which f
is in local normal form, and just keeping the sign function for these charts.

Let X be an n-dimensional oriented manifold with boundary; we claim that dX has a natural
induced orientation. To see this, consider as in Construction 14.3 (c) achart ¢: U —V C H"
for X around a point a € X, and make it into a chart ¢: UNIX — {y €V :y; =0} C R*!
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for X around a by leaving out the first coordinate. The sign function for ¢ will just be the
restriction of the sign function for ¢@.

For x € U N dX, the transition map between two such charts ¢; and ¢, then has Jacobian

matrix . ‘
1y X 0
(%O(pl )(x)_ ( * ‘ ((pzo(p;l)/(x) )

for some smooth positive function A, since it sends points with first coordinate zero to points
with first coordinate zero, and points with negative first coordinate to points with negative
first coordinate. This means that the determinants of (20 @, ')’ and (@20 @, ')’ have the
same sign, and thus that the condition of Construction 14.6 will hold for dX if it holds for
X, i.e. that dX is an oriented manifold as well.

Note however that we have made one (global) choice in this construction: The orientation
for X C X is determined by first taking a coordinate pointing outwards from dX, and then
the coordinates for 0X. We could have made other choices here, but the one above turns out
to be most convenient for the theorem of Stokes in Proposition 14.13.

(d) As a concrete example, the closed n-dimensional disk
D'={xeR":|x[| <1} = fY(Rey) with f: R" R, x—>x3+---+x>—1

is an n-dimensional manifold with boundary that has a natural orientation by (b) (since the
rank of f is only zero at the origin, which is not in £~!(0)), and thus its boundary sphere
5"~ also has a natural orientation by (c).

Exercise 14.9. We say that a smooth function
[iR"XR" = R"XR", (x,y) = (u(x,y),v(x,y))

satisfies the Cauchy-Riemann equations if

(91/!,‘ B 8v,~ an 8u,~ B 8v,~
ax]' a 8yj 8yj o ij
foralli,j=1,...,n. (One can show that this is equivalent to f: C" — C" being infinitely complex

differentiable if x and y denote the real and imaginary parts of the variables in the source, and u and
v denote the real and imaginary parts of the variables in the target.)

Show that any 2n-dimensional manifold whose transition maps satisfy the Cauchy-Riemann equa-
tions (i. e. an n-dimensional complex manifold) is orientable.

Exercise 14.10. Show that the tangent bundle Ty on any manifold X is an orientable manifold.

We are now ready to construct well-defined integrals over n-forms on n-dimensional oriented man-
ifolds (with or without boundary) by transferring them to ordinary integrals on R” using coordinate
charts. To avoid complications with improper integrals, we will always assume that our differential
forms have compact support, so that we only have to integrate smooth and bounded functions. Note
that this condition of compact support is automatic if we integrate over a compact manifold, since
the support is then always a closed subset of a compact space.

Construction 14.11 (Integration of differential forms with compact support).

(a) Let @ € Q"(V) be an n-form with compact support on an open subset V of R”. Writing it
as @ = fdx; A--- Adx, for a smooth function f with compact support on V, we define its
integral by

/Va)::/vf(x)d(xl,...7xn) eR

in the usual (Riemann or Lebesgue) sense of multivariate analysis as e. g. in [G1, Definition
29.5]. Note that this is clearly well-defined: As in Construction 11.15, the function f can
be extended smoothly by zero to all of R”, so we can consider its integral over a sufficiently
large box containing its support.



(b)

©

(d)
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The main property of (a) is that it is invariant under signed coordinate transformations in
the following sense: For any diffeomorphism ¢: V — V between open subsets of R”", sign
functions 6: V — {+1} and §: V — {£1} with

o(x)-6(@(x))-det(¢'(x)) = |det(¢'(x))| forallx eV (*)

as in Construction 14.6, and an n-form @ = fdx; A --- Adx, with compact support on V we
have

/G~(p*(1):/G-(p*(fdxl/\-~/\dxn)

Vv 14

[ o) rlo0) - detg/ (x)d(a .. )
5(p(x))- £ (9(x) - |det/(9)|d(x1.....x,)

(x) - f(x)d(x1,... xn)

—~
-

—~
*
=

=
S— 5=
(o]}

Qe

.a)’

where (1) follows from Lemma 13.7, and (2) is the transformation rule for multivariate
integrals [G1, Proposition 30.8].

Now let @ € Q"(X) be an n-form with compact support on an n-dimensional oriented man-
ifold X, and assume for the moment that its support is contained in the open subset U C X
of a coordinate chart ¢: U — V C R” with sign function 6: V — {£1}. We then define its

integral as
[0 [jo-t0 v
X v

where the integral over V on the right hand side is defined by (a). By our constructions, this
is now independent of the chosen chart: If ¢: U — V is another chart with sign function
6:V — {£1} and containing the support of @, we have

' e 1370 o vk alye s O
[o@ 0™ [o-(pop !y (6 )0l [6:67) 0
v v v
since the sign functions ¢ and & satisfy the condition (x) of (b) for the transition map @o ¢!
by Construction 14.6.

Finally, let ® € Q"(X) be a general n-form with compact support on an n-dimensional ori-
ented manifold X. By compactness, we can find charts ¢;: U; — V; with i € I covering X so
that only finitely many of them intersect the support of @. Choose a partition of unity (f;);es
of X subordinate to this cover in the sense of Corollary 11.17, and set

=g

i€l
with the integrals on the right defined by (c), and only finitely many of them being non-zero
due to our finiteness assumption. Again, let us check that this is independent of choices: If

we pick different charts y;: U} — V] for j € J and another partition of unity (g;);es, We
obtain

Z//gj 0= Z Z//figj o ((f3)ier 1s a partition of unity)
jes’U; il jes’U;j
= Z Z/ figj-® (the support of f;g; is contained in U; N Uj’-)
iel jeJ /UinUj

= Z / fi-o (same calculation backwards).
Ui

ieJ
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Clearly, the same constructions also work for differential forms with compact support on manifolds
with boundary, replacing open subsets of H" instead of R” (and using partitions of unity as in Remark
14.4).

Example 14.12. Construction 14.11 shows rigorously that there is a well-defined notion of integrals
over n-dimensional forms with compact support on an n-dimensional manifold, without problems
regarding divergent or non-existing integrals. However, it can be shown that for actual computa-
tions the formulas above may also be applied without the compact support assumption if one knows
beforehand that the integrals actually exist. Let us consider two examples of this in the plane R?,
whose coordinates we will denote by y = (y1,y2).

(a) If we want to compute the integral of the 2-form dy; Ady; over the 2-disk D*> C R? (with the
standard orientation as in Example 14.8 (d)) directly by definition, we would have to take an
open cover of the manifold with boundary D? by charts whose images lie in H?, and then
use partitions of unity as in Construction 14.11 (d) for this cover. However, it is much easier
to use the well-known fact that null sets do not matter for integration, so that we can equally
well integrate dy; A dy, over the open 2-disk {y € R? : ||y|| < 1} (although the support of
this form is no longer compact), for which we only need the standard chart. As expected, the
integral [;p dyi Ady, = f”y”<1 d(y1,y2) = 7 then just gives the area of the disk.

