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3. Chain Homotopies

In the previous chapter we have defined the simplicial homology groups of a simplicial complex.
Due to their explicit construction using only finite-dimensional vector spaces, we saw that they can
be computed with standard linear algebra techniques. However, the dimensions of these vector
spaces are usually very large, and thus the brute-force algorithmic approach to determine the homol-
ogy groups is often infeasible for real-world examples, and also unsuitable for proving theoretical
results.

For example, at the moment we cannot even compute the simplicial homology of the disk D* for a
p-simplex o for all p: As o has p+ 1 vertices it has (ﬁ'll) faces (i. e. subsets of cardinality k+ 1) of
dimension k € {0,..., p}, and thus the simplicial chain complex C(D%) is already quite complicated.
This might be surprising since the topological realization of D% is just the disk D, which is of course
a contractible space (i.e. homotopy equivalent to a point) and thus does not have any holes, i.e. it
should have the (trivial) homology of a point. In fact, we will see in this chapter that this is true, but
proving this statement directly by explicit computations with the simplicial chain complex would be
messy.

But from this topological argument of contractibility we can already see a possible solution for our
problems: We should talk about homotopy. In the same way as the fundamental group, the homology
groups will be invariant under homotopy equivalences, so it will be a perfectly valid argument that
the homology of a disk is trivial since it is homotopy equivalent to a point. However, homotopies are
usually defined topologically in terms of continuous maps, so what does this concept mean in our
current algebraic simplicial setting?

To see this, let us first look at the topological picture. As
shown on the right, two continuous maps f,g: X — Y be-
tween topological spaces are called homotopic if there is a
continuous homotopy map h: X x [0,1] = Y, (x,t) — h(x,t)
on the product space X x [0,1] (which is geometrically a prism
with base X) such that A(x,0) = f(x) and A(x, 1) = g(x) for all
x € X. Intuitively, this means that f can be deformed continu-
ously into g.

To translate this concept into algebra, let us first of all simplify the picture above by just looking
at the prism, ignoring the maps to Y for a moment — our constructions will be functorial, so once
we have described the prism it will be no problem for us to map this situation to some target space.
Next, let us pass to the simplicial picture and regard X as the topological realization of a simplicial
p-chain, so that the prism X x [0, 1] should be the topological realization of a (p + 1)-chain. In the
above picture, we have drawn this situation for a single 2-simplex a: We can imagine f(c) as the
bottom face of the prism, g(a) as its top face, and h(c) as the whole prism (let us postpone for a
moment how we can realize this prism as a simplicial (p + 1)-chain; we will address this problem in
Construction 3.6).

Now let us phrase this geometric situation in terms of boundary maps: The boundary of the prism
dh(ar) consists of its bottom face f(c), its top face g(ot), and its sides. The key observation is
now that these sides are just another prism whose base is the boundary do, so they can be written
as h(da). In short, dh(ar) is a combination of f(@), g(a), and A(dat). To get the signs right in
this linear combination, note first that (@) and g(a) should clearly have opposite orientations as
they sit on opposite faces of the prism. But the remaining signs are just conventional as they can be
absorbed by the precise construction of the homotopy map # (note that in dh (o) it takes prisms over
p-chains and in h(da) over (p — 1)-chains, so these are actually two different prism maps that can
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also be given independent signs). The standard convention is to just take the sign to be positive for
both dh(a) and h(d ), so we arrive at the equation

Ih(a) +h(de) = g(a) - F(a).

In fact, this is the purely algebraic description of homotopy that we were looking for. It makes
sense to formulate it in terms of arbitrary chain complexes in this way, so let us write down the
corresponding definition.

Definition 3.1 (Chain homotopies). Two morphisms f,g: C — D of chain complexes as shown in
the diagram below are called (chain) homotopic if there is a collection iz = (h p) pez of linear maps
hy: Cp— Dpyy With 9y 1 0hy+h,_100, =g, — f, forall peZ.

P
= Cpy1 —— Cp — Cp — -

L2l 47 Ll

- —— Dpyi W D, — D,y — -

The collection / is then called a homotopy or prism map between f and g. To simplify notations, we
will usually write all maps A, just as A, so that the homotopy equation becomes d oh+hod =g— f.
Remark 3.2.

(a) It is checked immediately that homotopy is an equivalence relation on the set of all mor-
phisms between given chain complexes.

