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8. Grassmannians

After having introduced (projective) varieties — the main objects of study in algebraic geometry
— let us now take a break in our discussion of the general theory to construct an interesting and
useful class of examples of projective varieties. The idea behind this construction is simple: since
the definition of projective spaces as the sets of 1-dimensional linear subspaces of K" turned out to
be a very useful concept, let us now generalize this and consider instead the sets of k-dimensional
linear subspaces of K" for an arbitrary k =0, ...,n.

Definition 8.1 (Grassmannians). Let n € N-g, and let k € N with 0 < k < n. We denote by G(k,n)
the set of all k-dimensional linear subspaces of K”. It is called the Grassmannian of k-planes in K.

Remark 8.2. By Example 6.12 (b) and Exercise 6.32 (a), the correspondence of Remark 6.17 shows
that k-dimensional linear subspaces of K" are in natural one-to-one correspondence with (k — 1)-
dimensional linear subspaces of P"~!. We can therefore consider G(k,n) alternatively as the set
of such projective linear subspaces. As the dimensions k and n are reduced by 1 in this way, our
Grassmannian G(k,n) of Definition 8.1 is sometimes written in the literature as G(k — 1,n— 1)
instead.

Of course, as in the case of projective spaces our goal must again be to make the Grassmannian
G(k,n) into a variety — in fact, we will see that it is even a projective variety in a natural way. For
this we need the algebraic concept of alternating tensor products, a kind of multilinear product on
K" generalizing the well-known cross product

aj b axb3 —azby
aj X b2 = a3b1 7a1b3
az b3 aiby —axby

on K3 whose coordinates are all the 2 x 2 minors of the matrix

aq ay as
by by b3)’

If you have seen ordinary tensor products in commutative algebra already [G5, Chapter 5], you
probably know that the best way to introduce these products is by a universal property similar to
the one for products of varieties in Definition 5.16. Although the same is true for our alternating
tensor products, we will follow a faster and more basic approach here, whose main disadvantage is
that it is not coordinate-free. Of course, if you happen to know the “better” definition of alternating
tensor products using their universal property already, you can use this definition as well and skip
the following construction.

Construction 8.3 (Alternating tensor products). Let (eq,...,e,) denote the standard basis of K". For
k € N we define A¥K" to be a K-vector space of dimension (Z) with basis vectors formally written
as

ei, Nei, \---Nej, (%)
for all multi-indices (ij,...,i) of natural numbers with 1 <ij < i, < --- < i, < n. Note that the set
of these strictly increasing multi-indices is in natural bijection with the set of all k-element subsets
{i1,... i} of {1,...,n}, so that there are in fact exactly (}) of these basis vectors. In particular,

A¥K™ is the zero vector space if k > n.

We extend the notation (x) to arbitrary (i.e. not strictly increasing) multi-indices (iy,...,i) with
1 <iy,...,ix <nby setting e;, \--- Ae;, :=0if any two of the iy,...,i coincide, and

eijy N---Nej 1= signo - €ig) AREE /\eia(k)
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ifall iy, ..., i are distinct, and o is the unique permutation of {1,...,k} such that ig(1) <+ <ig()-
We can then extend this notation multilinearly to a product (K”)k — AYK™: for vy,..., v € K" with
basis expansions v; = Yi'; a; ;e; for some a;; € K we define

VINA- Ay i= Z Aty - Qi - €y N Nej, e Ak

More generally, we obtain bilinear and associative products AXK™ x A'K" — A¥*/K" by a bilinear
extension of

(6‘,’1 /\---/\e,-k)/\(ejl /\"'/\e]'l) =ey N Nejg Nejy N+ Nej,.
The vector space A*K™ is usually called the k-fold alternating or antisymmetric tensor product of
K", the elements of AXK™ are referred to as alternating or antisymmetric tensors.

Example 8.4.
(a) By definition we have A? = K and A' K" = K"; a basis of A' K" is again (e, . ..,e,). We also
have A"K" = K, with single basis vector ey A--- Ae,.