(b) Let us compute the integral of (the restriction of) the 1-form y; dy, over the circle S' C R?,
again with the standard orientation as in Example 14.8 (d). As in (a), rather than cover-
ing S! with two coordinate charts and using a partition of unity, it is sufficient to consider
S\ {(0,1)}, for which we only need one chart. We want to take the chart

o1 SN(0,1)} = R, (vi,y2) =

1—y;

of Example 10.4 (b), but have to check first that it has the correct orientation as the boundary
of D?, as otherwise we would get the wrong sign in the result: Locally around e. g. the point
(0,—1) € S', the map

- O

_2):1>0

0: i) = (431, = with  det’(0,—1) = det
1—y2 0

2
gives a chart for D? to H? with sign function 1, and thus its second component ¢, is a chart
for S! also with sign function 1 by Example 14.8 (c).

Finally, we have already computed (@, ')*(y1dy>) = 5 dx in Example 13.12 (a), and

(x2+1)
hence we obtain by Construction 14.11 (c)
8x? . [x(®2—1) ¢
/ yidy, = / +1) dx:clgg W—i—arctamx 7C:7r.

In fact, the equality of the two integrals in Example 14.12 is not a coincidence: Note that the form
dyi Ady, in (a) is just the exterior derivative of y| dy, in (b), and the sphere S! in (b) is the boundary
of the disk D? in (a). The following theorem of Stokes — which is the main result of this chapter —
asserts that taking exterior derivatives of forms is compatible in general with boundaries of manifolds
in this sense. Given the somewhat complicated computations in the example above its proof might
seem surprisingly simple, but in fact we have already done the most important part of the work by
setting up a coordinate-invariant theory of differentiation and integration. This allows us to reduce
the general statement to local statements on R" and H" which are easy to verify directly.

Proposition 14.13 (Theorem of Stokes). For any n € N~ and an (n— 1)-form @ with compact
support on an n-dimensional oriented manifold X with boundary we have

/ a):/dw.
0X X
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Proof. Both sides of the equation are linear in @, so using the coordinate pullbacks and partitions
of unity of Construction 14.11 (c) and (d) we may assume that X is an open subset of R” or H", and
thus in fact by extension by zero that ® is a form with compact support on X = R" or X = H" itself.
Moreover, linearity implies that we can take the sign function to be 1 and consider a form

0= fdx A AdxiAAdx, = do=(—1)""difdx) A Adx,

for a smooth function f with compact support, where as usual 57;, denotes that this differential is
left out. Let us now compute the integrals on both sides of the theorem, noting that the order of
integration is arbitrary by Fubini’s theorem [G1, Chapter 28.B].

If i > 1, both sides of the theorem are zero: the integral jax  vanishes since dx; = 0 on X (which
is empty for R” and given by x; = 0 on H"), and [y d® is zero since [ d;f(x) dx; gives the difference
of f at points with x; — oo and x; — —oo, which are both zero since f has compact support.

Ifi=1and X = R", the same argument holds by symmetry of the coordinates.
Finally, if i = 1 and X = H" we get
® [ '
[ao=[ astm)d ) D [ fOx.m) ) = [ o
JX H” JRr1 Jox
where (*) is obtained by integrating d; f over x; from —eo (where f is zero due to its compact

support) to 0. g

Example 14.14. Note that we had already seen a discrete simplicial version of Proposition 14.13
in Example 5.4 and Remark 5.5. Correspondingly, there are similar examples now that use actual
differentiation and integration instead of the simplicial coboundary operator and the pairing between
simplicial homology and cohomology:

(a) A closed interval [a,b] C R is a 1-dimensional oriented manifold with boundary {a,b},
where b has sign 1 and a has sign —1. Applying Proposition 14.13 to a smooth function
f € Q%a,b]) thus gives

o) -ra= [ r=[ ar= s,

which is just the Fundamental Theorem of Calculus.

(b) Let X C R3 be a 2-dimensional oriented manifold with boundary, and let @ € Q'(X) be
the restriction of a 1-form on R?, so that we can write it as @ = f; dx| + f>dx, + f3dx3 for
smooth functions fi, f>, f3: R> — R. Then the statement J5x @ = [y do translates into

/ (fidxi + frdxy + f3dx3)
oxX

= /x ((01f2 = 2f1)dxy Ndxy + (0af3 — 03 f2) dxy Ndxz + (93f1 — 91 f3) dx3 Ndxy).
As the three functions integrated over X are just the curl of f in the sense of Example 13.5 (c),
this statement is usually called the curl theorem of Stokes.

(c) Similarly, if X C R3 is a 3-dimensional oriented manifold with boundary and @ € Q2 (X), we
have o = f1dxy Adxz + fodx3 Adx1 + f3dx; Adx; for smooth functions f1, f>,f3: X — R,
and the Theorem of Stokes becomes

/BX (fl dxo Ndx3 + frdxs Ndxy + f3dxy /\dx2) = /X(alfl + hfr + A f3) dx; Adxy Ndxs.

This time, the function occurring in the integral over X is the divergence of f as in Example
13.5 (c), and thus this statement is named the divergence theorem of Gauss.

Hence, the Theorem of Stokes of Proposition 14.13 unifies several classical theorems from vector
calculus, and generalizes them to arbitrary dimension.
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Remark 14.15 (Integrals in cohomology). From the topological point of view, the Theorem of
Stokes will have many implications in de Rham cohomology since it relates the exterior derivative
(i. e. the coboundary operator of the de Rham cochain complex) to the geometric boundary of man-
ifolds — similarly to the corresponding statement in simplicial geometry in Example 5.4. For the
moment, let us just note that on a compact n-dimensional oriented manifold X the integration of
forms yields a well-defined linear integration map

/:HQ‘R(X)—HR, wH/(o,
X

since X has empty boundary, and thus the integral vanishes on exact forms. In fact, this map will
turn out to be an isomorphism if X is connected; we will study this in more detail in Proposition 16.4
and Example 16.6 (a).

Exercise 14.16.

(a) Show that an n-dimensional manifold X is orientable if and only if there is a nowhere-
vanishing n-form on X.

(b) Now let X be a compact n-dimensional orientable manifold with boundary. Use (a) to show
that dX is not a smooth deformation retract of X, and give a counterexample of this statement
when X is non-compact.
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15. Comparison of Singular and De Rham Cohomology

In this chapter we now want to prove the long-awaited statement that the analytic de Rham coho-
mology of a smooth manifold is canonically isomorphic to its singular cohomology, usually called
the de Rham’s Theorem in the literature. The very rough idea of our proof will be a Mayer-Vietoris
type induction similarly to Lemma 4.18 in the simplicial case, i.e. we will start with simple base
cases and then glue them together to obtain the statement for arbitrary manifolds. In order do to this,
we need to address the following three points:

(A) For the induction start similarly to Lemma 4.18 (a), we have to show that the de Rham
cohomology of sufficiently simple spaces is trivial.

(B) For the induction step similarly to Lemma 4.18 (b), we need a Mayer-Vietoris statement for
de Rham cohomology.