(b) Although a homotopy % between two morphisms f,g: C — D of chain complexes maps the
vector spaces of C to the vector spaces of D, it is clearly not a morphism from C to D in the
sense of Definition 2.8 (b):

e It shifts the dimension index, i. e. does not map Cp, to D, but to D .

o [t does not form a commutative diagram of maps in any way, but instead satisfies the
homotopy equation d oh+hod = g— f.

o It does not induce maps on homology between H,(C) and Hy41(D).
Instead, as explained above its importance lies in the fact that its existence proves that f and

g are homotopic, and thus define the same map on homology:

Proposition 3.3. Two homotopic morphisms f,g: C — D of chain complexes induce the same map
on homology, i. e. we have f, = g, as maps from H,(C) to H,(D) for all p € Z.

Proof. Let c € Hy(C) be acycle, i.e. dc = 0. For a homotopy & between f and g,

f(c)—g(c) = dh(c)+h(dc) = dh(c)
is then a boundary, hence zero in H,(D). O
As in topology, this leads immediately to the definition of homotopy equivalence.

Definition 3.4 (Homotopy equivalence). A morphism f: C — D of chain complexes is a homo-
topy equivalence if there is a morphism g: D — C such that go f is homotopic to id¢c and fog is
homotopic to idp. In this case, g is called a homotopy inverse of f.

Corollary 3.5. Any homotopy equivalence f: C — D of chain complexes induces isomorphisms
fp: Hy(C) — H,(D) between their homology groups for all p € Z.

Proof. Let g be a homotopy inverse of f. As homology is a functor by Lemma 2.17, we already
know that there are induced maps f,: H,(C) — H,(D) and g,: H,(D) — H,(C) for all p € Z
whose compositions are g, o f,,: H,(C) = H,(C) and f,,0g,: H,(D) — H,(D). But these maps are
just the identity by Proposition 3.3 as go f and f o g are homotopic to the identity by assumption.
Hence, f}, is an isomorphism with inverse g,. O
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So far, our setting for homotopy was purely algebraic. To apply this to simplicial homology, we now
have to construct prisms in the category of simplicial complexes. Note that it is not immediately
obvious how to do this since the product of a simplex with an interval — as in the picture in the
introduction to this chapter — is not directly a simplex again. However, there are ways to subdivide
this space into simplices, and this will be sufficient for our purposes. We will see one possibility for
such a subdivision now; another one will be considered in Construction 7.2.

Construction 3.6 (Prism construction). To see how to construct the prism over a simplicial complex,
let us first consider as an example the (p— 1)-simplex a = {1,2,3,..., p} with its standard geometric
realization |a| C R~} By Construction 1.12 and Proposition 1.15, the prism over ¢ is then given
in barycentric coordinates for & as

P={(x1,....xp,1) i x1,...,.xp € R0, x1+---+x,=1,0<r < 1} c RUL-P R,
It has 2p vertices (e;,0) and (e;,1) fori = 1,..., p, which we label by i and i/, respectively; the case
p = 3 is shown in the picture below on the left. The idea to subdivide it into simplices is to consider
the p inequalities

ngp Sxp—1+xp Sxp—2+xp—l+xp < SX1+"'+XPZ 1

and subdivide P according to where the number ¢ € [0,1] fits in. For k = 1,...,p let us denote by
P, C P the subset where ¢ fits into the i-th inequality counted from the right, i. e. where

ngp S Sxkfl ++xp§t§xk++xp§ A §x1+...+xp: 1. (*)
One can show that this is actually the geometric realization of a p-simplex, with vertices given by
the points where only one of the p + 1 inequalities in (x) is not an equality. Now fori=1,...,p+1
the point where only the i-th inequality (again counted from the right) is not an equality is given by
0:...:[:...:xi71+...+xp Sxi+...+xp:...:1
for i < k, which is just (e;,0), and by
0:"':xi—2+”'+xp Sxifl"i_"'"’_xp:"‘:t:"':l

for i > k, which is (e;_, 1). Hence, P is the geometric realization (in our chosen coordinates) of the
simplex {1,...,k,k’,..., p}. The picture below on the right shows how our prism P in the case p =3
is subdivided into the s1mphces {1,1",2,3'},{1,2,2/,3'}, and {1,2,3,3'}.