(b) As in (a), A2K? is isomorphic to K with basis vector e; A e;. For two arbitrary vectors
v=aje; +aze; and w = bie; + baes of K2 their alternating tensor product is

vAw=ajbiei Ney+aibre; Ney +arbiex Ney +arbrex Nen
= (albz —azbl)el Nea,

so under the isomorphism A?K? 2 K it is just the determinant of the coefficient matrix of v
and w.

(c) Similarly, for v=aje| +azes +azez and w = biej +brer + bze3 in K3 we have
VAW = (albz—bzal)el /\ez—|—(a1b3 —b3a1)€1 /\e3—|—(a2b3 —a3b2)€2/\€3 e N’K3 gK3,

so (up to a simple change of basis) v A w is just the cross product v x w considered in the
introduction to this chapter.

As we will see now, it is in fact a general phenomenon that the coordinates of alternating tensor
products can be interpreted as determinants.

Remark 8.5 (Alternating tensor products and determinants). Let 0 < k <n, and let vy,...,v; € K"
with basis expansions v; =Y ;a; ;e; for j = 1,...,k. For a strictly increasing multi-index (ji,..., jk)
let us determine the coefficient of the basis vector ej; A--- Aej, in the tensor product vi A--- Avy.
As in Construction 8.3 we have

VIA- Ay = Z ari, - Ak, " € /\“'/\é‘ik.
ik
Note that the indices iy, . . ., i in the products e;, A-- - Ae;, in the terms of this sum are not necessarily
in strictly ascending order. So to figure out the coefficient of e;, A---Aej, in vy A--- Av; we have to
sort the indices in each sum first; the resulting coefficient is then

Zsigna T ey Gk ey

where the sum is taken over all permutations ¢. By definition this is exactly the determinant of the
maximal quadratic submatrix of the coefficient matrix (a; ;); ; obtained by taking only the columns
J1s- -+, jx- In other words, the coordinates of vi A -- - Avy are just all the maximal minors of the matrix
whose rows are vy,...,v;. So the alternating tensor product can be viewed as a convenient way to
encode all these minors in a single object.

As a consequence, alternating tensor products can be used to encode the linear dependence and linear
spans of vectors in a very elegant way.

Lemma 8.6. Letvy,...,vy € K" for some k < n. Then vi \---Avy =0 if and only if vi,... vy are
linearly dependent.
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Proof. By Remark 8.5, we have vi A --- Av; = 0 if and only if all maximal minors of the matrix with
rows vi,..., vy are zero. But this is the case if and only if this matrix does not have full rank [G2,
Exercise 18.25], i.e. if and only if vq,...,v; are linearly dependent. ]

Remark 8.7.
(a) By construction, the alternating tensor product is antisymmetric in the sense that for all
vi,..., v € K" and all permutations ¢ we have
VIA AV =S81g00 V(1) A AVg(p)-
Moreover, Lemma 8.6 tells us that vi A --- Av, = 0 if two of the vectors vy,..., v, coincide.

(b) We have constructed the alternating tensor product using a fixed basis ey, ..., e, of K". How-
ever, if vi,...,v, is an arbitrary basis of K" it is easy to see that the alternating tensors
viy A -+« Av;, for strictly increasing multi-indices (i1,...,i;) form a basis of AK™ as well:
there are (Z) of these vectors, and they generate A*K" since every standard unit vector e; is
a linear combination of vy, ..., v,, and hence every k-fold alternating product e;; A---Ae;, is
a linear combination of k-fold alternating products of vy,...,v, — which can be expressed
by (a) in terms of such products with strictly increasing indices.

Lemma 8.8. Letvy,...,vy € K" andwy, ... ,wy € K" both be linearly independent. Then v \---A\vy
and wy A --- ANwy are linearly dependent in AXK™ if and only if Lin (vy,...,v¢) = Lin (wq,. .., w).

Proof. As we have assumed both vy,...,v; and wy,...,wy to be linearly independent, we know by
Lemma 8.6 that vi A--- Avg and wy A - - - Awy are both non-zero.