(C) Finally, we have to establish a manifold version of the Mayer-Vietoris induction principle
(note that, in contrast to simplicial complexes, a manifold is not built up from finitely many
simple pieces in an obvious way).

All three points will require a little bit of work, but fortunately we are well-prepared for it by our
previous results. Let us start with (A), which in singular (co-)homology was a homotopy argument
in Proposition 3.11 for star-shaped simplicial complexes. We will copy this idea and show that the de
Rham cohomology of a star-shaped region X C R” is trivial, using a homotopy Q7 (X) — Q”~!(X)
between the identity and a trivial map (in the algebraic sense of Definition 3.1; note that the index
now goes down and not up since we are using cohomology with ascending indices). This homotopy
will be constructed from integrating a p-form on X along lines from the center point of the star,
eating up one of the differentials to leave us with a (p — 1)-form. In fact, we have seen the very
simplest case of this argument already in Example 13.15 (c) where we showed that the first de Rham
cohomology of an open interval is trivial since every 1-form on it is the coboundary of its integral.

In order to be able to construct this map, we need a version of integration that only integrates over
one of the coordinates, and not over all of them as in Construction 14.11. It will be sufficient for us
to do this in R", so we do not have to worry about coordinate changes or orientations.

Construction 15.1 (Integration of forms over one variable). Let U C R"T! = R"” x R with coor-
dinates (x,t) be an open subset for n € N. We assume that the non-empty fibers of the projection
U — R", (x,1) — x are open intervals of R containing 0. For all p € N we can then construct a linear
map h: QP (U) — QP~1(U) that integrates p-forms over 7, i. e. it is defined on generators by

t
h(fdt Ndxiy A~ Ndxi, ) (x,1) = (/0 f(x,u)du) dxiy N+ Ndxi,_,

for any form containing dt, and (f dx;; A--- Adx;,) = 0 for any form not containing dt.

There is a projection map w: U — R", (x,) — x, and a zero section s: 7(U) — U, x — (x,0) of 7.
The composition s o 7 then just sets ¢ to 0 on U, but note that this implies on forms that the pullback
(som)* = m*s* also sets dt to 0.

Lemma 15.2 (Integration homotopy). In the situation of Construction 15.1, the map h that integrates
over t is a homotopy between n*s*: QP (U) — QP (U) and the identity, i. e. we have

doh+hod=id—n*s* onQF(U)
forall p € Z.
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Proof. This is just a straightforward computation, slightly different depending on whether a form
contains dt or not: If @ = fdt Adx; A--- Adx;, , contains dt, setting F(x,t) := Jo f(x,u)du and
thus O;F (x,t) = [§ 9if (x,u) du we have

(doh+hod)(a)) = (dF+Zh(8,f dx,%\dt)) /\dxil /\'”/\dxip—l

i=1 ——
=—dtA\dx;
n n
= (fdt + Z F dx;i— Y o;F dx,) A dxil AREE /\d'xip—l
i=1 i=1

= fdt /\dx,-l AREE /\d)C,'pf1
— (id—7"5")(@)

since *s* @ = 0 due to the presence of df in @. On the other hand, if ® = fdx;; A--- A dxl-p does
not contain dt, we clearly have h(®) = 0, and thus

(doh—l—hod)(a)) :h(g{dl/\dxil /\---/\dx,'p)
= (f(x,1) = f(x,0)) dxiy A+~ Ndxi,
= (id—7"s*) (o). O

Corollary 15.3 (Poincaré Lemma). For every star-shaped open subset X C R" with n € N we have
HX (X) =0 forall p>0.

Proof. We may assume that the center point of the star is the origin. Let @ € Q(X) be a closed
form; we need to show that it is also exact. In order to integrate it along lines starting at the origin,
consider the map

g R'XR—-R", (x,t) —1x

on the open subset U := g~!(X), which satisfies the assumptions of Lemma 15.2 since X is
star-shaped with center 0. Using the notations of the lemma, we thus obtain for the form g*w
onU

(doh+hod)(g'w)=g"0—n"s"g"0 € QP(U).

In this equation, we first of all have dg*®w = g*dw = 0 by Lemma 13.7 (b) since ® is closed.
Moreover, the composition g o s is the constant zero map, hence 7*s*g*@ = 0 as well by Lemma
13.7 (c) since p > 0. We are thus left with

(doh)(g'w)=g"'® €Q’(U).

Finally, we pull this equation back along the map f: X — U, x — (x, 1) that sets 7 equal to 1. As
go f =1id, we obtain by Lemma 13.7 (b) again

df*(h(g"®)) = o.

Hence, the form o is exact, which shows that Hl (X) = 0. O

Next, let us address problem (B), i. e. establish a Mayer- Vietoris statement for de Rham cohomology.
In the singular setting in Chapter 7, the main tool to prove Mayer-Vietoris for a union of two open
subsets U and V was the construction of a sufficiently fine subdivision of simplices in U UV so that
each subsimplex lies in U or V, and we had already remarked that the analytic analogue of this is
a partition of unity that allows us to write every smooth function on U UV as a sum of two smooth
functions with support in U and V, respectively. As we have all these tools already at our disposal,
the proof of Mayer-Vietoris for de Rham cohomology is in fact quite straightforward.
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Proposition 15.4 (De Rham Mayer-Vietoris sequence). For any two open subsets U and V of a
manifold X the sequence of de Rham cochain complexes

0 — QUUV) — QU)xQV) —— QUNV) —— 0
0] —  (0]y,0ly)
(@,m) — Oluav —Nunv
is exact. In particular, by Remark 5.8 (d) we obtain a functorial long exact sequence in cohomology
s — HR(UUV) — HR (U) x HiR (V) — H (UNV) —>H£§1(UUV) —>

Proof. The only non-trivial part of the statement is that the last map in the sequence is surjective.
So let @ € QP(UNV) be any p-form on the intersection. Choose a partition of unity (fy, fv)
subordinate to the open cover (U,V) of UUV as in Corollary 11.17. Then we can consider fy ®
to be a smooth form on U which is zero on U\V (and in fact even on the neighborhood U\ supp fy
of any point of U\V in U, which guarantees smoothness). In the same way, fy o is a differential
form on V, and thus (fy @, — fy ®) is an inverse image of @ under the last map in the sequence since
(fvo)lury — (=fuo)|vay = @. O

Example 15.5. As an example of Proposition 15.4 and the general strategy in this chapter, let us
compute the de Rham cohomology groups H(fR(Sl) of a circle. Clearly, this group is trivial by
definition for p < 0 or p > 1, and it is isomorphic to R for p = 0 by Example 13.15 (b). Hence, it
remains to determine HG{R(S 1), and from the viewpoint of singular cohomology we clearly expect
this Betti number to be 1 as well.

(a) Let us quickly confirm this expectation with with the Mayer-Vietoris sequence analogously
to Example 7.11. We write S' C R? as the union of two open subsets U = S'\{(0,1)} and
V = 8"\{(0,—1)} isomorphic to R, with the intersection U NV consisting of two disjoint
open intervals. By Example 13.15 (b) we then have b3 (U) = b3 (V) = b3 (UUV) = 1 and
b (UNV) =2, and by Example 13.15 (c) we have bl (U) = blx (V) = 0. From the exact
Mayer-Vietoris sequence of Proposition 15.4

0 — Hig(8") = Hig(U) x Hg (V) = Hig (UNV) = Hig (S") = Hig (U) x Hag (V)
——— —_———

~R ~R2 ~R2 =0
we thus conclude by Remark 4.5 (b) that bl (S') = 1, as expected.