W V2

Luckily, we do not need a full exact proof that this procedure really works and extends to simplicial
complexes. We just take the computations above as a motivation for the following simplicial defini-
tion of the prism map, for which we then do prove rigorously that it has the desired properties. Note
that in order for this to work we have to choose an order on the vertices as we needed this to set up
the inequalities () above.

L

Definition 3.7 (Simplicial prism map). Let S be a simplicial complex, for which we fix an order on
its set of vertices V().

(a) The prism over S is defined to be the simplicial complex
8) = {{ios -+ sik—1,ifs-- o0y} :
k< pand {io,...,ip} € Swithip <+ <ig_y <ig <+ <ip},

with vertices labeled i and i’ for i € V(S). It comes together with inclusion morphisms
f.g: S — P(S) of the bottom resp. top face given by f (i) =i and g(i) = for all i € V().
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(b) The associated prism map for p € Z is the linear map %, : C,(S) = Cp41(P(S)) given on
p-simplices {io,...,ip} € S with iy < --- < i, by

P
hp(lios - ip)) = Y (=1)F-[io, ... ik, - 1h] € Cpi1 (P(S)).

k=0
Lemma 3.8 (Simplicial homotopies). Let S be a simplicial complex with a fixed ordering of its set
of vertices V(S). With notations as in Definition 3.7, the prism map h is a homotopy between the
morphisms of simplicial chain complexes induced by the bottom and top face inclusion of S in P(S),
i.e. we have

doh+hod=g,— f.
as morphisms C(S) — C(P(S)) of chain complexes. In particular, f,. and g, agree as linear maps
H,(S) — H,(P(S)) on homology for all p € Z by Proposition 3.3.

Proof. This is just a computation, and by our motivation from Construction 3.6 it should not be

surprising that it works out: For any p-simplex {io,...,ip} € § with ig < --- <i, we have
p
Oh(fio,..,ip]) =9 Y (= 1) [io, ..., iksif -, 1))
k=0
= Y (U oy ik i i)+ (=D o, ik i)
kI 1<k kl:1>k
and
P , R
h(a[io,...,i,,])_h<2(—1) -[io,...,il,...,i,,]>
=0
= Z (71)k+l-[io,...,ik,ii,...,i;,...,i;,]+ Z (*1)"“—1~[io,...,ﬁ,...,ik,ill,.-.,i;}-
k,l:k<l ki k>1

Note that in the sum of these two expressions all summands cancel out except the ones for k =/
(which are only present in the first expression), and thus we get as desired

P P
Oh([io, - ip)) +h(Aios-.ip]) = Y lios---sik—tsits--sin) = Y li0s- - siksifrys- i)
k=0 k=0
= [0 - -+ iy = [i0; - - - ip]
Zg*([io,...7ip])—f*([io,...7ip]). D

As a reality check, Lemma 3.8 is just the algebraic simplicial manifestation of the obvious topo-
logical statement that the bottom face of a prism can be deformed continuously to the top face by
moving upwards. In particular, so far we have just considered the prism over a simplicial complex
itself. Just as in the topological setting, to obtain useful results we now have to map this prism to
another simplicial complex and use that the restrictions to the bottom and top face of the prism are
homotopic.

In topology, the simplest application of this type is arguably the statement that a star-shaped set is
contractible. Recall that a topological subspace X C R" is called star-shaped with respect to a € X
if for every point x € X the line segment connecting a and x lies in X as well. We can then construct
a homotopy equivalence between X and the one-point space {a} by moving every point x € X on a
straight line to a. In fact, the same idea also works in the simplicial setting as follows.

Definition 3.9 (Star-shaped simplicial complexes). A simplicial complex S is called star-shaped if
there is a vertex i € V(S) such that ¢ U {i} € S for all & € S. We then say that S is star-shaped with
respect to i.

Example 3.10. Let o = {ip,...,i,} be an arbitrary p-simplex.

(a) The disk D% is clearly star-shaped (with respect to any of its vertices). In contrast, the

~

sphere S% is not star-shaped: For any k € {0,...,p} we have {io,...,i,...,i,} € S%, but

-~

{i07”~uik7-">ip}u{ik}¢Sa‘
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(b) The barycentric subdivision Sd(D%) of the disk D% as in Definition 1.20 is star-shaped with
respect to its barycenter {i,...,i p} (but not with respect to any other of its vertices).