“=" Assume that Lin(vy,...,v;) # Lin(wy,...,w;), so without loss of generality that w; ¢
Lin (v1,...,v). Then wy,vy,...,v; are linearly independent, and thus wy Avi A--- Avg #£0
by Lemma 8.6. But by assumption we know that vi A--- Avy = Awy A--- Awy for some
A € K, and hence

O WIAVIA- - Avg=AW AW A+ Awy
in contradiction to Remark 8.7 (a).

If vi,...,vx and wy,...,wy span the same subspace of K" then the basis wy,...,w; of this
subspace can be obtained from vy, ...,V by a finite sequence of basis exchange operations
vi = vi+Av;and v; = Av; for A € K and i # j. But both these operations change the
alternating product of the vectors at most by a multiplicative scalar, since
VIA- AV /\(Vi+z,Vj)/\V[+1/\-~~/\Vn =N AViN-- Ay,
and VIA“AAVIAN- AV =AVI A+ Avy
by multilinearity and Remark 8.7 (a). U

We can now use our results to realize the Grassmannian G(k,n) as a subset of a projective space.

Construction 8.9 (Pliicker embedding). Let 0 < k < n, and consider the map f : G(k,n) — p(i)-!
given by sending a linear subspace Lin (vy,...,v) € G(k,n) to the class of vj A+ A € AKK" =2
k() in IP(Z)_I. Note that this is well-defined: vi A --- A vy is non-zero by Lemma 8.6, and represent-
ing the same subspace by a different basis does not change the resulting point in p()-1 by the part
“«<” of Lemma 8.8. Moreover, the map f is injective by the part “=-" of Lemma 8.8. We call it the
Pliicker embedding of G(k,n); for a k-dimensional linear subspace L € G(k,n) the (homogeneous)
coordinates of (L) in P(2) ! are the Pliicker coordinates of L. By Remark 8.5, they are just all the
maximal minors of the matrix whose rows are vy,..., V.

In the following, we will always consider G(k,n) as a subset of p(i)-! using this Pliicker embedding.
Example 8.10.
(a) The Pliicker embedding of G(1,n) simply maps a linear subspace Lin (aje; + - -+ ane,) to

n
1

the point (a; : --- :a,) € P()"' = P"~1. Hence G(1,n) = P"~! as expected.
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(b) Consider the 2-dimensional subspace L = Lin (ej +e2,e1 +e3) € G(2,3) of K>. As
(81 —‘1-62)/\(61 +€3) =—ejNeyt+eyNez+exNes,

3
the coefficients (—1:1:1) of this vector are the Pliicker coordinates of L in pG)-! = p2.
Alternatively, these are the three maximal minors of the matrix

1 1 0
1 0 1

whose rows are the given spanning vectors e; + e, and ej + e3 of L. Note that a change of
these spanning vectors will just perform row operations on this matrix, which changes the
maximal minors at most by a common constant factor. This shows again in this example that
the homogeneous Pliicker coordinates of L are well-defined.

So far we have embedded the Grassmannian G(k,n) into a projective space, but we still have to see
that it is a closed subset, i.e. a projective variety. So by Construction 8.9 we have to find suitable
equations describing the alternating tensors in AK” that can be written as a so-called pure tensor, i. e.
as vi A--- Avy for some vy,...,v; € K" — and not just as a linear combination of such expressions.
The key lemma to achieve this is the following.

Lemma 8.11. For a fixed non-zero @ € A*K™ with k < n consider the K-linear map
fiK" = AMIKY v vA .
Then 1k f > n —k, with equality holding if and only if @ = vy A --- A vy for some vy, ..., v, € K".
Example 8.12. Letk =2 and n=4.
(a) For ® =e; Aey the map f of Lemma 8.11 is given by
Sflare1 +azer +azes +ases) = (are1 +azer +azes +ases) Nep Aey
=azey; Nexy Nes+agey Nex Ney,
for aj,az,a3,as € K, and thus has rank rk f = 2 = n — k in accordance with the statement of
the lemma.
(b) For @ =e Nex+e3/N\eq we get
flarer +azer +azes +ases)
= (are] + arex +azes +ases) N (e1 Nex+e3 Ney)
=aiegt NezsNes+arey Ne3 Neg+azer Nex Nes+aqgey Ney Ney

instead, so that rk f = 4. Hence Lemma 8.11 tells us that there is no way to write ® as a pure
tensor v; A v, for some vectors vy, v, € K*.