(b) In fact, it is also instructive to explicitly find a generator for H(}R(S 1) by following the con-
struction of the connecting map of the long exact cohomology sequence as in the proof of
Proposition 4.8. This is shown in the picture below, where the columns from left to right
correspond to the steps of the construction, the spaces U, V, and U NV are drawn in gray,
and the functions resp. forms in black with positive values pointing outwards (where “posi-
tive” for the forms in the last column means a positive coefficient function at the differential
dx, with x increasing counterclockwise).

More precisely, by (a) we have to start with an element ® € H(?R(U NV) not in the image of
H% (U) x H (V), e. g. with a function which is 1 on one and 0 on the other component of
U NV, as shown in the first column. To construct its image under the connecting map, we
follow the proof of Proposition 15.4: To obtain an inverse image of @ in Q°(U) x Q°(V)
we construct a partition of unity (fy,fy) subordinate to the cover (U,V) (shown in the
second column) and form the pair (fy @, —fy®) (in the third column). Then we apply the
coboundary map d to obtain the pair (d(fy®),d(—fy®)) € Q' (U) x Q' (V) (shown in the
last column), and by the general construction in the proof of Proposition 4.8 this element
must come from a closed form in Q! (S') that we are looking for. In fact, one can see in the
picture that the two 1-forms d(fy®) on U and d(— fy®) on V glue to a 1-form on S', which
is just a bump 1-form giving 1 when integrated over S'.
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U U U
Uy fu fro d(fyw)
®
\% \% \%
fv —fuo d(—fuvo)

(c) Note that this result fits well with our earlier cohomological manifestations of b, (Sl) =1:

e In simplicial geometry, we have seen in Example 5.11 that a generator of the first
cohomology of a simplicial annulus is a cocycle which is almost everywhere 0, except
for a small region in which it has values so that it gives 1 on integration over this
region. This is precisely the simplicial analogue of the bump 1-form obtained above.

e By Remark 14.15, the integration of 1-forms gives a well-defined map Hd'R(S SR,
so any 1-form on S' (which is necessarily closed) that has a non-zero integral must be
a non-trivial de Rham cohomology class, and thus a generator of H(}R (S'). The bump
1-form above clearly satisfies this.

e We had also mentioned already in Example 13.15 (d) that the derivative of the angle
in polar coordinates is an example of a closed 1-form on R?\{0} that is not exact,
showing that the first Betti number of this space is non-zero. In fact, this is just another
I-form whose integral around the hole in R?\{0} is non-zero (namely 27), and the
same holds after restriction to S' — so again we see that its integral being non-zero is
what makes this cohomology class non-trivial and thus a generator of H(}R (sh.

With our current techniques we could compute and compare the cohomology groups of manifolds if
they have a finite open cover such that all possible intersections of the open subsets are isomorphic
to star-shaped open subsets of R”, similarly to the contractible open covers of Definition 8.6. But not
all manifolds are of this type — e. g. manifolds with infinitely many connected components, to name
a trivial example. Let us therefore now address problem (C) from the introduction to this chapter:
In order to establish a Mayer-Vietoris type induction as in Lemma 4.18 for general manifolds we
have to include the possibility of infinite unions in some way. Luckily, it turns out that their onion
structure ensures that disjoint infinite unions suffice, which are then again easy enough to handle.

Lemma 15.6 (Mayer-Vietoris induction for manifolds). To prove an assertion about all manifolds,
it suffices to show:

(a) (Induction start) The assertion holds for any manifold isomorphic to a convex open subset
of R" for any n € N.

(b) (Finite induction step) If U and V are open subsets of a manifold X such that the assertion
holds for U, V, and U NV, then it also holds for UUV.

(c) (Infinite induction step) If a manifold X is the disjoint union of countably many submanifolds
Xy for k € N such that the assertion holds for every Xy, it also holds for X.

Proof. Starting from convex open subsets of R” as in (a), we will show the assertion for progressively
larger classes of manifolds in four steps, where steps 1 and 3 use (b), and steps 2 and 4 use (c).

Step 1: The assertion holds for finite unions of convex open subsets of R”. To see this, write any
union Uy U- - -UU; C R" of convex open subsets as U UV withU =U U---UUi_ and V = Uy. Asthe
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intersection of convex subsets of R” is convex, the intersection U NV = (U NUy)U--- U (Ug— UUy)
is a union of k — 1 convex open subsets of R”, so the statement follows from (b) by induction on k.

Step 2: The assertion holds for any open subset X of R”. To

prove this, we proceed similarly to the proof of partitions of

unity in Proposition 11.16. As X is an n-dimensional mani-

fold, we can pick an onion structure (Vi )gen for X by Propo-
sition 11.13, setting V;, = @ for k < 0. For any k € N and :
a € Var2\Vax (shown in dark gray in the picture), pick a
(convex) open ball W, around a contained in the open set
Vak+3\Vok—1 (shown in dark and light gray).

RN
SERY
Wa,

'
]

Va1 Vak Varrs/

As Vog42\Vay is compact, we can pick a finite subset J C Vax12\Va such that Uy := U,¢;, Wa cov-
ers Vori2\Var. By construction, we then have X = |J;cy U, and every Uy intersects at most the
neighboring open subsets Uy and Uy .

Now the assertion holds for any Uy by Step 1, and for U := Uy U2k and V := Uy U2i+1 by ()
since these unions are disjoint. Similarly, it also holds for each intersection Uy NUy.+| by Step 1, and
thus for U NV = Uen(Ur NUk41) by (c) as these unions are also disjoint. By (b), the assertion thus
holds for U UV = ey Uk = X as well.

Step 3: The assertion holds for any manifold that can be covered by finitely many charts. To see this,
note that the assertion holds for a manifold with a single chart by Step 2, and that the intersection
of charts is a chart. Hence, the argument is the same as in Step 1, replacing “convex open subset of
R™ by “chart”.

Step 4: The assertion holds for any manifold. Again, this is the same argument as in Step 2, taking
for W, arbitrary charts instead of (convex) open balls, and replacing references to Step 1 by Step
3. O

Remark 15.7. The infinite induction step (c) of Lemma 15.6 is usually easy. Let us quickly check
the behavior of our (co-)homology theories for a manifold X that is a disjoint union of countably
many components X, for n € N:

(a) For singular homology, every singular simplex lies in exactly one component X, so every
singular chain lies in finitely many components, and the boundary map acts on each com-
ponent separately. Hence, as in Remark 6.10 (a) the singular homology H,(X) for p € Z
is the so-called direct sum of all H,(X,), i.e. the vector space of all families (c,),cny With
¢ € Hy(X,) such that only finitely many ¢, are non-zero.