Proposition 3.11 (Betti numbers of star-shaped simplicial complexes). Any star-shaped simplicial
complex S has the homology of a point, i. e. Betti numbers bo(S) =1 and b,(S) =0 for all p # 0.
We will say that a simplicial complex with these Betti numbers has trivial homology.

Proof. Let S be star-shaped with respect to j € S. Consider the morphism A: P(S) — S given by
h(i) =iand h(i') = j for all i € V(S), i.e. h is the identity on the bottom face and the constant map
Jj on the top face of the prism P(S). To see that this is in fact well-defined we have to show that the
image of any simplex {io,...,ix1,1,...,i,} € P(S) lies in S. This is obvious if k =0 or k= p+1.
For 0 < k < p+ 1 note that {io,...,i,} € S by definition of P(S), hence also {ip,...,ix—1} € S, and
thus
h({io,...7ik_1,l.;€7...,i;)}) = {l'(),...,l'k_l,j,...7j} = {io,...,ik_l}U{j} es
since S is star-shaped with respect to j. Thus, the map A: P(S) — S is in fact well-defined.

Now let f,g: S — P(S) be the inclusion of the bottom and top face as in Definition 3.7 (a). Then
ho f =idg, and hog is the constant map j. Hence, for the pushforward maps H,(S) — H,(S) by
these compositions we have for all p € Z

. 38
by(S) = rkidy,(s) = tk(hs o fi)p = tk(hi 0 g)p.

But the pushforward (h.og.),: Hy(S) — H,(S) by the constant map j is just zero for p # 0 and
o — (degar) - [j] of rank 1 for p = 0 (with the degree as in Lemma 2.22), so the result follows. [

Example 3.12 (Simplicial homology of disks). By Example 3.10, Proposition 3.11 implies that for
any p-simplex a the disk D% and the subdivided disk Sd(D%) have trivial homology — as already
mentioned in the introduction to this chapter and expected from topology (since the topological
realization of both simplicial complexes is just the contractible disk D).

Example 3.13 (Simplicial homology of spheres). Using Example 3.12, we can now also derive the
simplicial homology of a p-dimensional sphere S* for a (p + 1)-simplex o = {io,...,ip+1}: Note
that D* = S*U{a}, so

dimC(D%) ifk#p+1,

. . . ()
dimCy(D%) — 1 ifk=p+1.

mmqﬁﬂz{

A similar result holds for the simplicial homology: As the definition of Hj(S%) only uses the part
Crt1(S%) = Cr(S%*) — Cr—1(S?) of the simplicial chain complex, and this agrees with that of D*
fork ¢ {p,p+1,p+2} by (%), the resulting homology groups must then be the same. But S* does
not even have simplices of dimensions p+ 1 and p 42, so these Betti numbers are clearly zero — just
as for D*. Hence, the only Betti number of S* that can differ from that of D% is b »» Which means
that we can obtain it easily from an Euler characteristic computation: By Lemma 2.25 we have

(=1)P(bp(8*) = bp(DY)) = x(S%) = x(D%) = (=1)"*! (dimCp41(S¥) — dimCp.1 (DY),
=—1by (x)
and thus b, (S%) = b,(D*) + 1. In summary, this means that for p > 0 we have

bi(5%) = 1 fork=0ork=p,
k 0 otherwise.

The case p = 0 is special and gives by (S*) = 2 and b (S*) = 0 otherwise by the same argument, but
this should not be surprising since then S* = {{ip}, {i1 }} is just a disjoint union of two points.

Staying in the case p > 0, it is also easy to write down a generator of the one-dimensional vector
space H,(S%): The p-chain

p+1

Aivy--sipet] = Y (1) [igs. ik sipr1] € Cp(SY)
k=0

05
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is closed by Lemma 2.12 and not a boundary as S* has no (p+ 1)-simplices, so it must be a generator.
Geometrically, it just corresponds to “the sphere S¢ itself” considered as a p-cycle in S%.

Note however that this generator is not entirely natural since a change of orientation of the vertices
would replace it by its negative. This happens for example for the isomorphism S* — S% exchanging
two of the vertices i; and i; with k < [, which in the standard geometric realization corresponds to a
reflection at the hyperplane spanned by e, ...,é,...,e,...,e,, and e; +e;.

Exercise 3.14. Let f,g: S — T be two morphisms of simplicial complexes with f(a)Ug(a) € T

for any a € S. Show that the pushforwards f, and g, agree as maps in homology H,(S) — H,(T)
for all p € Z.