Proof of Lemma 8.11. Let vy,...,v, be a basis of ker f (with » = n —rk f), and extend it to a basis
Vi,...,v, of K". By Remark 8.7 (b) the alternating tensors v;; A--- Av; with 1 <ip <--- <@ <n
then form a basis of A¥K™, and so we can write

i <<y,

for suitable coefficients a;, ... ;, € K. Now fori=1,...,r we know that v; € ker f, and thus

O=viAN® = Z i, ViV N Ay (%)
i <<y
Note that v; Av;y A--- Av;, =0 if i € {i1,...,i}, and in the other cases these products are (up to
sign) different basis vectors of AR S0 the equation (x) tells us that we must have ajy,..iy =0
whenever i ¢ {i1,...,i}. Asthis holds forall i =1,...,r we conclude that the coefficient a;,__; =0
can only be non-zero if {1,...,7} C {i1,..., i}

Lol

13
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But at least one of these coefficients has to be non-zero since @ # 0 by assumption. This obviously
requires that r < k, i.e. that tk f = n—r > n—k. Moreover, if we have equality then only the
coefficient a; 4 can be non-zero, which means that @ is a scalar multiple of vi A--- Avg.

Conversely, if @ = wy A --- Awy for some (necessarily linearly independent) wy,...,w; € K" then
wi,...,wi € ker f. Hence in this case dimker f > k, i.e. tk f < n —k, and together with the above
result rk f > n — k we have equality. U

Corollary 8.13 (G(k,n) as a projective variety). With the Pliicker embedding of Construction 8.9,

n
the Grassmannian G(k,n) is a closed subset of IP’(k)fl. In particular, it is a projective variety.

Proof. As G(n,n) is just a single point (and hence clearly a variety) we may assume that k < n.

Then by construction a point @ € P lies in G(k,n) if and only if it is the class of a pure tensor
viA--- Avg. Lemma 8.11 shows that this is the case if and only if the rank of the linear map
f:K"— AMIK" vis v A @is n—k. As we also know that the rank of this map is always at least
n — k, this condition can be checked by the vanishing of all (n —k+ 1) x (n — k+ 1) minors of the
matrix corresponding to f [G2, Exercise 18.25]. But these minors are polynomials in the entries of
this matrix, and thus in the coordinates of ®. Hence we see that the condition for @ to be in G(k,n)
is closed. 0

Example 8.14. By the proof of Corollary 8.13, the Grassmannian G(2,4) is given by the vanishing
of all sixteen 3 x 3 minors of a 4 x 4 matrix corresponding to a linear map K* — A’K* i.e.itisa
4

subset of P() 1 = p3 given by 16 cubic equations.

As you might expect, this is by no means the simplest set of equations describing G(2,4) — in fact,
we will see in Exercise 8.19 (a) that a single quadratic equation suffices to cut out G(2,4) from P°.
Our proof of Corollary 8.13 is just the easiest way to show that G(k,n) is a variety; it is not suitable
in practice to find a nice description of G(k,n) as a zero locus of simple equations.

However, there is another useful description of the Grassmannian in terms of affine patches, as we
will see now. This will then also allow us to easily read off the dimension of G(k,n) — which would
be very hard to compute from its equations as in Corollary 8.13.

Construction 8.15 (Affine cover of the Grassmannian). Let Uy C G(k,n) C P()~! be the affine
open subset where the e; A -- - A eg-coordinate is non-zero. Then by Remark 8.5 a linear subspace
L=Lin(vy,...,v) € G(k,n) is in Uy if and only if the k X n matrix A with rows vy,..., v is of the
form A = (B|C) for an invertible k X k matrix B and an arbitrary k x (n — k) matrix C. This in turn
is the case if and only if A is equivalent by row transformations, i.e. by a change of basis for L, to
a matrix of the form (Ej|D), where Ej. denotes the k x k unit matrix and D € Mat(k x (n —k),K):
namely by multiplying A with B~! from the left to obtain (E; | D) with D = B~'C. Note that this is
in fact the only choice for D, so that we get a bijection

£ AR — Mat(k x (n—k),K) — Uy,
D — the linear subspace spanned by the rows of (Ej | D).