(b) When dualizing, direct sums become ordinary products as in Example 5.13. Hence, the
singular cohomology H?(X) will be the ordinary product of all H?(X,,) for n € N (without
any condition that only finitely many components are non-zero).

(c) In de Rham theory, the vector spaces Q”(X) are also visibly the products of Q7 (X,,) for all
n € N since differential forms can be specified on each component separately. The cobound-
ary operator also acts independently on any component, and thus again H‘fR (X) will be the
product of all Hj (X,,) forn € N.

We are now almost ready to compare de Rham to singular cohomology on manifolds. There is only
one piece missing: Recall from Remark 4.20 that to prove the equivalence of two (co-)homology
theories using Mayer-Vietoris (and thus the 5-Lemma) we first need a map between the two theories
for which we can then prove that it is an isomorphism! As the definitions of de Rham and singular
cohomology theories is quite different, this is a bit tricky here — in particular since the singular setting
works with continuous maps, whereas de Rham cohomology requires smooth maps. To deal with
this difference, let us construct a smooth version of singular (co-)homology for manifolds.

Construction 15.8 (Smooth singular homology). For a manifold, we can set up a smooth singu-
lar homology theory in the same way as ordinary singular homology, just requiring the singular
simplices to be smooth in the sense of Construction 14.2:
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e For p € N, as in Definition 6.2 a smooth singular p-simplex in a manifold X is a smooth
map o: |AP| — X. We denote by C;" (X)) the K-vector space having them as a basis, and call
its elements smooth singular p-chains in X. Clearly, C;"(X) is a vector subspace of C,,(X).

e Note that restrictions of smooth maps are smooth, hence the boundary map of Con-
struction 6.5 maps C}™(X) to C}™;(X). We thus obtain a smooth singular chain com-
plex C*™(X) as in Remark 6.7, and corresponding smooth singular homology groups
H"(X) := Hy(C*™(X)). Of course, the inclusion C*™(X) — C(X) induces natural maps
H,"™(X) — Hp(X) between homology groups by Lemma 2.17.

It is now easy to check by the Mayer-Vietoris induction argument of Lemma 15.6 that this natural
map is an isomorphism for any manifold X, i. e. that smooth singular homology agrees with ordinary
singular homology:

(a) Both singular homologies (smooth and ordinary) are trivial for convex open subsets X C R":
The linear homotopy sending X to any of its points smoothly contracts X to a one-pointed
space, so the argument of Example 6.14 (i. e. the proof of Proposition 6.12 and Corollary
6.13) carries over to the smooth case.

(b) The singular Mayer-Vietoris sequence of Corollary 7.10 holds in the same way for smooth
singular homology since its main input (namely the subdivision of simplices) does not leave
the smooth category. Hence, for any two open subsets U and V of a manifold X we obtain a
commutative diagram with exact rows and vertical maps induced by inclusions

H™(UNV) = H(U) x H(V) = H™UUV) & HS® (UNV) — H® (U) < HS® (V)

| ! | | !

Hy(UNV) — H,y(U)x Hy(V) — Hy(UUV) — H, ((UNV) = H,_1(U) x H,_1(V).

By the 5-Lemma 4.19 this means that the smooth singular homology of U UV agrees with
the ordinary one if this holds for U, V,and UNV.

(c) For disjoint unions, the statement of Remark 15.7 (a) holds for smooth as well as for ordinary
singular homology.

Consequently, by Remark 5.15 (a) singular cohomology can also be defined using smooth simplices,
i.e. the singular cohomology groups H”(X) can also be constructed as the cohomology groups of
the cochain complex (C*™)Y (X) instead of CV(X).

Construction 15.9 (Integration over smooth singular chains). We can now construct a natural map
from the de Rham cohomology to the singular cohomology of a manifold X: First of all, given a
p-form @ € QP(X) and a smooth singular p-simplex ¢ : |A?| — X as in Construction 15.8, we can

form the integral
/ 0= / c'w (%)
c |AP|

as in Construction 14.11. Note that this does not need an orientation on X, but only on |A?| (for which
we take the standard one). However, |AP| is strictly speaking not a manifold with boundary (which
would be necessary to apply Construction 14.11), but only a manifold with corners in the sense of
Remark 14.5 (d). There are two possible ways to solve this technical problem: Either one sets up all
of Chapter 14 for manifolds with corners, or one uses null set arguments to reduce the integral (x)
to an integral over the subset of |A”| on which at most one of the coordinates is zero — which is a
manifold with boundary again, with the boundary given by the interiors of the (p — 1)-dimensional
faces of |AP|. Either way, one can make the definition () and also the Theorem of Stokes work in
this slightly more general situation, and in order to avoid overly technical constructions we will just
assume this in what follows.

Extending (x) by linearity, we can define the integral [, @ also for any p-chain ¢ € cr (X) with real
coefficients, and thus consider integration over ® as an element of (C;™ (X ))V. As this map is linear
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in @ as well, we obtain a linear integration map

/; O (X) = (C™(X)) V.

In fact, by the Theorem of Stokes as in Proposition 14.13 this gives us a morphism of cochain
complexes Q(X) — (C*™)V(X), i. e. the diagram

or(x) —4 5 ortl(x)

i I

(X)) — (Cm X))V

commutes, where the top row is the exterior derivative and the bottom row the dual of the singular
boundary map: Applying first [ and then d to a p-form @ we obtain the linear map ¢ — [;, @ in

(G104 )Y, whereas first applying d and then [ gives 0 — [, d®.

By Lemma 2.17 and Construction 15.8, the morphism Q(X) — (C*™)V(X) of cochain complexes
passes to cohomology to give linear integration maps Hé’R (X) — HP(X,R) for all p € Z. With all
our preparations, it is now in fact easy to prove that this map is an isomorphism.

Proposition 15.10 (De Rham’s Theorem). For any manifold X, the integration over chains map
Hi (X) — HP(X) of Construction 15.9 is an isomorphism between the de Rham cohomology and
the real (smooth) singular cohomology HP (X) := HP (X,R) for all p € Z.

Proof. We prove the statement by the Mayer-Vietoris induction principle of Lemma 15.6, noting
that we already know everything that is necessary:

(a) For an open convex subset of R”, the de Rham cohomology is trivial by the Poincaré Lemma
of Corollary 15.3, and the singular cohomology is trivial by Example 6.14 (and Construction
8.10).

(b) For open subsets U and V of a manifold X, there is a commutative diagram with exact rows

—1 -1 —1
Hiy (U)xH (V) = Hiy (UNV) = HR(UUV) = H(U)xHRy (V) - HR(UNV)

! | | l |

HP~Y(U) x HP~Y (V) - HP~Y(UNV) — HP(UUV) — HP(U) x HP(V) — HP(UNV),

where the vertical maps are given by Construction 15.9: The top row is the Mayer-Vietoris
sequence of Proposition 15.4, the bottom row the Mayer-Vietoris sequence of Construction
8.10 (b), and the diagram commutes since all maps of the corresponding cochain complexes
are just given by restrictions. Hence, by the 5-Lemma 4.19, de Rham’s Theorem holds for
UuVifitholds forU,V,andUNV.