As the Pliicker coordinates of this subspace, i. e. the maximal minors of (Ej | D), are clearly polyno-
mial functions in the entries of D, we see that f is a morphism. Conversely, the (i, j)-entry of D can
be reconstructed (up to sign) from f(D) as the maximal minor of (Ey | D) where we take all columns
of E; except the i-th, together with the j-th column of D. Hence £~ is a morphism as well, showing
that f is an isomorphism and thus Uy = A¥"=K) js an affine space (and not just an affine variety,
which is already clear from Proposition 7.2).

Of course, this argument holds in the same way for all other affine patches where one of the Pliicker
coordinates is non-zero. Hence we conclude:

Corollary 8.16. G(k,n) is an irreducible variety of dimension k(n — k).
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Proof. We have just seen in Construction 8.15 that G(k,n) has an open cover by affine spaces
AR Ag any two of these patches have a non-empty intersection (it is in fact easy to write
down a k X n matrix such that any two given maximal minors are non-zero), the result follows from
Exercises 2.20 (b) and 2.33 (a). O

Remark 8.17. The argument of Construction 8.15 also shows an alternative description of the Grass-
mannian: it is the space of all full-rank k X n matrices modulo row transformations. As we know
that every such matrix is equivalent modulo row transformations to a unique matrix in reduced row
echelon form, we can also think of G(k,n) as the set of full-rank k x n matrices in such a form. For
example, in the case k = 1 and n = 2 (when G(1,2) = P! by Example 8.10 (a)) the full-rank 1 x 2
matrices in reduced row echelon form are

(1 %) corresponding to A' C P!
and (0 1) corresponding to co € P!
as in the homogeneous coordinates of P!.

The affine cover of Construction 8.15 can also be used to show the following symmetry property of
the Grassmannians.

Proposition 8.18. For all 0 < k < n we have G(k,n) = G(n—k,n).

Proof. There is an obvious well-defined set-theoretic bijection f : G(k,n) — G(n — k,n) that sends
a k-dimensional linear subspace L of K" to its “orthogonal” complement

Lt ={xcK":{(x,y)=0forally €L},
where (x,y) = Y! | x;y; denotes the standard bilinear form. It remains to be shown that f (and analo-
gously 1) is a morphism. By Lemma 4.6, we can do this on the affine coordinates of Construction

8.15. So let L € G(k,n) be described as the subspace spanned by the rows of a matrix (Ey | D), where
the entries of D € Mat(k x (n— k), K) are the affine coordinates of L. As

@ip)-( ;7 ) =o.

we see that L' is the subspace spanned by the rows of (—D” | E,_;). But the maximal minors of this
matrix, i.e. the Pliicker coordinates of L1, are clearly polynomials in the entries of D, and thus we
conclude that f is a morphism. 0

Exercise 8.19. Let G(2,4) C P° be the Grassmannian of lines in P3 (or of 2-dimensional linear
subspaces of K*). We denote the homogeneous Pliicker coordinates of G(2,4) in P> by x;,j for
1 <i< j<4. Show:

(@) G(2,4) =V (x12x34 — X1 3X2.4 + X1 4X23).

(b) Let L C P? be an arbitrary line. Show that the set of lines in P3 that intersect L, considered
as a subset of G(2,4) C P3, is the zero locus of a homogeneous linear polynomial.

How many lines in P> would you expect to intersect four general given lines?
Exercise 8.20. Show that the following sets are projective varieties:
(a) the incidence correspondence
{(L,a) € G(k,n) xP""': L c P"! a (k— 1)-dimensional linear subspace and a € L};

(b) the join of two disjoint varieties X,Y C P”, i.e. the union in P” of all lines intersecting both
XandY.