(c) Finally, by Remark 15.7 (b) and (c), de Rham’s Theorem holds for countable disjoint unions
if it holds for the individual components. O

Example 15.11.

(a) By Proposition 15.10, it follows from Example 8.2 (b) that the only non-trivial de Rham
Betti numbers of the sphere S" with n € N are bJ (") = b1z (S") = 1. In particular, for
n = 1 this reproduces the results of Example 15.5.

(b) Similarly, the only non-trivial de Rham Betti numbers of the punctured plane X = R?\{0}
are bz (X) = blx (X) = 1, as this space is homotopy equivalent to S'. Note that we have not
shown the homotopy invariance of de Rham cohomology, but it clearly follows now from
Proposition 15.10 as we have shown it for singular cohomology in Construction 8.10 (a).
One could also prove its homotopy invariance directly by an argument similar to that in the
Poincaré Lemma of Corollary 15.3.

In particular, the statement blg (X) = 1 also shows that the non-zero element of Hl (X) that
we had found in Example 13.15 (d) is actually a generator.
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16. Poincaré Duality

In the previous chapters, we have constructed the de Rham cohomology of manifolds and saw that
it is naturally isomorphic to singular cohomology. To conclude these notes, we now want to show
in this final chapter that our results actually also place some interesting restrictions on the possible
values of the Betti numbers of compact oriented manifolds. Due to time constraints, we will only
sketch the proofs in this chapter. To simplify notation, we will denote the (de Rham or singular)
cohomology groups of a manifold X just by H?(X) for p € Z as in our singular treatment, but we
will think of its elements as de Rham cohomology classes, i. e. classes of closed differential forms.

Our starting point is the observation that, for any compact oriented n-dimensional manifold X, com-
bining the wedge product of de Rham cohomology classes of Remark 13.16 with the integral of
Remark 14.15 we obtain a well-defined linear map

D: H’(X) — (H"?(X))Y, o — /a)/\ - (%)

It is our goal to show that this is in fact an isomorphism. In particular, this implies the probably
surprising statement that the Betti numbers in degree p and n — p of such a manifold must be the
same! Moreover, applying this isomorphism twice shows that every cohomology group H”(X) is
isomorphic to its double dual, which is only possible if H”(X) is finite-dimensional.

The idea to prove this isomorphism will again be a Mayer-Vietoris induction as in Lemma 15.6.
This induction principle works for oriented manifolds in the same way as for ordinary manifolds,
but clearly not for compact ones, since it relies on building up manifolds from open convex subsets
of R”. Hence, we have to extend our isomorphism statement and thus the map D to non-compact
manifolds first — however, this does not work out of the box since then the integral in (x) might be
divergent, making D ill-defined. The solution to this problem is to let D(®) for @ € H?(X) act only
on forms with compact support, i. e. to set up a modified version of de Rham cohomology first that
works exclusively with differential forms with compact support.

Construction 16.1 (De Rham cohomology with compact support). For any n-dimensional man-
ifold X and p € {0,...,n}, we denote by QF(X) C Q”(X) the vector subspace of all p-forms
on X with compact support. Clearly, the exterior derivative maps forms with compact support
to forms with compact support, so we obtain a cochain complex Q. (X). Its cohomology groups
HL(X) := HP(Qc(X)) are called the de Rham cohomology groups with compact support.

Of course, for a compact manifold X we just have HY (X) = H?(X) since then the support of any
differential form is a closed subset of a compact space, and thus itself compact. For non-compact
manifolds however, the compact support condition can change the cohomology groups drastically,
as the following simple example shows.

Example 16.2. Let X = R; let us compute H/ (X) for p € {0,1}.

(a) For p =0, a function f € QY(R) is closed if and only if df = f’dx is zero, which requires
f to be constant. But a constant function only has compact support if it is zero, hence
H(R) =0.

(b) For p =1, every 1-form on R is closed. Moreover, for 1-forms with compact support there
is a linear integration map

®: Q(R) 5 R, fdxrs /f(x)dx

whose value is also given by F () for the unique function F € Q°(R) with F' = f and
F(—o0) =0. Now fdx is exact in Q.(R) if and only if F has compact support as well, i.e.
if ®(fdx) = F(s) = 0. Hence, the cohomology group H/ (R) is the quotient Q! (R)/ker ®,
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which by the homomorphism theorem is im® = R. In other words, we have dimH! (R) = 1,
with a generator given by any 1-form fdx where f is a function with compact support and
non-zero integral, e. g. any bump function as in Construction 11.15. We will call this a bump
1-form.

In particular, the dimensions of the de Rham cohomology groups of R with compact support are
exactly opposite to the ordinary ones in Example 13.15. Note that this shows another peculiarity
of compactly supported de Rham cohomology, namely that it is not homotopy invariant: The real
line is homotopy equivalent to a point, but does not have the same compactly supported de Rham
cohomology groups.

Remark 16.3. More surprisingly, the compact support condition also changes the functoriality prop-
erties of the cohomology groups: For simplicity, let us only consider the case of inclusion maps
f: U — X for an open subset U of a manifold X. In contrast to ordinary de Rham cohomology, there
is now no longer a pullback (i. e. restriction) f*: QF(X) — QF(U) since intersecting the compact
support of a form on X with U is in general not compact. However, a form with compact support in
U can be extended by zero to a form on X as in Construction 11.15, leading to a pushforward map
fer QE(U) — QF(X)! One consequence of this is that reverses the order of the cochain complexes
in the Mayer-Vietoris sequence of Proposition 15.4: There is now a sequence

0—Q(UNV)— Q(U)xQ(V) — Q(UUV) —0
whose exactness can be shown using partitions of unity similarly to Proposition 15.4 [BT, Proposi-
tion 2.7]. Note that the order of the terms in this sequence is the same as for homology, but it is still

a sequence of cochain complexes, with the coboundary operator increasing the degree of the forms.
Hence, the corresponding long exact cohomology sequence is

o — HP(UNV) — HP (U) x HP(V) — HP (UUV) — HP T (UNV) — -+
Proposition 16.4 (Poincaré duality). For any n-dimensional oriented manifold X, the map
D: H'(X) — (H "(X))Y, @ /a)/\ :
is an isomorphism for all p =0,. .., n.
Sketch proof. The proof works by Mayer-Vietoris induction as in Lemma 15.6, following the three

steps.

As for (a), for a non-empty convex open subset X C R"” we know by the Poincaré Lemma of Corol-
lary 15.3 that H? (X) is zero for p # 0 and one-dimensional for p = 0. Using an adapted integration
homotopy, one can prove a similar Poincaré Lemma for compactly supported de Rham cohomology,
showing that

HP(X) R forp:~n,
0 otherwise,

where H!(X) is generated by a bump n-form as in Example 16.2. This shows that D is an isomor-
phism in this case.

The finite induction step (b) follows as usual from a diagram of Mayer-Vietoris sequences. For open
subsets U and V of an oriented manifold X, we have a commutative diagram with exact rows

HP~Y(U)x HP~\ (V) —— HP"'(UNV) —— HP(UUV) — HP(U) xHP(V) —— HP(UNV)

l | | | l

HPT O < HEPTN (V)Y = BT wnv)Y = HEP(UUV)Y = HEPU)Y < HEP(V)Y = HEP(Unv)Y,
where the top row is Proposition 15.4, the bottom row is the dual sequence of Remark 16.3, and the
vertical maps are given by D.

The infinite induction step (c) follows since disjoint unions of manifolds lead to products of coho-
mology groups H” (X ) by Remark 15.7 (c), whereas they yield direct sums of compactly supported



144

Andreas Gathmann

cohomology groups He ”(X) as in Remark 15.7 (a) (since only finite unions of compact spaces are
compact), which are then transformed into products when dualizing by Example 5.13. U

Corollary 16.5. Let X be an n-dimensional compact oriented manifold, and let p € 7.

(a)

The Poincaré duality map gives an isomorphism HP(X) = (H" P (X))V. In particular, we
have b,(X) = b,—p(X).

(b) All Betti numbers b,(X) are finite.

©
Proof.
(@)

(b)

()

For singular homology there are natural isomorphisms H,(X) = (HP(X))¥ = H" P(X).

This follows directly from Proposition 16.4 since H"?(X) = H; ”(X) for a compact man-
ifold X.

By Mayer-Vietoris induction it follows that the compactly supported de Rham cohomology
of any manifold has at most countable dimension. Now if the dimension of H”(X) was
countably infinite, it would follow by (a) that H"?(X) = (H”(X))" has uncountable dimen-
sion by Example 5.13, which is a contradiction. Hence, H” (X) must be finite-dimensional.

By Construction 8.10 we have H? (X)) = (H,(X))". Taking duals, we obtain the first isomor-
phism by (b) since the double dual of a finite-dimensional vector space is isomorphic to the
original space. The second isomorphism is just (a). g

Example 16.6.

(a)

(b)

()

If X is an n-dimensional connected oriented manifold, the statement H’(X) = R of Example
13.15 (b) translates into H? (X) = R. In particular, if X is also compact then H"(X) 2R, i.e.
by(X)=1.

The sphere S" is a compact oriented manifold for all » by Example 14.8 (d), and in fact
its Betti numbers (which are by(S") = b,(S") = 1 and zero otherwise by Example 8.2 (b))
satisfy the symmetry property of Corollary 16.5 (a). Similarly, this holds for the complex
projective spaces ¢, in Example 8.4.

In contrast, the real projective plane P has bo(IP3) = 1 0 = by (P%) over the ground field R

by Example 8.2 (d). As IE”]%R is a compact 2-dimensional manifold, Corollary 16.5 (a) proves
that IP’]% is not orientable.

Remark 16.7.

(a)

(b)

In fact, Poincaré duality can also be established purely in the world of singular homology
and cohomology, without referring to de Rham cohomology or differential forms — and thus
over any ground field. The general idea to construct the duality map by using a product in co-
homology and integrating over an orientation on a manifold is still the same as in our setting,
but one needs different (and less intuitive) replacement constructions for this product and the
orientations. This generalized version of Poincaré duality does not need smooth structures,
but still (topological) manifolds; just topological spaces do not suffice. For details, see e. g.
[H, Theorem 3.30].

On the other hand, Corollary 16.5 (c) would allow us to construct de Rham homology groups
of a compact oriented manifold X e. g. as the duals of Hé’R (X), so that they are isomorphic to
singular homology, but only the analytic methods of de Rham theory are needed. Thinking of
H,(X) in this way, one method to produce an element of it is integration over submanifolds:
Given a p-dimensional compact oriented submanifold ¥ of X, there is a linear map

/:HP(X)—HR, - / o,
Y Jy
defining an element of (H”(X))", and thus of H,(X). Hence, such submanifolds determine

elements in homology, although homology is not defined in terms of them.

Combining this with Poincaré duality, a submanifold even defines a cohomology class in the
following sense.
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Construction 16.8 (Poincaré dual of a submanifold). Let X be an n-dimensional compact oriented
manifold, and let Y C X be a p-dimensional compact oriented submanifold. Then integration over Y
defines an element of (H?(X))" as in Remark 16.7 (b), and thus by Poincaré duality as in Corollary
16.5 (a) an element 1y of H" ?(X). By the definition of the Poincaré duality map, it is determined
by the equation

/a):/ nrAw forall w e HP(X)
Y X
(i.e. for any closed p-form @ on X). We call ny the Poincaré dual of Y.

Example 16.9 (Poincaré dual of a point in S'). Let Y be a point in X = S'. Then by definition the
Poincaré dual ny € H'(S!) satisfies

[r=[ s *)
Y N

for any closed f € Q°(S"). If we forget the closedness condition for a moment this looks as if 1y
is some kind of Dirac delta function (resp. functional) [G1, Remark 21.51]: As the left side is just
f(Y) and thus does not depend on the values of f at other points, these other values should be zeroed
out by ny on the right side as well, i. e. 1y should be zero at all points except Y. On the other hand,
for the integrals to match 1y would have to be infinite at the point Y in such a way that the integral
over it is 1 (and thus the integral over Ny f is 1 - f(¥)).

Of course, such a smooth form 1y does not exist; it can only be approximated by taking for ny
a bump 1-form in a small neighborhood of Y with integral 1 as in Example 15.5 (b). Clearly,
for arbitrary functions f, the equation (x) would then only be approximately true. But for closed
functions (*) becomes an equality again: Such functions must be (locally) constant, hence the right
side is just this constant times the integral of 1y, i.e. again f(¥). This should not really come as a
surprise as de Rham’s Theorem of Proposition 15.10 tells us that de Rham cohomology classes are
topological, i.e. (x) is a topological statement that should not change if we approximate the Dirac
delta function by a smooth function.

Remark 16.10 (Localization of Poincaré duals). In fact, our observation of Example 16.9 general-
izes: Let Y be a p-dimensional compact oriented submanifold of an n-dimensional compact oriented
manifold X. By the Whitney embedding of Proposition 11.21 we may assume that X is embedded in
some R™, and thus that the normal bundle Ny /x is defined as a subbundle of Tx |y as in Construction
12.16.

Intuitively speaking, the defining equation of Construction 16.8 says that y € H"?(X) should
be some kind of “Dirac delta form” that is non-zero only on Y, and such that its integral over the
n — p normal directions of Y in X is 1. Again, such a form does not exist, but it can be shown
that ny can be represented by a bump (n — p)-form with compact support in an arbitrarily small
neighborhood of Y in X [BT, end of §5]. By the Tubular Neighborhood Theorem of 12.21 we may
take this neighborhood to be isomorphic to the normal bundle Ny /x, and 7y is then characterized by
the condition that its integral over any fiber of this bundle is 1 [BT, Proposition 6.18].

As a concrete visual example, the picture on the right shows a circle
Y = S! in an ambient 2-dimensional compact oriented manifold X that
contains a neighborhood of ' in R%. It has a small tubular neigh-
borhood Ngi /x as in Example 12.17 which supports the Poincaré dual

Ng € H 1(X). Concretely, in polar coordinates with radius  we can take

Ngt = f(r)dr where f is a bump function for the radius 1 and with in-

tegral 1, so that 1 integrates to 1 along any radial line intersecting st

transversely. In the picture, the value of 1 resp. f is shown by the Mgl
shading, with darker colors corresponding to higher values.

This relation between submanifolds and de Rham cohomology by Poincaré duals can in fact be used
to give a geometric interpretation of the ring structure in cohomology, with which we want to end
these notes: Under Poincaré duality, taking wedge products of de Rham cohomology classes simply
corresponds to intersecting submanifolds.
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Proposition 16.11 (Intersection products). Let Y and ¥ be compact oriented submanifolds of di-
mensions p resp. p in an n-dimensional compact oriented manifold X. If Y and Y intersect trans-
versely, i. e. at every intersection point a € Y NY their normal spaces Ny /x,a and Ny /xa( considered
as subspaces of Tx 4 as in Remark 16.10) form a direct sum, then Y N Y is naturally a compact
oriented submanifold of dimension p+ p —n in X, and we have

My Al =Ty €H"PP(X).

Sketch proof. The situation is shown in the picture below: As Y and ¥ intersect transversely, sim-
ilarly to Construction 11.2 we can find an adapted chart for X locally around any point a € Y NY
in which Y is given by the vanishing of some coordinates xi,...,x,_,, and Y is given by the van-
ishing of other coordinates %1,...,%,—5. By Remark 16.10, the Poincaré duals 1y and 1y can then
be localized in small tubular neighborhoods of ¥ and ¥, respectively, with integrals 1 along the nor-
mal directions at each point. As in the picture below, the wedge product ny A ny is thus localized
in a small neighborhood of ¥ N¥, and by Fubini’s Theorem its integral over the normal directions
of Y NY (which are just the normal directions of ¥ together with the ones of ¥) is also 1. Hence,
Ny ANy is the Poincaré dual of Y NY.

X1

Ny ANy
‘nY Ny

— =

X1

Ny

O

Example 16.12 (Bézout’s Theorem). As a concluding interesting example of intersection products
from the area of algebraic geometry, let us consider the complex projective space IP{. of Construction
8.3, which is a compact oriented 2n-dimensional manifold. Any homogeneous complex polynomial
f of degree d in the coordinates (xo: - - :x,) of P{: defines a subset

Yi={(xo:-:x,) € PG f(x0,...,%,) =0}

which is a submanifold of IP{. of dimension 2n — 2 by Proposition 11.9 (a) if f satisfies the corre-
sponding rank condition (which is the case for a sufficiently general choice of f). Expressed over C,
this means that Y has complex dimension n — 1 in the complex n-dimensional projective space; it is
called a hypersurface in P{.. The degree of f is also called the degree degY of Y.

Hypersurfaces in projective spaces are among most studied objects in algebraic geometry. One im-
portant question about them is the following: Given n hypersurfaces Y1, ...,Y, in P{, a naive dimen-
sion count shows that one expects them to intersect in finitely many points — how many intersection
points are there? In fact, intersection products can answer this question, by considering the Poincaré
duals of various submanifolds of P¢.. For this, note that any complex p-dimensional submanifold
Y of P has a natural orientation by Exercise 14.9, so that its Poincaré dual ny € H2=2p (IPE‘:)
is well-defined, and recall from Example 8.4 that these cohomology groups H 2"’2”(1%) are all
one-dimensional.

(a) By Example 13.15 (b), any closed O-form @ on P, is constant. Hence its integral over any
point P € P, is the same, which means by Construction 16.8 that all points have the same
Poincaré dual np € H°(P), which is clearly non-zero.

(b) If Y C P% is a hypersurface and L C P{. a complex line, then ¥ N L is obtained by solving a
polynomial equation of degree degY in one complex variable, leading to degY intersection
points if L is general enough so that the intersection is transverse. Hence, by Proposition
16.11 we obtain 1y A1, = degY - np with ny € H*(P%) and 0, € H*"~%(P). Note that 1,
actually does not depend on the chosen line since this space is one-dimensional and different
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lines lead to the same result detY - 17p. The same then also holds for Y as long as degY is
fixed.

As a special case, a hypersurface of degree 1 (i.e. a linear subspace of P¢, of complex di-
mension n — 1) is called a hyperplane; we denote its Poincaré dual by ny € H*(P%). Note
that by (b) we have for any hypersurface Y

Ny ANe =degY -np =degY -nu ANy,
so as H*(IP}.) is one-dimensional we see that Ny = degY - ny € H?*(P}.).

Finally, n (sufficiently general) hyperplanes clearly intersect transversely in one point, i.e.
by Proposition 16.11 we have Ny A --- A Ny = Np for the n-fold wedge product of ng with

itself. Hence, we obtain by (c) for n hypersurfaces Y1,...,Y,
Ny, A+ ANy, =degly-----degVy, N A~ ANy
= dng] e dngn . nP’

so if the hypersurfaces intersect transversely, their number of intersection points is the prod-
uct degY; - --- - degY, of their degrees. This statement is known as Bézout’s Theorem and
arguably the most important intersection-theoretic result in algebraic geometry.
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prism 31, 65
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ordered 45
reduced 28
simplicial subcomplex 8
full 8
singular chain 58
boundary 59
closed 59
smooth 140
singular chain complex 59
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singular coboundary 75
singular coboundary map 75
singular cochain 75
singular cochain complex 75
singular cocycle 75
singular cohomology 76
singular cycle 59
singular homology 59
smooth 140
singular simplex 58
smooth 140
smooth function 86
smooth manifold 92
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smooth singular chain 140
smooth singular chain complex 140
smooth singular homology 140
smooth singular simplex 140
smooth structure 90, 127
sphere 6
standard geometric realization 11
standard neighborhood 14
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ordered 58 partition 100
star-shaped 32
Stokes V(S) 8 .
curl theorem 50, 133 Vandermonde matrix 54
theorem 132 Vect 16
structure vector
smooth 90, 127 tangent 77
subbundle 107 vector bundle 105, 109
image 107 base 105
kernel 108 cotangent 122
subcomplex dual 122
full 8 fiber 105
simplicial 8 morphism 105
subdivision normal 111
barycentric 13, 66 rdﬂk. 195
functor 16 restriction 105

subdivision map 65, 66 tangent 108, 114

submanifold 94 trivia‘l 105
submersion 96 vector space
dual 47

subquotient 22
supp f 99
support
of a function 99
of a section 109

sequence 20
vector subbundle 107
vertex 7

of a simplex 8

of a simplicial complex 8
Tx 108, 114 Vietoris-Rips complex 83
Tx. 108 VR(M,r) 83
tangent bundle 108, 114

wedge product 118
tangent space 108

wedge sum 41

tangent vector field 77 Whitney embedding 101
tautological subbundle 110

tensor product 2(C) 24
alternating 118, 122 x(S) 24
theorem
Brouwer’s Fixed Point 77 Zp 5
Bézout 146 zero section 109

Hairy Ball 78
inverse function 95
Jordan curve 78
of de Rham 141

Stokes 132
Tubular Neighborhood 112
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topological data analysis 79
topological manifold 87
topological realization
functor 16
morphism 61
of a simplicial complex 11
topological space
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Hausdorff 91
homology 59
second countable 91
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trivial homology 33
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